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PEBFAOE. 



Quite a number of treatises have a[q>eared on the 8nb}ect 
of Kinematics, or Pure Mechanism, most of which are now 
in print, so that a few words of explanation as to the reasons 
for publishing this book seem necessary. 

In searcbing for a text-book on this subject for tbe use 
of our classes of Mechanical Engineering students, we were 
unable to find a book which met our requirements. Some 
were so vague and incomplete as to be almost useless, while 
others were lai^e, exhaustive treatises, more valuable as 
books of reference than as text-books for the use of stu- 
dents. The following pages were therefore prepared in the 
form of lectures ; the object being, to give s dear description 
of those mechanical movements which may be of practical 
use, together with the discussion of the principles upon 
which they depend. At the same time, all purely theoretical 
discussions were avoided, except where a direct practical 
result could be reached by their introduction. These lec- 
tures were used in our classes ; and, having proved com- 
paratively, satisfactory in that shape, it was thought best to 
publish them, after making such improvements as our class- 
room experience dictated. 
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We make little claim to originality of 8nbjeet-matt«r, free 
use having been made of all available matter bearing on the 
subject. There is, in fact, very little room for such origi- 
nality, the ground having been almost completely covered 
by previous writers. Our claim to consideration ie based 
almost entirely on the manner in which the subject has been 
presented. Accuracy, clearness, and conciseness are the 
points that we have tried to keep constantly in view. While 
much has been omitted that is of merely abstract interest, 
yet it is Iselieved that nearly all that is of direct practical 
importance will be found in tbese pages. 

We have, in common with nearly all other writers on 
this subject, closely followed the general plan of Prafessor 
Willis' "Principles of Mechanism," Other works which 
have been consulted and to which we are indebted are Ran- 
kine's "Machineryand Mill work," Reuleaux' "LeConstruc- 
teur," and Goodeve's " Elements of Mechanism ; " and in a 
less degree, Belanger's " Cinematiquc," Beuleaux' "Kine- 
matics of Machinery," Eobinson's "Teeth of Wheels," 
Grant's " Teeth of Gears," Appleton's " Cycloptedia of Me- 
chanics," and Unwin's " Elements of Machine Design." 
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ELEMENTARY MECHANISM. 



INTRODUCTIOK. 

1. A Machine is a combination of fixed and movable 

parts, interposed between the power and the work for the 
purpose of adapting the one to tlie other. 

This definition preauppoaes the existence of two things ; 
namely, a source of jxtwer, and a certain object to be ac- 
complished, 'file source of iM>wer may l)e one of the forces 
of nature applied directly, such as tbe expansive force of 
steam in a steam engine, or it may be obtained by tlie 
indirect application of such natural forces : that is, the latter 
may have been already modified by some other machine. 
Thus, when a steam engine drives the machinery of a shop 
by means of a line of shafting, the latter may pTO|)erly be 
considered as the source of ixswer of the individual machine. 

2. Mechanism. — In designing a machine, we must take 
into consideration both the motions to lie protluced and the 
forces to be transmitted. But these two elements may most 
conveniently be discussed and investigated separately ; and 
such discussions and investigations constitute the two 
divisions of the general subject of mechanism ; namely. 
Pure Mechanism and Constructive Mechanism. 

l.'.oot;lc — 



2 ELEMENTARY MECHANISM. 

Pure Meclianiam, then, treats of the desiguing of nia- 
cbiues, as far as relates to the traDsmissJon and modifioation 
of motion, and explicitly excludes all considerations of force 
transmitted, or of strength and durability of paita. 

In order that the sense in which we shall use certain 
£un<ianiental terms may be clearly understood, we shall now 
give an explanation of such words and |)hrascs. 

3. Motion and Rest. — These tei-ms are essentially 
relative. When a body chauges its position with regard to 
some fixed point, it is said to be in motion relatively to that 
point ; when no such change is taking place, it is said to 
be at rest relatively to that point. Two bodies may evi- 
dently be in motion relatively to a third, and still be at rest 
with i-egard to each other. 

4. Path. — When a point moves from one position to 
another, it describes a line, either straight or curved, con- 
necting the two positions. This line is called iiapatk. But 
the path atone does not completely define the motion, for the 
point may move in the path in either of two directions; as, 
up or down, to the right or to the left, in the direction of the 
hands of a watch or the reverse. 

5. Kinds of Motion. — Motion may take place along 
either a straight or curved path ; in the former ease it is 
termed rectilinear motion, and in the latter case ctinnlinear 
motion. lu either case, when a moving point travels for- 
ward and backwanl over the same path, it is said to have a 
reciprocating motion. For example, the piston of a loco- 
motive has reciprocating rectilinear motion. In the par- 
ticular case where the reciprocating point moves in the are 
of a circle, as, for example, the weight of a [wndulum, it is 
said to oscillate, or, by some, to vibrate. When the motion 
of a point is intemiptcd by certain definite intervals of rest, 
it is said to have an inteimittent motion. The motion of the 
escaiie wheel of a clock is of this kind. 

6. Revolution and Kotation — These ternra are ordi- 
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INTRODUCTION. 8 

narily uaed eynonymously, to denote the turning of a body 
about an axis ; aud no aml)tguity is usually liltety to arise 
from so using them. Thus, the fly wheel of an eugiue is 
said to rotate or revolve. By more strict definition, rotation 
should be applietl only to the turning of a body about an 
axis which passes through it, while revolution is a more 
general term to include the motion of a body along a path 
which is a cIose<1 curve. Thus, the earth rotates about its 
axis and revolves about the snn. 

7. Velocity. — In atldition to the path and direction of 
a nioviilg body, there is another element necessary to com- 
pletely determine its motion, and that is its velociti/. 

Velocity is measured by the relation between the ilistance 
passed over and the lime occupied in travereing that distance. 
Velocity may be nnifonn and unchanging, or it may become 
greater or less ; and then changes may take place quickly or 
slowly, regularly or irregularly. But, for our purposes, it is 
sufficient to consider only two kinds of velocity, constant or 
uniform, and variable. 

Velocity is expressed numerically by the number of units 
of distance passed over in one unit of time. The units of 
distance and time may be selected at pleasure ; but, for 
mechanical pnii>ose9, the most convenient units are feet and 
minutes ; and these will, in general, be employed throughout 
this volume. 

When a body moves with a mtiform velocity, the distance 
passed over varies directly with the time. Thus, if by V 
we designate the velocity, and by S the total distance passed 
over in tlie time T, we have S = VT. 

Again : if the velocity is given, we may find the time T to 
traverse a gi^-en distance S, for T = —. 

When the distance and the time are given, we may deter- 
mine the velocity from the equation Y ~ ■^. 
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4 ELEMENTARY MECHANISM. 

For example, if a body moves at a uniform velocity over 
a. distance of 100 feet, and occupies 5 minutes in doing so, 

it Las a velocity V = — = —— = 20 feet per minute. 

In case the velocity is variable, these expressions do not 
give the velocity at any particular instant, but only the mean 
velocity for the whole time considered. The velocity at any 
particular instant is measured by the distance which the 
body would pass over in the next aucceediug unit of time, 
were the velocity with which the body commences that unit to 
continue uniformly throughout it. Thus, if a railway train 
is slowing down in coming to a stop, its velocity is decreas- 
ing, but may, nevertheless, be measured at any instant. If, 
for instance, we say that the train has a velocity of 20 miles 
per hour, we mean, that, if it were to continue in motion for 
one hour at the velocity which it has at that instant, it 
would travel 20 miles. 

8. Angular Velocity. — The most natural way of ex- 
pressing the velocity of a rotating body consists in stating 
the angle through which it turns, or the number of revolu- 
tions which it makes, in the unit of time. When the number 
of revolutions is given, it must usually be expi'essed as an 
angle before it can be used in calculation ; and the angle 
may be stated in degrees or in circular measure. For con- 
venience of comparison with linear velocities, we shall 
define angular velocity to be the velocity of a rotating body 
thus expressed in circular measure; i.e., as the quotient 
obtained by dividing the length of the arc subtending tlie 
angle through which it turns in one unit of time, by the 
length of the radius of that arc. All the points of a rotating 
body move with the same angular velocity, but the linear 
velocity of each point varies directly witU its radial distance 
from the centre of motion. 

Let a = angular velocity of a body, B = radial distance 
if some point in that body, and V = linear velocity of that 
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point ; in other words, tbe length of the arc which it 
describes in the unit of time. 



Thus, if a locomotive having driving-wheels 5 feet in 
diameter is moving at a speed of 30 miles an hour, the 
linear velocity of a point on the rim of the wheel, relatively 
, S _ S0 X 5280 
' T 60 

= 2640 feet per minute. The angular velocity of the wheel 
V _ 2640 _ 



to the frame of tbe engine, is evidently V = 



The relation between the number of revolutions per 
minute and the angular velocity is readily found, ^bus, 
let a wheel make N revolutions in T mmutes. Let a point 
be taken at a radial distance R. Then this point will, in 
each complete revolution, deBcril>e a circle whose length is 
SirB ; in T minutes it will describe N such circles, and travel 
adistance %TrNR, and its linear velocity V= —=—• Hence 

its angular velocity is o = ^ = ?^^ = ^. When T 
is unity, that is, when N is tbe number of revolutions per 
minute, o = 2?r^, and ^= ~. Hence, in tlie above ex- 
ample of the locomotive driving-wheel, we find that the 

wheel makes N= ~= ■ ^^^^ ■ = 168.07 revolutions 

2jr 2 X 3.1416 
per minute. 

9. Periodic Motion. — During the operation of a ma- 
chine, it usually happens that the various moving parts go 
through a series of changes of motion which recur per- 
petually in the same order. The interval of time which 
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includes in itself one aucli complete series of changes ia 
called a period, and the character of the motion is described 
by the term periodic. The complete series of changes of 
motion included in one period is called a cycle. 

Id perio<lic motion, the general law of the succession of 
changes is the same in successive periods, but the actual time 
may vary ; that is, the periods may be unequal in length. 
As a rule, however, the i>erioda are equal, and tlie duration, 
magnitude, and law of succession of the changes are identi- 
cal, in successive periods ; such motion is known as unifm-m 
periodic motion. 

lO. Clnssiflcation of Parte of Machines. — As the 
work for which machines are designed varies so widely, and 
as they may be actuated by so many different kinds of [wwer, 
we find great differences in them as to details of construction 
and manner of operation. But, in spite of these differences, 
evei-y machine may be considered to consist of tlu-ee classes 
of parts. At one end we have the parts which are specially 
designed to receive the action of the power; at the other 
we have those which are determined in form, position, and 
motion, by the nature of the work to be done. Between and 
connecting the formep and the latter, we find the parts which 
are interposed for the purpose of transmitting and modifying 
the force and the motion ; so that, when tlie first parts move 
according to the law assigned them by the action of the 
power, the second nmst necessarily move according to the 
law required by the character of the work. These three 
classes of parts are so far independent of one another, that 
any kind of work may be done by any kind of power, and 
by means of various combinations of interposed mechanism. 
The motion of the parts which receive the action of the 
power must be transmitted to the working-parts ; and, as 
the action of the latter is usually very different from that of 
the former, it follows that the motion must be modified, 
during transmission, according to certain definite conditions. 
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This modification is accomplished by meEms of the interposed 

mechanism above mentioned, and it is to the discussion of 
the methods by which motion may be transmitted and modi- 
fied that the following pages are devoted. 

11. A Train of Mechanism is composed of a series of 
movable pieces, each of which is so connected witli the 
frame-work of the machine, that when in motion every point 
of it is constrained to move in a certain path, in which, how- 
ever, if considered separately from the other pieces, it is at 
liberty to move in the two opposite directions, and with any 
velocity. Thus, wheels, pulleys, shafts, and rotating pieces 
generally, are so connected with the frame of the machine, 
that any given point is compelled, when in motion, to de- 
scribe a circle round the axis, and in a plane perpendicular 
to it. Sliding pieces are compelled by fixed guides to de- 
scribe straight lines, other pieces to move so that their points 
describe more complicated paths, and so on. 

12. These pieces are connected in successive order in 
various ways so that when the first piece in the series is moved 
from any external cause, it compels the second to move, 
which again gives motion to the third, and so on. The vari- 
ation in the laws of motion of the different pieces of a train 
is effected by the mode of connection. 

13. Modes of Connection. — One piece may transmit 
motion to another by direct contaa, or by means of an inter- 
mediate connector. In the latter mode of connection, the 
motion of the intermediate piece is usually of no importance, 
the object to be secured being simply the proper relative 
motion of the two primary pieces. Two pieces connected in 
either of the above ways, so that a definite motion of one of 
the pieces will produce an equally definite motion of the 
other, form an elementary combination. A train of mechan- 
ism evidently consists of a series of such elementary com- 
binations, each piece receiving motion from the one that 
precedes it, and transmitting motion to the one next in order. 
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, 8 ELEHBKTARY MECHANISM. 

14. That piece of an elementary combinatioQ to which 
motion is impartetl from some extraneous source is termed 
the driver; and that piece whose motion ia received from, 
and governed by, the driver is termed the follower. 

15. Velocity Ratio and Directional Belation. — It 
has been already shown that the paths of the pieces in an 
elementary combination are fixed, and depend on the con- 
nection of the pieces with the framework of the machine ; 
while their velocity and direction of motion may vary, and 
must be determined for each instant of action. Thus, in 
comparing the motions of the pieces for successive instants, 
we may find changes of velocity or of direction, or both. 
Bnt, while the absolute velocities and the absolute directions 
of both pieces may be liable to continual variation, it is 
evident that there will exist, at each instant, a certain 
definite ratio between the velocities, and an equally definite 
relation between the directions, of the driver and follower. 
This velocity ratio and this directional relation will depend 
solely on the manner in which the two pieces are connected, 
and will be entirely independent of their absolute velocities 
or directions. The velocity ratio, and also the directional 
relation, may be constant during the entire period, or either 
or both may vary. For example, if two circular wheels 
turning on fixed axes gear with each other, their velocity 
ratio is constant. If one wheel is twice as large as the 
other, it will make only one-half as many turns in the same 
time, or its angular velocity will be half that of the smaller 
wheel. But during any changes in velocity whatsoever, as 
one wheel cannot rotate without turning the other, and as the 
respective radii of contact do not change in length, the ratio 
of their velocities at any instant is the same ; that is, such 
wheels have a constant velocity ratio. And so, also, of tlie 
relative directions of the rotations. If the wheels are in 
external gear, they will turn in opposite directions ; if in 
internal gear, in the same direction : but in either case the 

u.a.i.z.d:,.G00gIc 



IKTRODUCTION. 9 

directional relntion will remain constant, without regard to 
any change of absolute direction of the driver. 

If the two wheels are elliptical, howevev, as those shown 
in Fig, 42, the directional relation will be constant, while the 
velocity ratio will «o/y according to the varying lengths of 
the radii of contact. 

If, then, in addition to the paths of both driver and fol- 
lower, we have detei-tnined their velocity ratio, and the 
directional relation of their motion, for every instant of an 
entire period, our knowledge of the action of the combination 
will l>e complete. 
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CHAPTER 11. 



ElEBENTART PBOFOSITIONa. 



Qraphii: Representation of Motion. — Composition and Beaolution 
of Motlong. — Modes of Transmitting Motion. — Veheity Batio. 
— Directional Belation. 

16. Graphic Bepresentation of Motion, — The prob- 
lems relating to the motioDa of points may be moat readily 
solved by geometrical construction. It is evident that the 
rectilinear motion of a point may be represented by a straight 
line ; for the direction of the line may represent the direction 
of the motion, while the velocity may be indicated by its 
length. When a point moves in a curve, its direction of mo- 
tion at any instant is the same as the direction of the tangent 
to the curve at the point considered. Hence the curvilinear 
motion of a point may be represented in the same manner 
as the rectilinear motion, using the direction of the tangent as 
the direction of the straight line above mentioned, and making 
its length proportional to the velocity, as before. 

By thus representing the motion of proj^rly selected 
points, we may establish certain relations, by purely geomet- 
rical reasoning, which will not only enable us to obtain the 
velocity ratio and the directional relation in the particular 
phase represented, but will lead to, and almost involve, the 
accurate construction on paper of the movements considered. 
The latter is such an important advant^e in practical work, 
that this method is greatly to be preferred, and has been 
adopted in this volume. 
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ELEMENTARY PROPOSITIONS. 11 

17. CompoeitiOD of IHCotioDS. — If a mntcml point 
receives a siogle impulse in a given directioo, it will move 
in that direction with a certain velocity; and, as above 
explained, its motion may be represented by a straight line 
having the same direction as the motion, and of a length 
proportional to the velocity. If a point receives, at tbe 
same time, two impulses in different directions, it will obey 
both, and move in an intermediate direction with a velocity 
differing from that due to either impulse alone. iSueh a 
point may receive, at the same instant, any number of 
impulses, each one tending to impart to it a motion in a 
definite direction and with a certain velocity. Now, it is 
evident that ttie point can move only in one direction and 
with one velocity; this motion is called the resultant; and 
the separate motions which the different impulses, taken 
singly, tended to give it, are called the components, 

18. Parallelogram of Motions. — Given two com- 
ponent motions of a point, to find the resultant. 

In Fig. 1, let the point A be acted on at the same time 
by two impulses, tending to give it the motions represented, 
in direction and velocity, by the 
straight lines AB and AD respec- 
tively. Through B draw BC 
parallel to AD ; through D draw 
DO parallel to AB; join AC. 
Then AG will represent, in direc- E^g. i 

tion and velocity, the motion 

which the point A will have as the result of the two im- 
pulses which separately would have produced the motions 
AB and AD respectively. The length of the resultant may 
be altered by varying the lengths of the components or the 
angle between them, but in no case can it esceed their sum 
nor be less than tlieir difference. 

This proposition is known as the parvMelogram of motions, 
and may be thus stated : — 
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If two compoDCQt motions be represented, in direction and 
velocity, by the adjacent sides of a parallelogram, tlie 
reaiittoDt will be similarly represented by the diagonal 
passing tlirough their point of intersection. 

19. Polygon of Motions. — By a repetition of the 
above process, we may find the resultant of any number of 
simultaneous independent components. 




In Fig. 2, let AB, AD, AF, represent three such com- 
ponents. We first comjxiund any two of them, as AB and 
AD, by completing the parallelogram ABCD, and find the 




■resultant AC. We next compound AG with AF in a similai- 
manner, and find the resultant AE. The latter ia evidently 
the resultant of the three components. 
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ELEMENTARY PROPOSITIONS, IS 

This proceas may be continued for any number of com- 
poneats, and it makes no difference in what order they are 
taken. In Fig. 3, for inetance, we have the same com- 
ponents as in Fig. 2, and find the same resultant, AE, 
though the comixaition is carried on in a different order. 

20. Itesolution of Motion. — This is the invei-se of the 
process just expiaineti. It is obvious, that, if two or more 
independent motions can be compounded into a single 
ecjuiralent motion or resultant, the latter can be again 
separated, or resolved, into its components. But it evidently 
makes no difference whether the single motion to be resolved 
is the resultant of a previous conitK>sition, or whether it is 
an oi'iginal independent motion. Any single motion can be 
resolved into two others, each of these again into two others, 
and so on as far as desired ; these comixinenta being given 
any dii'ections at pleasure. In Fig, 4, let AC represent the 
given motion. Through A draw the indefinite lines A£! and 
AH in the directions in which it is ^ 
desired to resolve AC. Through 
C draw CB parallel to AH, and 
intersecting AE at B ; also CD 
parallel to AE, and intei-secting 
AH at D. Then AB and AD 
will be the comiwnents required ; 
and it is evident that by their 
composition (Art. IH) we would find their resultant to be 
AC, the given motion. 

21. Communication of Motion by Direct Contact. 
— Id Fig. 5, let AD and BC be two successive pieces of a 
train of mechanism, turning about the centres A and B 
respectively. Let -fiD be tiie driver, turning the follower 
BC, by contact, between the curved edges, as shown. Let 
C be the point of contact between the two pieces ; and let 
the driver move the follower, until they occupy the positions 
shown by dotted lines, the ^wiuts a and b having come in 
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contact at d. During this motion, every point of the curved 
edge of the follower between b and c has been in contact 
with some jwint of the curved edge of the driver Ijetweeu a 
and c. If be is not equal in length to ac, it is evident that 
sliding of one edge on the other must have 
taken place through a space equal to their 
diflEerence ; but, if &c = ac, there will have 
been no sliding. In the latter case the mo- 
tion is said to be communicated by rolling 
contact, and in the former case by sliding 
contact.* 

Alotion, then, may be communicated by 
two kintls of dii-ect contact : — 

1. By roH(?i(/ contact, wiien each point of 
contact of the driver with the follower is 
continually changed, but so that the curve 
joining any given pair of points of contact 
of the driver shall be equal in length to the 
curve joining the respective points of the follower. 

2. By sliding contact, when each point of contact of the 
driver with the follower is continually changed, but so that 
the curve joining any given pair of points of contact of 
the driver shall not be equal in length to the cuitc joining the 
respective points of tne follower. 

Id contact motions, one or both of the curves must be con- 
vex ; and, in the former case, the convex edge must have a 

* More strictly speaking, sliding contact should be defined as that 
motion in wbich every jmint ot contact of one piece comes into contact 
with all the conaecufive points, in their order, of a lino in the other. 
Tims, the piston of a steain enRine moves in true sliding contact witU 
the interior snrface of the cylinder. When this definition of sliding 
contact is adopted, it is lisual to class under the head of mised contact 
those contact motions which partake at both Tolling and sliding. Bat, 
for our purposes, It is sufficient to distinguish between contact which 
is rolling and that which is not; designating by the term "sliding" not 
only that which is purely so, as just defined, but also the cases Just 
spoken of as mixed contact. 
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sharper curvature than the coDCave edge. If this condition 
is not fulfiUed, contact wiU take place at discontinuoua 
points. 

22. Conunnnleatlon of Motion Ijy Intermediate 
Connectors. — Sucli intermediate coonectors may be divided 
into two general classes : links, which are rigid, and must 
be jomted or pivoted to both the driver and follower ; and 
bands, or wrapping connectors, which are flexible. 

The former class includes all forma of rigid conneetoiB 
which can transmit motion by pushing or pulling, such as 
connecting-rods, locomotive side rods, etc. ; the latter in- 
cludes all forms of connectors which can transmit motion 
l)y pulling only, such as belts, ropes, chains, etc. 




yi«.e 



In Fig. 6, let AP, BQ, he driver and follower, moving 
about the centres A and B respectively, and connected by 
the link FQ. If AP is turned so as to occupy another 
position, Ap or A^, it will, by means of the link, move the 
arm BQ into the position Bg, or Bg'. If the driver push 
tlie follower, the connector is necessarily rigid, and, as just 
stated, belongs to the general class of links. But the con- 
nector may be flexible, as in Fig. 7, where ACE is the driver, 
and BDF the follower, turning about the centres A and S 
respectively, and connected by a flexible but inextensible 
band which lies in the direction of the common tangent of 
the two curves. If the driver be moved in the direction 
of the niTOw, it will, by means of this connector, turn the 
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follower as indicated ; and the connector will unwrap itself 
from the curved edge of 
the latter, and wrap itself 
on that of the former. 
fi; means of this form of 
intermediate connector, 
which belongs to the 
general class of bands 
or inrapping conitectors, 
it is evident that motion 
can be transmitted by 
pulling or tension only, 

23. Modes of Trans- 
misston of Motion. — 
Every elementary com- 
bination may be classi- 
fied according to one of 
the four modes of trans- 
namely, — 
3. Link work. 

Wrapping connectors. 



Nf. 
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mission of motion just defined ; 

1. Rolling contact. I 

2. Sliding contact. | 
24. Velocity Ratio in Linkwork. — In Figs. 8 and 

9, let AP, BQ, be two arms, turning on fixed centres A and B 
respectively, and connected by the rigid link PQ. Since the 
arm AP turns about the centre A, the point P will move in 
the arc of a circle, and hence its direction of motion at any 
instant will be represented by the tangent to that arc ; that is, 
by a line perpendicular to the radius AP. Draw Po. per- 
pendicular to AP, and of such a length as to represent the 
velocity F of the point P in that direction at that instant. 
Similarly, draw Qb perpendicular to BQ to represent, by 
length and direction, the velocity v of the point Q at that 
instant. Let fall the peipendiculars AN and BM from the 
fixed centres of motion upon the liue of the link ; and let T 
be the point of intersection of the liue of the link with the 
line of centres. 
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The resolved velocity of P along the line of the link is 
F'cos aPc = F"co8 PAN = Fcos ; and the resolved velocity 
of Q along the line of the link is vcmbQfi =s v cos QBM 
= vcoatj). Since the link PQ is rigid, and can be neither 




extended nor compressed, the resolved velocities of the points 
P and Q along the line of the link must be equal. Hence, 

Fees *l = w cos ^. (1) 

1. = ^i* , (2) 

F cos^ ^ 

Let a = angular velocity of P about the centre A ; and 
a' = angular velocity, of Q about the centre B ; 
tfaeo (Art. 8), 

_ _F . ,_ V 
" PA' " QB' 
^ _ -P4 ^ ^ PA cos ^ A^ 
a QB V QBcos^ BJ^ 



(3) 
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Also, since angle ATN = angle BTM, we 
£_ AN_ _ AT 
a BM BT' 



(i) 



Hence, in the communication of motion by linWork, — 

1, The angular velocities of the arms are inversely pro- 
portional to the perpendiculars from the fixed centres of 
motion upon the line of the link. 

2, The angular velocities of the arms are inversely pro- 
portional to the segments into which the line of the link 
divides the line of centres, 

25. This proposition may also be proved by means of the 
inalantaneoua centre, • 




In Figs. 10 and 11 the link PQ may be regarded as 
turning, during each instant of its motion, abotit some centre 
in space. This centre may be constantly changing its posi- 
tion in space, and also with regard to the line PQ itself; 
but at any given instant every point in PQ has the same 
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angalEir velocity about this centre, ftnd moves in a directioo 
perpendicular to the line joining it to the centre, and with a 
linear velocity proportional to its distance from it. As P 
moves perpendicularly to AP, the centre must lie in AP 




S'ie.ix 



{produced if necessary) ; and as Q moves perpendicnloriy 
to BQ, it must also lie in BQ (produced if necessary) : 
hence it will be found at the intersection of these two lines 
at 0. Let V and v represent the linear velocities of P and 
Q respectively. As both P and Q have the same angular 
velocity about O, their linear velocities will be proportional 
to their distance from that point ; that is, 

V : V :: PO : QO. 

Let a and a' be the angular velocities of P and Q about A 
and B respectively. Then 



V. . ±. .. P0_. QO 
AP' BQ " AP' BQ' 
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Let fall the perpendicalars OR, AN, and BM npon the 
line of the link ; then, from the similar triangles ANP and 
ORP, £QJf and OQR, BTMuM ATN, we have 

AP AN BQ BJit 

Hence 

^^QR_ AN ^ AN_^ AT 
« "" B3f OR ^ BM BT' 

as before. 

26. Directional Relation. — From Figs. 8, 9, 10, and 
11, it is evident that the directional relation of the rotations 
of ttie tvo arms depends on the position of the centres A 
and B with reference to the line of the link PQ. If they are 
on the same side of PQ, the rotations will take place in the 
same direction ; if on opposite sides, the rotations will be in 
contrary directions. 

27. Velodty Ratio in Wrappli^ Connectors. — In 
Figs. 12 and 13, let AO and BD be two curved pieces 




moving about the fixed Centres A and B respectively, and 
let them be connected by the flexible but inextensible band 
EPQF, fastened to them at E and F. If AC be turned in 
the direction of the arrow, it will cause BD to turn by means 
of the band, which will unwrap itself from the curved edge 
of BD, and wrap itself on that of AC. Let P and Q be 
the points at which the line of the band is tangent to the 
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cnrred edges. These points most move perpendicularly 
to the radii AP and SQ; and the action at any instaot 
ia precisely the same as that of two arms, AP and BQ, 
connected by a link, PQ, as discuaged in the preceding 
nrticles. Hence, letting fail ttie perpendiculare AN and BM 




npon the common tangent, which is the line of the wrapping- 
connector, and finding the intersection T of the latter and 
the line of centres, it follows, that, in the communication of 
motion by wrapping connectors, — 

1. The angular velocities of the pieces are inversely pro- 
portional to the perpendiculars from the fixed centres of 
motion upon the line of the wrapping connector. 

2. The angular velocities of the pieces are inversely pro- 
portional to the segments into which the line of the wrapping 
connector divides the line of centres. 

28. Directional Relation. — From Figs. 12 and 13, it 
is evident that the directional relation of the rotations of the 
two pieces depends on the position of the centres A and B 
with reference to the line of the wrapping connector PQ. 
If they are on the same side of PQ, the rotations will take 
place in the same direction ; if on opposite aides, the 
rotations will take place in contrai'y directi<ma. 
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22 ELEMENTARY MECHANISM. 

29. Yelodtr Ratio In Contact Motions. — In F^s. 11 
and 15 let the sectioned portiona in contact at p represent 
parts of two curved pieces tumiDg about fixed centres A and 
B. Theae curved edges may both be convex, as in the fig- 
urea; or one may be concave, provided that the curvature 
of the convex edge is aharper than that of the concave edge. 




If the lower piece be turned in the direction of the arrow, 
it will drive the upper pieoe, and compel it to turn as 
indicated. 

Draw Sh, the common normal, and Rr, the common tan- 
gent, to the curves at the point of contact. 

The point j5 of the lower piece moves at any instant in a 
direction perpendicular to the radius Ap, Draw pa perpen- 
dicular to Ap, and of anch a length as to represent the 
velocity Fof the point p in that direction at that instant. 
Similarly, let pb drawn perpendicular to Bp represent the 
velocity v of the point p of the npper piece at that instant. 
Beaolving these velocities along and perpendicular to the 
common normal Hh, it is evident that the component along 
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the normal mast be that which transmits motion from the 
driver to the follower ; for the component perpendicular to 
the normal, acting tangentiall; to the two curves, can evi- 
dently transmit no motion from the one to the other. 

In considering the communication of motion through a very 



small angle, we may substitute for the curves, circular arcs 
having the same curvature as the curves themselves at the 
point of contact. The centres of these circular area will evi- 
deutly lie at some points P and Q in the normal Hh. But 
the length PQ, being thus equal to the sum of the radii of two 
circles, will be constant during the small motion considered. 
Hence, joining AP and BQ, we End that the angular motion 
of the two contact curves, for that instant, will be exactly 
the same as that of two arms, AP and BQ, connected by the 
link PQ. Hence, the relation of the angular velocities will 
be expressed in the same manner as in Art, 24. 

Letting a = angular velocity of lower piece about A, and 
a' = angular velocity of upper piece about B, 



24 ELEMENTARY MECHANISM. 

we h&ve, ae before, 

^_ AN_ AT 
a BM BT' 

Hence, in the commanication of motion by contact, — 

1 . Tbe angular velocities of ttie pieces are inversely pro- 
portional to the perpendiculars from tbe fixed centres of 
motion upon the common normal. 

2. The angular velocities of the pieces are inversely propor- 
tional to the segments into which tbe common normal divides 
the line of centres. 

30. Directional Relation. — From Figs. U and 15, 
it is evident that tbe directional relation of the rotations 
depends on the position of the centres A and B with 
reference to the normal Hh. If they are on the same Side 
of llh, the rotations will take place in the same direction ; if 
on opposite Bides, the rotations will take place in contrary 
directions. 

31. Condition of Constant Velocity Katlo.— The 
value of the velocity ratio (Art. 29) is 

a' ^AT 
7 BT' 

Now, in order that this expression shall have a constant 
value, the ratio of ATio BTmas,t remain unchanged. But, 
as AT + BT = AB, which is itself constant, it follows, 
that, in oi-der to presei-ve tbe constancy of tlie above ratio, 
the actual lengths of AT and BT must not vary ; in other 
woi'ds, the point T must remain fixed in position. Hence 
wc see, that, in order to obtain a constant velocity ratio in 
contact motions, the curves must be snch that tlieir common 
normal at the point of contact shall always cut tbe line of 
centres at the same point. 
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32. CODdition of Boiling' Contact. — It has been 
stated (Art. 29) that the compoaents of the velocities V and 
V, Figs. 14 and 15, along the common normal Hk, represent 
the transmitted motion. As pointed out by Professor Ran- 
kine, these compoueuta must be equal j or Vcob $ = v cos 0, 
using the same notation as in Art. 24. If this equation were 
not trne, either one curve would move away from the other, 
or else one would intersect the other, both of which are 
manifestly impossible while contact exists. 

As the components of F* and v along the tangent Rr must 
represent the lost motion, it is evident that the velocity with 
which the curves are sliding over each other will be repre- 
sented by the difference between these tangential components 
in the case of Fig. 14, and by their sum in the case of Fig. 
15. In other words, the velocity of sliding is VexaB — usin^ 
in the former case, and Fsin^ + t)siQ</> Ui the latter. In 
order that there shall be pure rolling contact, it is evidently 
necessary that tbese expressions shall be equal to zero. 

Thus, we must have in Fig. 14, 

Fsin € — V sin = 0. 

Fsinfl = vsia<f>. (1) 

But, as above stated, 

Fcos« = -ycosf^. (2) 

Dividing (1) by (2) we get 

tan^ = tan*, (3) 

which can only be true when tf = * ; in other words, when 
V coincides in direction with v. But Fand v are perpen- 
dicular to Ap and Bp respectively ; hence the latter must 
also coincide in direction, and as A and B are fixed, it fol- 
lows that p must lie in the line of centres AB. The condition 
of rolling contact, then, for curves revolving in the same 
plane about parallel axes, is that the point of contact shall 
always lie in tlie line of centres. 



;.. Google 



26 ELSMBNTAET HBCHANISH, 

In most cases of sliding contact, the point of contact is not 
fixed in position, and the amonnt of sliding will vary witk 
the distance of the point of contact from the line of centres. 
We have fonnd (Art, 29) that the velocity ratio in contact 
motions depends on the position of the point of intersection 
of the common normal with the line of centres. But in roll- 
ing contact, the point of contact must lie on the line of cen- 
tres, and must hence be identical with the point of intersection 
just mentioned. Hence, in rolling contact, the angular ve- 
locities of the pieces are inversely proportional to the seg- 
-meots into which the point of contact divides the line of 
centres. 

33. Similarity in all Modes of Transmission. — By 
comparing the dednctions of Arts. 21-30, we find a great 
similarity between the various modes of transmitting motion, 
so far as the velocity ratio and the directional relation in the 
various cases are concerned. 

If we designate by Uiie of action the line of the link in link- 
work, the line of the wrapping connector, and the common 
normal in contact motions, we may express the laws govern- 
ing the action of any elementary combination in which the 
pieces rotate about fixed parallel axes as follows : — 

1. The angular velocities are inversely proportional to the 
perpendiculars let fall from the centres of motion upon the 
line of action. 

2. The angular velocities are inversely proportional to 
the segments into which the line of action divides tJie line of 
centres. 

3. The rotations have the same direction if the centres 
of motion lie on the same side of the line of action, and 
contrary directions if they lie on opposite sides of that line. 
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CHAPTER m. 

COMlfUMICATrON OF UOTION BT ROLUNO CONTACT. 
r RATIO CONSTANT. 
:, RELATION CONSTANT. 



Cyli-^dera. — Cones. — ITyperboloids. — PracllcaX Applicaliont. — 
CloAs'iJlcaiion (^Gearing. 

34. It has been shown (Art. S2) tliat, in the rolling con- 
tact of curved pieces revolving in the same plane about fixed 
parallel axes, the point of contact will always lie in the line of 
centres, and that the angular velocities are inversely propor- 
tional to the segments into vhich the point of contact divides 
that line. 

Therefore, if the velocitiy ratio of two ench pieces in roll- 
ing contact is constant, these segments must be constant, 
and the curves must have a constant radius ; in other words, 
the curves must be circular arcs turning about their centres, 
and no otlier curves will satisfy the conditions. 

Axes Parallel. 

35. Boiling Crllnders. — In Fig. 16, let AC, BD, be 
parallel axes mounted in a framework, by which they are 
kept at a constant distance from each other. Let E and F 
be two cylinders, fixed opposite to each other, one on each 
axis, and concentric with it; the sum of their radii being 
equal to the distance between the axes. 

The cylinders will, therefore, be in contact in all positions, 
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tliG line of contact being a common element of both. If one 
cylinder be made to rotate, it will drive the other by rolling 
contact, and compel it to rotate. The linear velocity of 
every point in the cylindrical surface of either wheel must 
evidently be the same. 




Let R be the radius of the driver, and r the radias of the 

follower. Let the circumference of the driver be divided 
into y equal parts, and let the circumference of the follower 
contain n of these parts. Let P and p be the periods or 
times of rotation ; L and I the numljer of rotations in a given 
time, or the synchronal rotations of driver and follower re- 
spectively ; and, as before, let a and a be their angular veloci- 
ties. Then 

a' n 27 P I 



and it is evident that these ratios will hold, without regard to 
the absolute velocities. 

36. If tlie cylinders roll together by external contact, aa 
in Fig. 10) they will evidently rotate in ojtposite directions. 
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If it ia desired to have them rotate in the same direction, one 

wheel is given the form of an annulus, or ring, aa in Fig. 17, 
to which the other wheel is tangent intemall;. The rolling 
surfaces are cylinders, as before ; the line of contact is an 
element of both cylinders ; and the relations stated in the last 
article are equally true for this case, the only change being, 
that the rotations now take place in the same direction. The 
difference of the radii ia evidently tiie distances between cen- 
tres. Thus, if we have given the distance between two axes, 
and the velocity ratio of driver and follower, expressed in 
any of the above terms, we can readily find the radii of 
wheels which will answer the given conditions. 




If the axes of rotation are not parallel, they may or may 
not intersect ; and these cases will be considered separately. 

Axes Inters&^ing. 

37. Rolling Cones. — The conclusions arrived at in 
Art, 34 follow directly from our proixisitions concerning 
rolling contact ; the circles in contact being in the same 
plane, and rotating abont fixed parallel axes, A little con- 
sideration will, however, make it clcai', that, if the axes be 
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torned in their oommoD plane about the point of contact of 
the two circles, tlic latter will, at any angle, have a commoa 
tangent at this point. This tangent will be the line of in- 
tersection of the planes in which the two circles lie. Both 
circles will be in trae rolling contact with this oommon tan- 
gent, and hence with each other ; and their perimetral and 
angular velocities will be the same as before. 
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In I^ 18, let OA, OB, be two axes which intersect at ; 
and let the two right cones OTD, OTF, be constructed on 
these axes, the cones having a common clement OT. If 
through any point JIf in 07* we pass planes perpendiculiir to 
the axes OA and OB, the sections of the cones will be cir- 
cles which will be in contact at Jtf ; and a constant velocity 
ratio will be maintained between the axes by means of these 
circles. For the angular velocities of these circles are, as 
before, 

a' ^ MK ^ AT 

7 MH Bif 



a constant ratio ; therefore the two cones will rotate in true 
rolling contact, and their angular velocities will be inversely 
proportional to the perpendiculars from any point of the 
common clement on the axes. The relations of angular ve- 
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locities, periods, etc., will evidently be tbe same as for two 
cylindera whose radii ai-e in the same proportion as the radii 
of the bases of the cooes. 

38. Having given tbe positions of the axes, and the ve- 
locity ratio, it is required to coDstmet the cones. 




B'ie.ia 



In Fig. 1 9, let OA bo the driving axis, and OB the follow- 
ing axis : and let the velocity ratio of driver to follower be 

- = — i in other words, OA ie to make n revolutions while 

OB makes m revolutions. On OA lay off 00 equal to n 
divisions on any conveoient scale. Through C draw CD 
parallel to OB, and make it equal in length to m divisions of 
the same scale. Through D draw ODT, which will be the 
line of contact. From any point T of ODT, let fail the per- 
pendiculars AT and BT on the axes. If we now construct 
two right cones on these axes, having AT and BT as radii 
of their i-espective bases, these cones will roll together with 
the required velocity ratio ; for, from the figure, we have 
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lu other words, the radii of the baaea have the required rela- 
tion. 

39. It is Qsual in practice to employ, not the whole cones, 
but onl; thin frusta of them, as shown In Figs. 19 to 24. 



In Fig. 19, the eommon element is located in the acute 
angle between the intei-secting axes ; but it may as readily be 
placed in the obtuse angle, the iocatiou depending on the 




exact data of the problem. Examples of different arrange- 
ments are shown in Figs. 20, 21 , and 22. In these figures the 
angles of iutersectioa of the axes are the same as in Fig. 19, 
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bat the velocity ratio and the. directional relatioo may be 
varied at pleasare. In FigB. 19 and 20 the velocity ratio is 
different, and the direction of rotation of the follower is also 




changed in the latter by moving the element of contact from 
the acate to the obtuse angle. In Figs. 21 and 22 tbe direc- 




tional relation is the same as that of Fig. 20 ; but, by altering 
the velocity ratio, one of the cones becomes a JkU disc in one 
case, and a concave conical surface in the other. 
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40. Tbaa far we have considered only those cases in which 
the axes intersect obliquely ; but in practice the axes intersect 
most frequently at right angles, as in Fig. 23. In this case 
it will be noticed that the cones are in contact along two ele- 
ments, OM and ON", and that the followers wilt rotate in 
opposite directions. Thus, in Fig. 2S, where A is the driver, 
the two followers) B and C, rotate in opposite dirccnons, as 
shown by the arrows. But if, as in Fig. 2i, the driving axis 
A be continued beyond the common vertex of the cones, and 
two other frusta be constructed, motion will be given to 
the two followers B and C in the same direction ; the velocity 
ratio of both pairs of frusta being the same. 

Axes neUlier ParaUd nor IiUereectijig. 

41. Hyperbolold of Bevolatloa. — When the axes do 
not lie in the same plane, motion may be transmitted from 
the one to the other by means of surfaces, known as byperbo- 
loids of revolution. The hyperboloid of revolution is the 
warped surface generated by a right line revolving about 
another right line not in the same plane with the first. Its 
form and the manner of constructing it are shown in Fig. 25, 
both vertical and horizontal projections being employed for 
the sake of clearness. Let the axis be taken vertical ; it will 
be horizontally projected at (/ and vertically at Cc. The 
revolving line, or generatrix, is, for convenience, taken in a 
position parallel to the veridical plane of projection, and is 
shown at MN, M'N'. As this line revolves about the axis, 
any point, P, P, of the line describes a circle, whose radius 
is projected vertically at OP, and horizontally in its true 
length at (/ P" . Draw the common perpendicular to the two 
lines MN and Cc. It will be projected horizontally in Ua 
true length at Cfl/, and vertically in the point D. The circles 
described by different points of the line 2UN will evidently 
vary in size ; the largest being described by the points M and 
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N^ respectively, and the smallest by tbe point D. To con- 
struct the projections of tlie curved surface, we must find tbe 




projections of the circle described by any point P of the line 
SfN. Its horizontal projection will be the circle W'P'R ; 
while its vertical projection will be the straight line WPB, 
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and R and W will be points of the meridian cnrre. By re- 
peating this process for a sufficient number of points of the 
Hue M2f, the meridian curve may be drawn; and it will be 
found to be a hj/perbola. The circle AHyS., described by the 
point V (which is the intersection of the generatrix with 
the common perpendicular (ytf), is called the circfe of the 
gorge; and the circles described by the pointa M' and N' are 
called the circles of the lower and upper bases resftectively. 

If we take the line mn, parallel to the vertical plane of 
projection, intersecting MN at D, and making angle nmc = 
angle NMc, and revolve it about Cc, we will evidently generate 
the same surface as before ; for the paths of m and M coin- 
cide, as do also those of 71 and N, and the point D is com- 
mon to both lines : hence any two points, one on each line, 
equidistant from D, such as P and Q, will descrilte the same 
circle. 

Through any point of the surface, then, two rectilinear 
elements, or generatrices, may be drawn ; and their projec- 
tions on a plane perpendicular to the axis will be tangent to 
the projection of the gorge circle on that plane. 

42. Bollli^ Hyperboloids. — If through any point of 
a surface two lines of the surface be drawn, the plane which 
contains the tangents to both these tines will be tangent to 
the surface at that point. Hence, if through any point of 
the curved surface of a hyperboloid we pass two intersecting 
generatrices, the plane containing these two elements will be 
tangent to the surface at that point. The normal to the sur- 
face at that point must, of course, be perpendicular to that 
tangent plane ; and, as the surface is one of revolution, it 
«iust intersect the axis. 

If a series of such normals be drawn through different 
points of the revolving line, they will lie in planes perpen- 
dicular to the latter, and therefore parallel to each other. 
Suppose three planes to be drawn parallel to both the axis 
Cc and the generatrix MN\ one through the axb, another 
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throagh the generatrix, and the third at any conreDieDt dis- 
tance. Conceive a number of points to be laid off at definite 
and equal intervals on the line MN. Now, in passing along 
MN from one point to the other, the normal, though always 
remaining perpendicular to MN, will stiil turn abont the 
latter, so that its other end will describe on the plane through 
the axis a straight line; viz., the axis itself. Now, as these 
three planes are parallel, and the normal moves so that its 
two ends trace straight tines on two of the planes, it is evi- 
dent that the prolongation of the normal will trace a straight 
line on the third plane. This straight line may be taken as a 
new axis ; and by revolving MN, the generatrix of the first 
hyperboloid, about this new axis, a second hyperboloid will 
be generated : and these two surfaces will, by construction, 
have a common normal at every point of the element of con- 
tact MN, and will be tangent to each other all along that 
element. If one of these hyperboloids be now rotated about 
its axis, it will drive the other by a mixture of rolling and 
eliding contact ; the sliding taking place in the direction of 
the element of contact, and the rolling in a direction perpen- 
dicular to that element. 

43. Velocity Ratio of Boiling Hyperboloids In 

Fig. 26 we have two hyperboloids in contact along the line 
MN, and revolving about the axes Oo and Br respectively. 
Let P be the point of contact of the gorge circles APL and 
BPK, and let the inclined hyperboloid be the driver. Then 
at any instant, any point on the goi^e circle of either hyper- 
boloid will be moving in the direction of the tangent to that 
circle ; and the vertical projection of the tangent must evi- 
dently be perpendicular to that of the axis of the hyper- 
boloid. Draw Pa perpendicular to Rr, and of proper 
length to represent the velocity V of the point P of the 
driver at any instant. Similarly, draw Pb to represent 
the velocity v of the point P of the follower at the same 
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: angular velocity of driver, and 
= aogular velocity of follower. 



_ V , 
PA 


V 
P'D' 


= pb'- 


'Tb' 


= f '^ 


I'D 
P-B' 



(1) 

Draw the eoniinon uonnal to both surfaces at the point N. 
As the line MN'a parallel to the vertical plane of projection, 
its vertical projection will evidently be perpendicnlar to that 
of the normal. Hence, for the vertical projection of the 
normal, draw ONR, perpendicular to MN at 2f. and It 
being points on the axes, we readily find its horizontal pro- 
jection C/N'K. As 0, N, and R are respectively the ver- 
tical projections of three points on a straight line whose 
horizontal projections are (/, N', and B!, we have the ratio 

N'R ^ NR 
ON' ON' 
Bnt NB = PNtaixe, and ON = P^tan ^, 
hence 

N'R _ tanff ,„, 

CN' tan<^' *■ ■^ 

As B'O', F'N', and DRf are parallel straight lines, we 
have 

PTD ^ N'R ^ tang ,3, 

P'Bf &N' tan*' . ^ ' 

Substituting in (1) the value of , just found, we have 

a r tan* ^' 
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The actual traDsmissioD of motion between the hyperbo- 
loid8 takes place by pure rolling contact in a direction per- 
peudicular to the common element passing through the pointe 
of contact ; for the sliding contact which takes place along 
that element can, of courae, transmit no motion. Drawing 
PS iierpendicular to MN, and noting that in rolling contact, 
each pair of points of the surfaces which are in contact at a 
given instant, must at that instant be moving in the same 
direction with the same velocity, we have 

Foosfi = vcm<t>, (5) 

V_ ^ COStf ^g. 

Substituting in (4) the value of — , Just found, we have 

a cos 6 tan ff smO 

(7) 



a 




os^tao^ 


NR 
PS 


and 


BlUlp 


EN 
FN 






i= 


NH 
EN 



(8) 

Hencei projecting both axes and the common element on 
a plane parallel to all of them, as in Fig. 26, we find that 
the angular velocities of the hyperboloids are inversely pro- 
portional to the sines of the angles made by the projection of 
the common element with the projections of the respective 
axes ! that is, inversely proportional to the projections of the 
perpendiculars let fall on the axes from any point of the 
common element. 

The radii of the gorge circles are directly proportional to 
the tangents of these angles ; that is, to the projections of 
the lines drawn from any point of the common element per- 
pendicolar to the latter, and terminating in the axes. 
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44. While the components of V futd v along the line of 

contact must evidently have a constant value for all points of 
the same hyperboloid, yet as the angular velocities of all 
points of the hypcrlxiloid nmst be the same, it followa that 
the values of F"and v themselves must increase as the points 
considered are farther from the gorge circle, and hence that 
the percentage of sliding must decrease at the sanie rate. 

45. Having given the positions of the axes, and the 
velocity ratio, it is required to construct the hyperboloids. 





£ 


\ 


N 


a 
0' 

P' \ 


V 
N' 


^ 


r 







R 



In Fig. 27, let Rr, Sf/, and Oo, (/, be the projections of 
the driving and following axes resjteetively ; the vertical 
plane of projection being taken parallel to both axes. Let 
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the driver be required to make n revolutions while the follower 

makes m revolutions ; in other words, ~ = —. 

On PE lay off PV equal to n divisions on any convenient 
scale. Througli V draw VN parallel to Oo, arid equal to 
m divisions of the same scale. From N let fall EN and Nil 
perpendicular to Oo and Jlr respectively. Through N and P 
draw the line NP. This will be the vertical projection of the 
element of contact ; for, from the triangles in the figure, 

m_ ^ ^ sin NPV _ sin NPV _ NH ^ «[ 
« P r Bin PNV sin EPM EN a ' 

Through N draw ONR perpendicular to NP. ONB is the 
vertical projection of the normal ; hence the horizontal pro- 
jection of the point M must be at .B* on tlie horizontal 
projection, if/, of the axis Rr. Joining O'Pf, we have the 
horizontal projection of the normal. Projecting N hori- 
zontally at N' on (yifj and di-awing N'P' parallel to ^/, 
we have the horizontal projections of the common element 
and the goi^e circle radii (XP' and P'Q. We have thus 
determined all the data necessary to the construction of the 
hyperboloids, aa explained in Art. 41. 

As in the case of cones, only thin frusta of these hyper- 
boloids (Fig. 26) are used in practice ; and their location ia 
optional, except that, as already indicated, the percentage 
of sliding increases as they come nearer the gorge planes. 

46. Analog; between Coues and Hyperlwloids. — 
As the radii of the goi^e circles are made smaller, the 
meridian curves of the hyperboloids will become flatter, and 
the surfaces will begin to approximate to the conical shape. 
When the radii of both gorge circles reduce to zero, the 
axes will intersect, and the hyperljoloids will become ti'ue 
cones ; the element of contact lying in the plane of the axes, 
and passing through their point of intersection. Cones, 
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then, may be considered as the limiting case of hyper- 
boloids ; and it will be found, tbat, under similar conditions, 
they will present similar peculiarities of arrangement. From 
the similarity of the solutions in Arts. 38 and 45, it is 
obvious that we may use our discretion in locating the 
common element in the case of the hyjierboloids, just as 
explained in Art. 39 for the case of cones. By changing 
the common element from the acute angle between the 
projections of the axes, to the obtuse angle (a change similar 
to that shown by Figs. 19 and 20), we will change the 
directional relation of the hyperboloids. Again : by varying 
the velocity ratio so as to divide the angle in the same ratio 
as in Figs. 21 and 22, we will reduce one hyperboloid to a 
fat disc in -one case, and to a holloie hyperbolic surface in 
the other. 

47. The case of axes neither parallel nor intersecting 
may also be solved by means of two pairs of cones. 



In Fig. 28, let Aa, Bb, be the driving and following axes 
respectively. Draw the line Cc intersecting the two axes in 
the points C and c, and let an intermediate axis be taken 
in this line. Now, a pair of rolling cones, d and e, having 
their common apex at C, will communicate motion from the 
ajcis Aa to the intennediate axis Cc ; and a pair of tolling 
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cones, / and g, having their common apex at c, will transmit 
motion from the intermediate axis Cc to the axis Bb. By 
this means the rotation of Aa is transmitted, by pure rolling 
contact, to Bb. 

Let a, a, and a" be the angular velocities of the axes Aa, 
Bb, and Cc respectively, and R, r, and If the radii of the 
bases of their cones, those of the cones e and / being the 
same. Then 



, also -7, = 



-H'. 



exactly as if the cones d and g were in immediate contact. 



Practical Applicationa. 

48. We have now determined the theoretical forms re- 
quired to transmit motion hy rolling contact with a constant 
velocity ratio, but the successful application of these forms 
in practice requires certain change or substitutions to be 
made. It is impossible to transmit motion against any 
considerable resistance by means of such smooth surfaces, 
and hence various expedients are resoi^ted to in order to 
obtain the necessary adhesion. 

4&. Friction Gearing. — For liglit machinery, and in 
cases wliere a constant velocity ratio is not imi^erative, the 
rolling pieces may be made of different materials ; for 
instance, one may be made of wood and the other of iron. 
In this case, the iron wheel should be the follower. Again : 
one of the wheels may be covered with leather, or rubber, 
or other elastic material. To secure the necessary amount 
of a<lliesion in such cases, the rotating pieces are kept in 
contact and pressed together by adjusting their bearings, or 
applying weighte or springs. 
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50. Grooved Friction Geariag. — Another methoci is 
shown in Fig. 29. The wheels are provided with angular 
grooves, shown in an enlai^ed section on the left. The 
angle between a6 and cd is usually about forty to fifty 
degrees. The adhesion is greatly increased by this means, 
and is obtained, as before, hy pressing the wheels together. 
Such wheels are widely used for hoistiDg-engines, and are 
generally made of cast-iron. 



oris. SO 

61. Gearing. — The method iu most general use for the 

prevention of slipping between rotating pieces b, to form 
teeth nix>n them. 

Gearing is the general term which includes all forms of 
mechanistic devices in which the motion is transmitted by 
means of teeth. The contact surface of the rotating pieces 
is called the pitqk surface, and its intersection with a plane 
perpendicular to the axis of rotation is termed the pitcJi line. 
This line is the basis of all calculations for velocity ratios 
and for the construction of teeth. The pitch line in the 
cases in which the velocity ratio is constant evidently 
becomes a pilch circle. 

63. Classification of Gearing. — Gearing is divided 
into classes according to the form of the pitch surfaces for 
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which the toothed wheels are the eqoivalenta. There are five 
such classes ; namely, spur gearing, bevel gearing, skew gear- 
ing, screw gearing, and fa(x gearing. 




Fig, 30 

53. In Spur Gearing, illustrated by Fig. 30, the pitch 

surfaces are cylinders, and the teeth engage along straight 




:Fig.31 

lines which are parallel to the elements of the cylinders. A 
spur wheel having a small number of teeth is usually called 
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a pinion. When the teeth are formed on the inside of a 
ring, as shown in F^. 31, the wheel is termed an annular 
wheel. In this caae, as before pointed oat, the directions of 
rotation of driver and follower are the same ; while in the 
case of two spur wheels, the directions arc opposite to each 




Fia[.3S 



other. As the diameter of the piteh circle of a wheel 
increases, its curvature becomes less and less, and flnoll; 
disappears when the former becomes infinite. In this ease 
the toothed piece is called a rack (Fig. 32), and its pitch line 
is the straight line tangent to the pitch circle of the wheel 
with which it works. In Figs. 30, 31, and 32, the 1 
pitch lines are shown dotted. 




54. In Bevel G«aring, illustrated by Fig. 33, the 
pitch surfaces are oones, and the teeth engc^e along straight 
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lines the directions of which must all pass throngh the com- 
mon vertex of the two cones. In actual wheels, the teeth 
are, of course, placed all around the frusta ; but in the figure 
they are drawn only on part of the wheels, in order to 
show more clearly the relation in which they stand to the 
pitch surfaces. When the axes are at right angles, and 
two bevel wheels are constructed on equal couea, the line 
of contact making an angle of forty-five degi-eea with each 
axis, or, in other woi-ds, the velocity ratio being unity, the 
wheels are termed milre gears. 

55. In Skew Gearing, illustrated by Fig. 34, the 
pitch surfaces are hyjwrboloids of revolution. The teeth of 
these wheels engine in lines which approximate, in their 




general direction, to that of the common element of the two 
hyperboloids. This class of gearing is not often used, 
owing to the difficulty of forming the teeth ; the usual 
method for axes neither parallel nor intersecting being, to 
employ the intermediate cones described in Art. 47. 
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56. In Screw Gearing, illustrated by Fig. 35, the 
pitch surfaces are cyhnders whose axes are neither parallel 
nor intersectiog ; and hence the cylinders touch each other at 




one point only. The lines upon which the teeth are con- 
structed are helices on the Burfaces of these cylinders. 
Motion is transmitted by a purely helical or screw-like 
motion. 

57. In Face Gfearing, illustrated by Fig. 36, the teeth 
are pins usually arranged in a circle, and secured to a flat 



circular disc fixed on the axis. Thus the contact is only 
between points of ttie surfaces of the pins. la Fig. 36 
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the wheels are in planes perpendicular to each other, and 
the perpendicular distance between the axes is equal to the 
diameter of the ping, which in this ease are cylindrical. 
This class of gearing is best adapted to wooden mill ma- 
chineiy, and has been used for that purpose almost exclu- 
sively. 

58. Twisted Gearing. — In Fig. 38 is illustrated 
another form of gearing, sometimes called twisted gearing. 
It may be regarded as obtained from tlie stepped wheel 
shown in Fig. 37. The latter may be produced by cutting 
an ordinary spur wheel by several planes peipendicular to 



the axis, turning each portion through a smairanglc, and 
then securing them all together. By placing this wheel in 
gear with another, made in a similar manner, we combine 
the advantage of sti-ength of lai^e teeth with the smooth- 
ness of action of small ones. If the number of cutting 
planes be indefinitely increased, and each section be turned 
through an exceedingly small angle, it is clear that a twisted 
wheel, such as shown in Fig. 38, will be the result. But 
instead of ordinary spur teeth, whose elements are parallel 
to the axis of the wheel, we now have teeth whose elements 
have the directions of helices. The result is, that, in addition 
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to the presaure producing the rotation, there will be a 

pressure produced in the direction of the axis, tending to 
slide the wheels out of gear. 




The endlong pressure on the bearings may be prevented 
by the use of a wheel such as is shown in Fig. 39. By this 
arrangement, there is no longitudinal pressure on the bear- 
ings whatever, and the wheels run in' gear with a smoothness 
of action unsurpassed by any other kind of gearing. 
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CHAPTER rV. 

COMMUNiCATIOS OF MOTION BY ROLLING CONTACT. 
VELOCITT KATIO ^ 
DIBECTIOKAL RELATION ( 

Logarithmic Spirals. — Ellipses. — Lobed Wheels. — Intermittent 
Motion. — Mangle Wheels. 

59. It has been shown (Art. 32) that, in the rolling con- 
tact of curves revolving in the same plane about fixed parallel 
axes, the point of contact always lies iu the line of centi'es. 
The radii of contact coincide with this line ; and at the ^mint 
of contact the ounces have a common tangent which must 
make equal angles, on opposite sides of the line of centres, 
with the two radii of contact, 

60. In the preceding chapter, the ratio of the radii of 
contact was constant, and hence the velocity ratio was con- 
stant. If the curves are such that the radii of contact vary, 
the point of contact moving along the line of centres, the 
velocity ratio must vary. The sum of the lengths of each 
pair of the radii of contact must evidently be constant if the 
point of contact lies between the axes,- or their difference 
must be constant if tlie axes lie on the same side of the 
point of contact. 

«1. The Lc^>Brlthuilc Spiral is a curve having the 

property, tliat the tangent makes a constant angle with the 

radius vector. Let two equal logarithmic spirals be placed 

reverse positions, and turned about their i-espective poles 
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hb fixed centres untO the curves are in contact. Each of the 
radii of contact is a radius vector of the curve in which it 
lies, and hence both radii make the same angle with the 
common tangent at the point of contact. But this can only 
be true if the radii of contact lie in one straigtit line, namely, 
the line of centres ; in other words, tbe point of contact lies 
on tbe line of centres, and equal logarithmic spirals are 
therefore rolling curves. 

03. To Construct the Logarithmic Spiral In Fig. 

40, let be the pole of the spiral, and let A and B be two 




¥-£11.40 



points through which it is desired to draw the curve. From 
the property of the curve given above, namely, that the tan- 
gent makes a constant angle with the radius vector, it may 
readily be proved that, if a radius vector be drawn bisecting 
the angle between two other radii vectors, the former will be 
a mean proportional between the two latter. Draw the radii 
vectors AO and £0, and the line OD bisecting the angle 
AOB. Then, if i> ia a jioint of the curve, OD moat be a 
mean proportional between OA and OB; in other words, 

qA_ 

OD OB 

AOG as a diameter, deacriije the serai-circle AEC. Draw 
OP perpendicular to AOG. Tlien OE is a mean proportional 



On the straight line AO lay off OC = OB. On 
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between OA and OB. Therefore make OD = OE, and D 
will then be a point on the curve. 

lu the same manner, bisect the angle AOD, make OF a 
mean proportional between OA and OD to find the point F, 
and BO on. 

63. Since the logarithmic spiral is not a closed curve, two 
such spirals cannot be used for the transmission of continn- 
ous rotation ; but they are well adapted for reciprocating 
circular motion. 

In Fig. 41, let the distance between the axes A and B be 
given ; and let it be required, that, while the dnving axis A 
turns through a given angle, the velocity ratio shall vary 
between given limits. 




E'iB.-il 



Divide AB at T into two segments whose ratio is one of 
the given limits, and at C into s^ments whose ratio is the 
other limit. Lay ofl! the angle DAC equal to the given angle, 
■ and make AD = AC. 

The problem is now simply to construct a logarithmic spiral 
(Art 62) having the pole A, and passing through the jxiints 
T and D. 

The follower is necessarily a portion of the same curve in 
a reverse position ; and the latter having been drawn about 
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the pole -B, draw arcs of circles aboat B with the radii BC 
and BT. The portion of the curve between the intersections 
of these arcs and the spiral will be the required edge of the 
follower. 

Let o = angular velocity of driver, and a' = angular 
velocity of follower; then, while the driver turns from the 
position io the figure tlirongh the angle TAD, the velocity 

ratio will vary between the limits — = — -- and — = — . 
' a BT a BC 

64. BoUiDg EUipses. — In Fig. 42, let BTH &m\ FTG 
be two similar and equal ellipses, placed in contact at a point 




SHg.-4;s 



T, such that the arcs ET and FT are equal ; E a.D<i F being 
the extremities of the respective major axes. It is a proi> 
crtj of the ellipse that the tangent CTD makes equal angles 
with the radU BT and bT, or AT and aT. Therefore the 
angle DTA = angle GTB, and angle DTb = angle CTa; 
hence BTA and bTa are straight lines. Also, since the arc 
ET = arc FT by construction, TA and Tb are equal ; 
therefore BT + TA = BT + Tb = FG = EH, a constant 
length whatever the position of the point of contact, T. 
Similarly, bT + Ta = FO = EH. Hence two equal and 
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similar ellipses can transmit motion between parallel axes 
liy pure rolling contact ; eacfa ellipse turning about a focus as 
a fixeil centre, and its major axis being equal to the dis- 
tance between those centres. The velocity ratio will in this 
case vary between the limits — = —~- = — — and — = 

AE _AE , 
FB' 

65. IiObed Wheels. — By using rolling ellipses, as 
shown in the preceding article, we can obtain a varying ve- 
locity ratio having one maximum ami one minimum value 
during each revolution. 

But it may be necessary that there shall be two, three, or 
more maximum, alternating with as many minimum, values 
of the velocity ratio during each revolution. 

Lobed tcheels which wiil roll together and answer these 
conditions can be pi-oduced by several methods from the 
logarithmic spiral and the ellipse. 

06. Lobed 'Wheels derived from the Logarithmic 
Spiral. — In Fig. 43, let^ and B be two fixed parallel axes, 
and let it be required to communicate motion l>etween them 
by wheels so constructed that the velocity ratio will have 

four maximum and four minimum values. Let — = — - be 
a AT 

one limit : tlien the other is necessarily the reciprocal of this, 

a' AT 

a. Bt 

Make the angles TAO and DBT equal to 45°. Make 
BD = AT and AC = BT. Construct (Art. 65) the por- 
tion CT of a logarithmic spiral having A as the pole, and 
passing through the [wints C and T. Draw CF, TE, and 
TD, similar curves symmetrically placed with regard to BT 
and AC, We have thus constructed one lolie of each wheel ; 
and, as the angles TAF and DBE each include one-fourth 
of a circumference, the quadrilobes can be completed as 
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shown, and will roll together with the varying velocity ratio 




The angles TAF ant) DBE may include any aliquot part 
of a circle ; hence pairs of wheels with any desired number 
of lobes can be made in this way. They will roll together in 
similar pairs, unilobe with unilobe, bilobe with bilobe, and 
80 on; but dissimilar pairs, such as one bilobe and one 
trilobe, will not roll together. 

67. Lobed "Wheels derived from the EUlpse. — 
Lobed wheels may be derived from rolling ellipses by the 
method of contracting angles, as illustrated by Fig, 44. 

Let A and B be the fixed foci of two equal rolling ellipses 
in contact at T, Draw the radii ^41, j4"2, etc., dividing the 
semi-ellipse 7*6 into equal angles about the focus A-, and con- 
sequently into unequal arcs. If we describe arcs about T 
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through the poiDts 1, 2, 3, etc., cutting the other seini-ellipse 
T&' at the poiuts 1', 2", 3', etc., it is evident that the are 
n = Tl', T2 = 72', T3 = TS', etc. Therefore the points 
1 aud 1', 2 and 2', etc., will come in contact on the line of 
contres^£; and AB = Al + Bl' = A2 + 32" =, etc. Bi- 
sect the angle TAl by the line AJ, and bisect the angle TBi' 
by the line Br. Make AI = Al, BI" = S\'. It is evident 
that these points, / and /', will come in contact on the line of 
centres when they have turned through the angles TAl 
(= i angle TAl) and TBr{= J angle TBI') respectively. 




Fie.4^A 



Thus, if we find the series of points /, //, III, etc., and r, 
11% JII', etc., in the manner just described, and draw through 
them two curves, as shown in the figure, Ihey will be quad- 
rantiB of' two similar and equal bilobes, of which the remain- 
ing similar portions can then be readily drawn. From the 
above considerations, it is evident that these bilobes will roll 
together in perfect rolling contact. The velocity ratio will 
AT ^ , a' BT 



vary between - 



By contracting the 



angles to one-third, we can form the outlines of a pair of 

trilobes, and so on. 
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The wheels thua outlined will roll t<^ether in similar pairs, 
OS bilobe with bilobe, trilobe with trilobe, and so on ; but 
dissimilar pairs, such as one bilobe and one trilobe, will not 
roll together, 

68. Int«rchang:eal>Ie Lobed Wheels. — In Figs. 45 
and 46 is illustrated a method of constructing lobed wheels 
from an ellipse, by which any two wheels of the set will roll 
together. The process of construction is simple and practi- 
cal ; but the rolling properties of the curves do not admit of 
simple demonstration, although they may readily be proved 
by graphical construction. In Fig. 45, let A and B be the 




foci of an ellipse, CGPV. Describe a circle about its centre 
with a radius equal to the semi-focat distance OA, Draw 
the indefinite tangent HN parallel to BA. With radius OC, 
equal to the semi-major axis, and centre 0, describe an arc 
Cff, and lay off on the tangent the lengths KL, LM, and MN, 
equal to SK. From the centre lay off on OF the dis- 
tances OC = OK, OD = OL, OE = OM, and so on. With 
00, OD, OE, etc., as semi-major axes, describe a series of 
concentric ellipses, having the common foci A and B. The 
primary ellipse is the curve required for the uoilobe ; the 
second ellipse, DQ, is the basis for the bilobe; the third, 
EB, for the trilobe ; the fourth, FS, for the quadrilobe ; and 
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so on. Draw a semi-circle about A, and divide it into any 
number of equal angles by equidistant radii. 

To form the bilobe (Fig. 46), divide a quadraat into the 
same number of equal angles as the serai-circle is divided, 
and on the equidistant radii in the quadrant lay off BV = Al , 
B2' = A2, etc. Through the points 1', 2', 3', etc., draw a 
curve : this wilt be ooe-fourth of the bilobe ; the remaining 
portion of which, being symmetrical, can readily be drawn. 




For a trilobe, an angle of 60° is similarly divided, and the 
proper distances laid off on the equidistant radii in that angle. 
For a quadrilobe, we use an angle of 45°, and so on. 

The velocity ratio of any two of these wheels in gear will 
vary between two limits, one of which will be the longest 
ra(liu8 of the driver divided by the shortest radius of the 
follower, and the other the shortest radius of the driver 
divided by the longest radius of the follower. 

00. Compulsory Rotation of Rolling Ellipses In 

the case of rolling ellipses (Fig. 42), it is evident that, when 
the motion takes place in the direction of the arrows, the 
radius of contact of the driver is increasing from AE to AM, 
and hence motion can be readily transmitted from the axis A 
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to the axis B. But, when H liaa passed G, the radius of the 
driver is decreasing', and the driver wUl therefore tend to 




leave the follower. This can be prevented by forming teeth 
on the rolling faces of both pieces ; but, if this is done, we 
no longer have pure rolling contact. 




When the position of the pieces will allow it, we can con- 
nect the free foci by means of a link, as in F^. 47, since 
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(Art. 64) the distODce between the free foci is constant in 
rolling ellipses. Tbere will, liowever, be times during the 
revolution when the link will be in line with the fixed foci, 
and hence cannot transmit motion. This necessitates the 
formation of teeth on a small portion of each ellipse, near 
the ends of the major axis, as shown in Fig. 47. 

Another method, when the revolution alwaj^s takes plaoe 
in the same direction, is, to form teeth on the retreating edge 
of the driver and the corresponding edge of the follower. In 
this case it is necessary to provide some means of insuring 
the proper contact of the teeth in order to prevent jamming. 
This may be done, as shown in Fig. 4S, by placing a pin on 
the driver and a guide plate on the follower, which arrange- 
ment compels the flrat tooth to enter the proper space. 

70. Intermittent Motion It may happen that the 

variation in the velocity ratio is to consist of an intermittent 




motion of the follower, while the driver revolves nniformly. 
In Fig. 49 is shown an intermittent motion formed from 
two spur wheels by cutting away the teeth of the driver on a 
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portion of the circa mferenoe. There is the same objection 
to this method as before mentiooed for elliptical wheels; 
namely, that the teeth are apt to jam after a period of rest 
of the follower. A partial remedy is the application of a pin 
and guide plate, similar to the arrangement shown in Fig. 48. 
A more complete motion is shown in Fig. 50. A portion of 




the driver is a plain disc of a radius greater than tite pitch 

circle of the driver. A portion of the follower is cut away, 
to correspond to this ; so that, wliile there is a slight clear- 
ance between the two faces, the follower is prevented from 
turning until the pin and cui'ved piece come in contact. 

Velocity Ratio Varying. Directional Rdation C/ianging. 

71. Mat^^le Wheels — By combining a ^>ur wheel with 
an annular wheel, we obtain a mangle wlteet, as shown in 
Fig. 51. The direction of rotation ia changed by causing the 
pluion, which always revolves uniformly in the same direc- 
tion, to act alternately on the spur and on the annular portion. 
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The velocity ratio ia cODStant during each partial revolution 
of the mangle wheel ; but it ia changed each time that the 
pinion passes from the spur to the aunular portion, and vice 



versa. The pinion is mounted so that its shaft has a vibra- 
tory motion, working in a straight slot cut in the upright bar. 
The end of the pinion shaft is guided in the groove CD, the 




B^B-OS 



centre line of which is at a distance from the pitch lines of 
the mangle wheel equal to the pitch radius of the pinion. 
The pinion may also be mounted in a swinging frame, as 
indicated by dotted lines. 
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If we constmct the teeth of the spur and annular portions 
of the mangle wheel on the same pitch line, as in Fig. 52, we 
will obtain a combination in which the velocity ratio is eon- 
slant; the cliivctional I'elation changing, as in the pi'ecoding 
arrangement. 

72. Maugle Back. — A rack can be made in a. similar 
manner to the above, and a reciprocating motion obtained 
fi-om continuous rotation. Such motion is, however, more 



-J2 © 

I AjuJk-ZI 
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simply obtained by means of the pinion and double rack, 
shown in Fig. 53. Pina are placed on a portion of the face 
of the pinion, which engage with the pins of the rack above 
and below alternately, driving the rack back and forth. 
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CHAPTER V. 

COMMDNICATION OF MOTION Br SLIDING CONTACT. 

VELOCITY RATIO CONSTANT. 

DIRECTIONAL RELATTON CONSTANT. 

TEETH OF WHEELS. 

Special Curneg. -^ Rectification of Circular Arcs. — Congtruction of 
Special Curtea. — Circular FitcA, — Diametral Pitch. 

73. General Problem — It has been shown (Art. 32) 
that, in oi'der to obtain a constant velocity ratio in contact 
motions, the axes of the pieces being parallel, the curves 
must be such that their common normal at the point of 
contact shall always cut the line of centres at the same point. 
The curved edge of one of the moving pieces may always 
be assumed at pleasure ; the problem then being to find such 
a curve for the edge of the other, that, when motion is 
transmitted by the contact of these curved edges, the velocity 
ratio of tlie two axes may be constant. This problem is 
always capable of solution, theoretically at least ; and, as 
the aaaumed curve may be of any shape whatever, we can 
obtain an infinite number of paii-s of snch curves. For 
practical purposes, there are certain definite curves in almost 
universal use, and these will be first discussed. In Chap. III. 
has been explained the method of finding the diameters of 
two pitch circles, which by their rolling contact shall trans- 
mit motion with a given velocity ratio. We now propose to 
show how to descril>e certain cuives, which, when eubsti- 
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tuted for the circles, and canaed to move each other by 
sliding contact, shall exactlj i-eplace the Tolling action of 
the circles, so far aa relates to the productioD of a. constant 
velocity ratio. 

74. Epicycloid and Hypocycloid. — In Fig. 54, let 
A and B be the centres of motion of the driver and follower 



respectively, and let - 



be the required velocity i-atio. 



with radii AT and BT we describe two pitch circles, My 
and RS, as shown, these two circles will roll in cootact 
with the required velocity ratio. 




Let a describing circle be taken of any radins, encli as 
cT, and with it describe an epicycloid Td by rolling it on 
the outside of the pitch circle JtfJV, and a hypocycloid Te by 
rolling it on the inside of the pitch circle RS. If tliese 
cun'es be used for the curved edges of two pieces whose 
centres of motion are A and B respectively, and the lower 
one be rotated to the position W, it will drive the other so 
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as to bring it to the position 66' ; for, by the known 
properties of the curves, they will have tlieir point of con- 
tact, P, in the circumference of the describing circle when 
its centre c is on the line of centres, AB, anil they will also 
have a common normal and a common tangent at that 
point. Draw the line TP from the point of contact of the 
two pitch circles to the iH>int of contact of the two eui'ves. 
Now, on whichever of the two pitch cii-cles we regard the 
describing circle to be rolling at the instant, its instan- 
taneous centre of motion will evidently be the point T. 
For that instant, then, the point P revolves about T\ that 
is, it moves in a direction i)erpendiculai- to TP, and hence 
the line TP is the common normal to the two cui-ves at 
that instant. Of course, this same ai^ument may be applied 
to any other position of the curves in contact ; and, as their 
normal thus always cuts the line of centres in the fixed 
point r, it is evident that these curves will transmit motion 
with a constant velocity ratio. Furthermore, as the arc Ta 
= arc TP, and as the arc Tb = arc TP, we have arc Ta = 
arc Tb ; showing that the velocity ratio will be the same as 
that of the two pitch circles. By transmitting motion by 
sliding contact, then, between these two cui-ves, we may 
exactly replace the rolling action of the two pitch circles, 
as far as the velocity ratio is concerned. 

7ft. Epicycloid and Radial Line. — In Fig. 54 the 
diameter of the describing circle is less than the radius BT. 
But this is not a necessary condition. If we change its 
diameter, we will change the shape of both curves; but the 
two curves generated by the same describing circle will 
always work together. 

If we take tiie diameter of the descriliing circle just equal 
to the ra^lius BT, we will get a special case of the hypo- 
cycloid. Under these conditions (Fig. -'ia) the latter will 
become a straight line passing through the centre B. AU 
the ai^umeute of the last article apply to this case as well ; 
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and we thus see that in thia case an epicycloidal curve 
turoing about A, aud a radial piece turning about B, will, 
by sliding contact, transmit motion with the same yeltXHty 
ratio as the pitch circles. 




76. Epicycloid and Pin. — In Fig. 54 the conyexity 
of the two curves lies in the same direction, and they lie 
on the same side of the common tangent. In Fig. 55 
the hypocycloid has become a straight tine coinciding with the 
tangent of the epicycloid. If we inci'eaae the diameter of 
the describing circle still more, the two curves will have 
their convexities in opposite directions, and they will lie on 
opposite sides of the common tangent. As tlie describing 
circle becomes laiger and lai^r, the hypocycloid becomes 
more and more convex, and decreases in size, until, when 
the describing circle is taken with the same diameter as the 
pitch circle RS, the hypocycloid will degenerate into a mere 
point, the tracing point itself. If, then (Fig. 56), we 
assume a pin to be placed at tlie point P in the circum- 
ference of RS (the diameter of the pin being so small that 
' the latter may be considered as a mere mathematical line). 
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it follows that it may be driven by the epicycloid Pa with 
the same coaataDt velocity ratio as the pitch circles. 




77. InTOlntes. — In Fig. 57, let A and B be the centres 
.AT_ 



of motion, make 



BT 



, and describe the pitch circles 



MN and RS, as before. Through T draw the straight 
line DTE inclined at any angle to the line of centres ; from 
A and B drop the perpend icnlars AD and BE upon DTE. 
With these perpendiculars as radii, and A and B as centres, 
descril* the circles M'Jf' and BfS', which will evidently be 
tangent to the line DTE. Through the point T describe 
the involute aTd on the base circle M'N', and the involute 
bTe on the base circle RS'. If these curves be used for 
the edges of two pieces whose centres of motion are A and 
B respectively, and the lower one be rotated to the position 
a'Pd', it will drive the other to the position 6'/V. Fov 
any lino tangent to eitlier base circle will evidently be 
normal to the involute of that circle. Now, when the curves 
are in contact, the normal to the involute of M'N' must be 
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& line drawn fi-om the point of contact tangent to M'N', 
and the normal to the involute of RS" must be a line drawn 
from the jx)int of contact tangent to I^S'. B6t, aa tlie 
curves must be tangent to each other at the point of conbtct, 
the; must hare a common normal at that point. This 
common normal must evidently be tangent to both base 
circles, and must hence be the line DTE. The point of 
contact, then, always lies in the straight line DTE; and 
as the latter is the common normal, and cuts the line of 
centres in the fixed point T, the velocity ratio is constant, 
and is equal to that of the hate circles. 




I^e-S'" 



But, from similar triangles, — — - 



that 



^ ST, 

' AD AT' 

velocity ratio of the pitch circles is the same as that of the 
base circles. Hence the involutes, as described, wiU by 
sliding contact transmit motion with the same velocity ratio 
aa the pitch circles would by rolling contact. 

78. General Solution. — The four methods just de- 
scribed are the ones most generally employed in the practical 
solutioD of the problem of securing a constant velocity 
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ratio in sliding contact motions. But we are not by any 
means limited to tlie curves ahove given. Instead of a 
describing ciccfe, we may use a describing cwiTje of any ahape, 
provided only tbat its radius of curvature never exceeds in 
length tlie i-atliiis of the circle in which the curve is to lolt, 
and thus generate an infinite number of pairs of curves that 




s-ie 5S 



will satisfy the given condition. Thus, in Fig. 58, let A, B, 
and T be taken as before, and draw pitch circles MN and 
MS. Now, if we talie any curve, such as HTP, and roll 
it on the outside of one pitch circle and on the inside of the 
other, any point of this describing curve will generate two 
curves which will give the desired velocity ratio by sliding 
contact. For, let the describing curve be in the position 
shown, being in contact with the pitcli circles at T\ and let 
P be the describing point. The sti-aight line TP will be the 
common normal to the two cui-ves, because, on whichever 
of the two pitch circles we regard the describing curve to 
be rolling at the instant, the point of contact, T, is the in- 
stantaneous centre of motion ; so that the motion of P in 
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either curve is perpeodieular to TP. As the point of 
contact of the two curves is always in the describing curve, 
tlie same argiimeDt is true for any point of contact. As the 
common normal will thus always pass through the same 
point, r, of the line of centres, AB, these curves will, by 
moving in contact, produce tiie desired velocity ratio, 
exactly replacing the rolling action of the two pitch circles. 

79. Conjugate Curves. — Any two curves so related, 
that, by their sliding contact, motion will be transmitted with 
a constant velocity ratio, are called conjugate curves. Any 
curve being assumed at pleasure, we may proceed to find 
another curve, so that the two curves will be conjugate to 
each other. If, for instance, in Fig. 58, the curve Pa be 
given, it is only necessai'y to find the shape of the curve, 
iTTP, which, by rolling on the outside of MN, will generate 
Pa. By then rolling this describing curve HTP on the 
inside of RS, we will obtain the required curve, Pb. Again : 
had Ph been given, we could, by a similar process, have 
found Pa ; and Pa and Pb are conjugate curves. 

The lalK>r of finding the shape of this describing cnrve, 
and using it in this manner, is, however, generally very 
considerable ; so that, for practical purposes, the following 
simple and satisfactory mechanical expedient, due to Pro- 
fessor Willis, is usually resorted to. 

In Fig. 59, A and £ are a pair of boards, whose edges 
are formed into arcs of the given pitch circles. Attach to 
A a thin piece of metal, O, the edge of which is cut to the 
shape of the proposed curve a6, and to S a piece of draw- 
ing paper, D \ the cuiTcd piece being slightly raised above 
the surface of the board to allow the paper to pass under it. 
Boll the boards together, keeping their edges in contact, so 
that no slipping takes place ; and draw upon D, in a suffi- 
cient number of positions, the outline of the edge oh of C. 
A curve, (Je, which touches all the successive lines, will be 
the corresponding curve required for B. 
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For, by the very mode in which it has been obtaioeel, it 
will touch ab in ever; position ; hence the contact of the 
two curves aft and de will exactly replace the rolling action 
of the two pitch circles. To prevent the boards from 
Blipping, a thin band of metal, such as a watch spring, may 
be placed between them, being fastened to B at g, and to 




B^.6» 



A at h. The respective radii of the circular edges of the 
boards must, in that case, be made less than those of the 
given pitch circles by half the thiclfnesa of the metal band. 

80. The solutions given above may be used to find the 
enrved edges of any two pieces transmitting motion by 
sliding contact with a constant velocity ratio, but by far 
their most important application is in finding the proper 
shapes for the teeth of wheels. 

We shall now give the methods of laying out on paper 
the principal curves employed for that purpose, and then 
proceed to examine their practical application in the forma- 
tion of teeth. 

81. Bectffication of Circular Arcs. — In construct- 
ing these carves, as well as in many other graphic operations, 
it becomes necessary to determine tb^ lengths of given 
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circnlar arcs, as well as to lay off circular area of given 
lengths. Either of these problems may, of course, be solved 
by ealculatic»i ; bnt for oar purposes it is much more satis- 
factory to employ the following elegant and surprisingly 
accurate methods of approximation, devised by Professor 
Rankine. 

I. To rectify a given dreular arc; that ta, to lay off its 
length on a straight line. 




E'ie.OO 



In Fig. 60, let AT be the given arc. Draw the straight 
line BT tangent to the arc at one exti'cmity, T, Bisect the 
chord AT at P, and produce it to C, so that TC = BT =3 
AD. 

With C as a centre, and radina AC, describe the circular 
arc AB, cntting BT at B. Then BT is the length of the 
given arc AT, very nearly. 

II. To lay off, on a given circle, an arc equal in length to 
a given straight line 




riB-ai 



In Fig. 61, let T be the point desired for one extremity 
of the arc. Let BT, drawn tangent to the circle at T, be 
tiie given straight line. Layoff CT = \BT. With C as a 
centre, and radius BC, describe the circular arc BA, cutting 
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the given circle at A. Tlien the arc AT is equal in lengtli 
to tlie given straight line BT, very nearly. 

It follows that, to lay off on a given circle an arc equal to 
a given arc on aiiotliev circle, we must first rectify the given 
arc according to I., and then lay off according to II. the 
required arc equal to tlie length so found. 

82. Degree of Accuracy iti Above Processes. — The 
error in each of these processes consists in the straight line 
being a little less than the arc. But this diflfereuce is very 
slight, amounting to only jJu of the are when the latter is 
60". The error varies as the fourth power of the angle, so 
that it may be reduced to any dtsired limit by subdivision. 
Thus, for an- arc of 30°, the error will be 5^^ X (fg)* = 
■niinr- So long, then, as we use these pi'ocesses for arcs 
not exceeding 60', the results will be abundantly accurate 
for all practical pui'poses. When the arcs exceed 60°, sub- 
division should be resoi-ted to. 

83. Construction of tbe Epicycloid. — In Fig. 62, 
let C be the centre and CT the radius of a circle rolling on 
the outside of the Jixed circle whose centre is A and whose 
radius is AT. Any point in the circumference of the rolling 
circle will describe a curve, which is known as an epicycloid. 
Let it be required to draw the curve described by the point 
T of the rolling or describing circle. 

Divide the semi-eireumfereuce of the latter into any 
number of equal ares, Tl', 1'2', 2'3', etc., and through the 
points of division, 1', 3', etc., and also through C, describe 
arcs of circles about jl as a centre. Lay off ou the fixed 
circle {Art. 81) the arcs Tl = Tl'; 1, 2 = l', 2'; 2, 3 = 
2', 3', etc. ; and thi'ough the points of division, 1, 2, 3, etc., 
draw radii from A, and produce them. 

As the describing circle rolls along the fixed circle, its 
centre will successively occupy the positions c,, c,, c,, etc. 
If we draw the describing circle with its centre in any one 
of these successive positions, as c,, its intersection 6 with 



u.a.i.z.d:,.G00glc 



MOTION BY SLIDING CONTACT. 



77 



the circular arc through 2' will be n point of the epicycloid 
required. Similarly, we obtain the points a, d, e, /, g \ 
and the curve drawn through these points will be the epi- 
cycloid required. If greater accuracy ia required, we need 
only increase the number of area into which we have divided 
the describing circle. 




Thia method of finding points of the curve is objectionable 
on account of the resultant obliquity of the intersections at 
a and /. This may be avoided, and the construction sim- 
plified, by laying off the arc lb = h2', md = kZ', etc. In 
this case it is not necessaiy to construct the rolling circle 
in its various positions ; and, as this method gives the best 
results for points of the cuiTe near T (which is the part of 
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the CTirve einploye<l in teeth of wheels), it is greatly to be 
preferred for practical work, 

84. Construction of the Hypocycloid. — The hypo- 
cydoid is the curve described by a point in the circumference 
of a circle rolling on tlie inside of a fixed circle. Its con- 
struction, shown in Fig. 63, ia in every way similar to that 
of the epicycloid. 




When the diameter of the rolling circle is less than the 
radius of the fised circle, the curve lies on the same sid^ of 

the centre A as the successive points of contact of the two 
circles. When the diameter of the rolling circle is greater 
than the radius of the fixed circle, the curve lies on the 
opposite side of the centre A. Wlien the diameter of the 
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rolling circle is equal to tlie radius of the lixetl circle, as 
shown on the left in Fig. 63, the radii Ai, A3, etc., pass 
through the points S', 3', etc., auil the points b and k, k and 
d, etc., coincide so that the cnrve twcomes a straight line ; 
and this line is a I'adius of the fixed circle. 

85, Construction of tlie Cycloid. — The cycloid is the 
special case of the epicycloid and hypocycloid, in which the 
radius of the fixed circle becomes infinite, and the circum- 
ference of the circle a straight line. The cycloid is thus 
described by a point in the circnmference of a circle rolling 
on a straight tine. Its construction is in all respects similar 
to that of tiie epicycloid and hypocycloid. 

86. Construction of tlie Involute. — The involute is 
generated by a i>oint in a straight line which rolls along a 




fixed circle ; or we may i-eganl it as formed by the end of a 
thread which is unwound from about the circle, and kept taut. 
It will thus always lie in the direution of a tangent to the 
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circle. Hence, to construct the curve, draw any Diiraber of 
. taugents to the liase circle, and on tlicm iay off tlie rectiflwl 
aie of the circle fiom the poiut of taDgeucy to the jwint on 
the circle where tl)e iovolute ijegins. In Fig. Hi, then, make 
a2 = arc 1,2; M = are 1, 3, etc. The curve di-awD through 
the points 1, a, ft, c, etc.. will be the requiretl involute. 

87. Circular Pitcli. — H.iving divided the line of cen- 
tres, in any given case, according to the assigned velocity 
ratio, and describ«l the pitch cii-cles, we must next divide 
the circumference of eacli pitch circle into as many equal 
paits as its wheel is to have teeth. The length of the circu- 
lar arc measuring one of these divisions is called the circular 
pitch, and often simply the ])i(ck, of the teeth. Circular pitch, 
then, is the distance, measured oq the circumference of the 
pitch circle, occupied by a tooth and a apace. This pitch 
must evidently be the same on both pitch circles. The num- 
bers of the subdivisions, and hence tlie Dumbers of teeth, 
are prO|X>rtioQal to the diameters of the pitch circles ; and, a 
fi'.aclional tooth being imjxtssiblei the pitch must be au 
aliquot part of the circumference of the pitch circle. 
Let 1" = circular pitch of the teeth in inches ; 

U= pitch diameter, i.e., diameter of pitch circle iu 

inches ; 
N = number of teeth ; 

«■ = ratio of circunifereuce of a circle to its diame- 
ter = 3.1410. 
Then 

NF = n-O, 
and hence 

iV= -D, D = -N, P =~5r. 
P ir N 

From the above relatione, we may evidently find any one 
of tiie three elements P, D, N; the other two Laving been 
given by the problem. 
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For coDvenience in calculation, the following table is ap- 
pended, in wliicU tlie pitch diameters ace calculated for a 
pitch of one inch. 

PITCH DIAMETERS. 

FOR OHB INCH CIRCIJLAR PITCa. 



or 

Teeth. 


nich 


NO. 


Mich 


Ko. 


iiub 


No. 

of 

T«ih. 


nich 


Dlameur. 


Teeth. 


Diuneler. 


T«th. 


DlMKtef. 


DlBmeur. 


9 


2.86 


32 


10.19 


55 


17.51 


73 


24.83 


10 


8.18 


S3 


10.50 


56 


17.83 


70 


25.15 


11 


3.60 


..»* 


10.82 


57 


18.14 


80 


25.46 


12 


3.82 


35 


11.14 


58 


18.46 


8: 


25.78 


13 


4.14 


36 


11.40 


59 


18.73 


82 


26.10 


14 


4.40 


37 


11.78 


60 


10.10 


83 


26.42 


15 


4.77 


38 


12.10 


01 


19.42 


84 


26.74 


16 


5.09 


30 


12.41 


62 


19.74 


85 


27.00 


17 


6,41 


40 


12.73 


03 


20.05 


80 


27.37 


18 


5.73 


41 


iao5 


04 


20.37 


87 


27.69 


10 


0.(B 


42 


18.37 


65 


20.69 


88 


28.01 


20 


6.37 


43 


13.69 


06 


21.01 


89 


28.33 


21 


6.68 


44 


W.O0 


67 


2 1.*! 


90 


28.05 


2-2 


7.00 


45 


14.32 


68 


21.63 


91 


28.97 


2J 


7.32 


46 


14.04 


69 


21.96 


92 


29.28 


24 


7.64 


47 


14.00 


70 


22.28 


93 


29.60 


25 


7.96 


48 


15.28 


71 


22.00 


94 


29.92 


26 


8.2S 


49 


1.5.00 


72 


22.02 


95 


30.24 


27 


8.59 


. 60 


15.92 


73 


23.24 


06 


30.60 


23 


asi 


61 


10.23 


74 


28..55 


07 


3a 83 


29 


9.23 


62 


16.53 


75 


23.87 


98 


31.19 


30 


9.55 


63 


10.87 


76 


24.19 


99 


31.51 


31 


9.87 


54 


17.19 


77 


24..>I 


100 


31.83 



This table is used in the following manner : — 
1. Given the circular pitch and tlie number of teeth, to 
find the pitch diameter. Take ftx>m the table the diameter 
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corresponding to the given nnmber of teeth, and multiply tliis 
tabular diameter by tbe given pitch in inches. The pi-oduet 
will be the required pitch diameter iu inches. 

2. Given the pitch diameter and the number of teeth, to 
fiud tbe pitch. Take from the table tbe diameter correspond- 
ing to the given number of teeth, and divide the given pitch 
diameter by this tabular diameter. Th& quotient will be the 
required pitch in inches. 

3. Given the pitch and the pitch diameter, to find the 
number of teeth. Divide the pitch diameter by tbe pitch ; 
and, taking the quotient as a tabular pitch diameter, find from 
the table the number of teeth corresponding to this tabular 
diameter. If the latter is not found in the table, the pitch 
assumed is not an aliquot part of the pitch circumference, 
and must be altered slightly so as to agree with the number 
of t«eth corresponding to either the next larger or next 
smaller tabular diameter. 

88. Diametral Pltcb. — It haa been shown in the last 
article, that the relation between the circular pitch, the pitch 
diameter, and the number of teeth, introduces the incon- 
venient number 3.1416, As the number of teeth must be an 
integer, and as the pitch is usually taken some convenient 
part of an inch, it follows that the pitch diameter will very 
often contain an awkward decimal fraction. This may be 
obviated by the use of the diametral pitch, which is being 
rapidly introduced in this country. 

As the circular pitch is obtained by dividing the pitch 
circumference by the number of teeth, so another ratio may 
be obtained by dividing the pitch diameter by the nnmber of 
teeth. In practice, it is found more convenient to invert this 
last ratio ; and, when so invei'ted, it is called the diametral 
pitch, though theoretically that designation would more prop- 
erly belong to the ratio as it stood l)efore inversion. In other 
words, we define diametral pilch to be the number of teeth 
per inch of pitch diameter. Thus, a wheel which has 8 teeth 
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per inch of pitcb diameter, ia spoken of as an "8-pitch" 

wheel, 

Tlie chief merit of this system, and one which entitles it to 
great favor, is, that it establislies a convenient and manage- 
able relation between the pitch diameter and the number of 
teeth ; so that the calculations are of the simplest desci-ip- 
tion, and the results convenient and accurate. 

Let M = diametral pitch; then we have MP = 3.HI6, or 
the product of the circular and the diametral pitches ia the 
number 3.1416. 

In this system, the number of teeth and the pitch diameter 
are so related that the circular pitch is usually some decimal ; 
but this is of slight importance, as the circular pitch is rarely 
set off by actual measurement, but usually by dividing the 
pitch circle into the required numlwr of parts. 

To find the uumber of teeth in any wheel, multiply the 
diametral pitch by the pitch diameter. For instance, an 
8-piteh wheel of 12 inches pitch diameter has 8 x 12 = 96 
teeth. 

Again : to find the pitch diameter, divide the number of 
teeth by the piteh. Thus, a 6-pitch wheel of 25 teeth has a 
pitch diameter of ^ = 6^ inches. 

In the comparison of circular and diametral pitches, the 
following table will be found useful :_ — 



A 


B 


A 


B 


A 


B 


A 


B 


t 


12.56 


1? 


1.80 


^ 


0.90 


7 


0.45 


i 


6.28 


2 


1.57 


4 


0.78 


8 


0.39 


i 


4.20 


2J 


1.40 


4^ 


0.70 


9 


0..W 


1 


3.14 


2t 


1.3S 


5 


0.63 


:o 


0.31 


1* 


2.50 


2J 


1.15 


5+ 


0.58 


12 


0.26 


H 


2.10 


3 


1.05 


6 


0.52 


16 


0.20 



Find the given pitch, circular or diametral as the case may 
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be, in column A ; then the equivalent pitch in the other sys- 
tem will be found opposite in column B. 

Id this volume, circular pitch is always meant when the 
word " pitch " is used without further qualification. 
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CHAPTER VI. 

COHUUNICATION OF MOTION BT SLIDING CONTACT. 

VELOCm KATIO CONSTANT. 

DIRECTIONAL RELATION CONSTANT. 

TEETH OF WHEELS (CONTINUED). 

D^nitiojts. — Angle and Are (tf Action. — EpicycMdai System. — 
Interckangeabte Wheels. — Annular Wheelt. — CustJ}mary Dinien- 
si(ms, — Insotute System. 

80. Teetli. Definitions That part of the front or 

acting surface of a tooth which projects beyond the pitch 
surface is called the face, and that part which lies within the 
pit«h surface is called thejlank. The corresponding portions 
of the back of a tooth may be called the back face and the 
back flank. The /ace of a tooth in outside gearing is always 
convex ; thejlank may be convex, plane, or concave. By the 
pUch point of a tooth is meant the point where the pitch line 
cuts the front of the tooth. In Fig. 72, let the front or 
acting surface of the teeth be to the left. Then b, k, are 
the pitch points of the teeth; ab is the /ace; &m is the flank; 
de is the back face; en is the backjlarik. 

The depth, AD, of a tooth is the radial distance from root 
to top i that portion of the top of a tooth which projects be- 
yond the pitch surface is called the addendum, AB ; and a 
line drawn parallel to the pitch line, and touching the tops of 
all the teeth of a wheel or rack, is called the addendum line, 
or, in circular wheels, the addendum circle, adA. The radius 
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of the pitch circle of a circular wheel is called the geometrical 
or 2iilcli ratline ; that of the addeudum circle is called the real 
radius ; Iheii" difference is evidently the addeadum. 

C'leitrance is the excess of the total depth above the work- 
ing depth ; or, iii other words, the least distance lietween the 
top of the tooth of one wheel and the bottom of the apace 
between two teeth of another wheel, with which the first 
wheel gears. 

Baukkia/i is the excess of the space between the teeth of 
one wheel over the thickness of the teeth of another wheel, 
witli wliieli the fli-st wheel geai-s. The amount of backlash 
dejwnds on the accuracy with which the teeth are constructedt 
and should always be made as small as possible. For our 
present purposes we may neglect it altogether. 

90. Aiijile and Arc of Action. — The angle through 
which a wlieel tums, from the time when one of its teeth 
comes in contact with the engaging tooth of another wheel 
until their point of contact has reached the line of centres, is 
called the angle of approach; the angle through which it 
turns fi'om the Instant that the point of contact leaves the 
line of centres until the teeth quit contact, is called the angle 
of recess. Tlie sum of these two angles is called the angle of 
action. The arcs of the pitch circles which measure these 
angles we called the arcs of approach, recess, and action 
res|)ectively. The cori-es ponding arcs must evidently be the 
same in both pitch circles, while the corresponding angles 
are proportional to the velocity ratio ; in other words, in- 
versely proportional to the diameters of the pitch cii-cles. 

In order that one pair of teeth may continue In contact 
until the next pair begin to act, the arc of action must be at 
least equal to the pitch ore, and in practice it ought to be 
considerably greater. 

Now, in pi'actice, the friction which takes place between 
surfaces whose points of contact are approaching the line of 
centres is found to he of a muck more vibratory and iujurions 
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character than tbat which takes place while the points of 
contact are receding from the line of centres. It is therefore 
expedient to avoid the first kind of contact as much as 
possible. 

91. Construction of Tooth Outlines. — In Fig. 65, 
let A and B be the centres of driving and following wheels 
respectively. Let T be found as usuaL Draw the pitch 
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circle MN and RS, and assume a describing circle of aoy 

BT 

radius CT, less tban —r-. Let Ta, Tb, be the given pitch 

area, and lay off on the describing circle the arc TP-= Ta ^ 
Tb. If we now roll this describing circle on the ontside of 
MN, the t>oint i*will describe the epicycloid Pa; and this 
cu-^e will be the face of the driver's tooth. Bisect Ta at H, 
and draw the epicycloid Bp, similar to Pa, but reversed in 
position. Join pP by a circular arc concentric with MN; 
tlien ffpPa will be the complete outline of that part of the 
driver's tooth which projects beyond the pitch line. 

If we now roll the same describing circle on the inside of 
liS, the point P will describe the liypocycloid Pb, which will 
be the acting flank of the follower. But although Pb is all 
of the flank of the follower's tooth that comes in contact with 
the face Pa of the driver's tooth, yet in order to make i-oom 
for the iK)int of the latter, as it revolves, it is necessary to 
lengthen the driver's flank. This is nsuallj done by con- 
tinuing the liypocycloid bP to D, making the depth of the 
follower's teeth within the pitch circle PS slightly greater 
than the height of the driver's teeth beyond the pitch circle 
MN. 

The bottom of the space between the follower's flanks con- 
sists of acircular are concentric with BS. 

To determine the faces of the follower's teeth and the 
flanks of the driver's teeth, we proceed in a precisely similar 
manner. Assuming a describing circle with radius TL less 

than -J-, and rolling the same on the outaide of MS, the 

point P' will describe the epicycloid P'b' for the face of the 
follower's teeth. Again, rolling the same circle on the inside 
of MN, the point P' describes the acting flank a'P of the 
driver, which must be extended to G', as in the case of the 
follower's flanks. By laying off half the pitch arc around 
t^e circumferences of both pitch circles, and drawing through 
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these poiota curves similar to those already found, but alter- 
nately reversed in position, and temoiiiatiDg them at the top 
of the faces and bottom of the flaoka by circiilai' arcs con- 
centric with the pitch circles, we will obtain the complete 
tooth outlines for both wheels. 

92. In tbis construction, the driver's flank first comes 
into contact with the follower's face at P'. The driver mov- 
ing as indicated by the arrow, the point of contact travels 
along the lower describing circle in the arc PT, until it 
reaches T, where the action between the driver's flank and 
the follower's face ceases, and that between the driver's face 
and the follower's flank begins. 

The driver still moving as indicated, the point of contact 
travels along the arc TP of the upper describing circle, and 
at P the contact ceases. 

The points P" and P may be assumed at pleasure on the 
circumferences of the respective describing circles, and will 
fix the lengths of the arcs of approach and recess. In the 
figure, they have been so chosen as to give an arc of approach 
and an arc of recess each equal to the pitch. These arcs are 
usually made equal it each wheel is to act indiscriminately as 
driver or follower ; but if the same wheel is always to dilve, 
the arc of recess, for the sake of freedom from vibratory 
motion, is usually made the greater. 

The arc of approach evidently governs the length of face 
of the follower's tooth, and the ai-c of recess the length of 
face of the driver's tooth. 

»3. Draw the radial line 4P, and let ff' be the intersection 
of ^P with the pitch circle MN. As pointed out by Pro- 
fessor Willis, Ea may be equal to, but can never be greater 
than, half the thickness of the tooth, as required by the pitch. 

In the figure, Ka is less than half the thickness of the tooth. 
Had the point Pbeen so taken that JTa had been just half 
this thickness, the tooth of the driver would evidently have 
been pointed. 
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94. Size of Deacribing Circle. — The lengths and 

shapes of the faces and flaoks of the teeth of the wheels, 
with given arcs of approach and recess, evidently depend 
on the relation between the diameters of the pitch and de- 
scribing circles. 

If, in Fig. 65, the diameter of the npper describing circle 
were increased, the face Fa would become shorter, and the 
curvature of both Pa and Pb would decrease, until, when 
tlie diameter of the describing circle became just equal to 
the radius of MS, the hypocycloid Pb would become a straight 
line passing through the centre of the pitch circle BS (Art, 
75). This fact is often talcen advantage of in laying out 
teeth. When the diameters of both describing circles are 
thus taken equal to the radii of tiie pitch circle in which they 
roll, the flanks of the teeth of both wheels become radial 
lines, while the faces remain epicycloids. The consequent 
reduction iu the labor of laying out the shape of such teeth 
has led to their extensive introduction ; though, in conse- 
quence of the convergence of their radial flanks, they have 
the disadvantage of being comparatively weak at the root. 
If the diameter of the describing circle be made still lai^er, 
the hypocycloidal flanks will converge still more as thoy 
recede from the pitch circle, making the tooth still weaker at 
the root. Though describing circles have been successfully 
used having a diameter live-eightha as great as that of the 
pitch circle in which they roll, yet it seems a good practical 
rule to make the radial flank the limit in this direction. The 
smaller the describing circles, the longer will be the faces of 
the teeth, and the greater will be the consequent obliquity of 
action ; but, on the other hand, the stronger will be the tooth. 
We thus have the two conflicting conditions of obliquity of 
action and strength of teeth, and the size of the describing 
circle will be regulated in each case by their relative impor- 
tance. A good general rule, which is found to work well in 
practice, b to make each describing circle of a diameter 
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91 



equal to three-eighths of the diameter of the pitch circle in . 
which it rolls. 

05. Relation between Pitch and Arcs of Approach 
and Itecess. — The cliameters of pitch and describing circles 
being given, and certain arcs of approach and receaa being 
required, to determine the limits between which the pitch 
may vary. 




In Fig. 66, let MN, RS, be the pitch circles, and CT the 
i-adius of the upper describing circle. Lay off Ta = Tb, the 
arc of recess desired. Lay off the arc TP= Tb, tlius fixing 
the position of P. Describe the epicycloid Pa, and draw 
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PA, cutting MNin K. Now, aa previously explained, if Ka 
is equal to or less than half the thickness of the tooth, — in 
other worda, if Ka la equal to or less thau one-fourth the 
piteh, — the construction is possible. Hence the pitch of 
the teeth of the driver must be equal to or greater than four 
times Ka, If it is just equal to four times Ka, the teeth will 
be pointed ; if greater, they will have some thickness at tiie 
top. 

Let Ta' = Tb' be the given arc of approach ; then, by a 
similar construction, we find that the pitch of the teeth of the 
follower must be equal to or greater than four times K'b'. 

Again : it ia evident that the pitch of the driver's teeth 
cannot be greater than the arc aa' ; for, if it were, one pair of 
teeth would quit contact at P before the next pair would come 
into contact at P'. Similarly, the pitch of the follower's 
teeth cannot be greater than the arc bb'. But aa' = bb' = 
total arc of action. The pitch of the teeth of both wheeb 
must evidently be the same ; hence we find, that, to secure 
the desired arcs of approach and recess, the pitch must tmI 
be greater than the total arc of action, nor leas than either 
4,Ka or AK'b'. 

The piteh being given, to find the arcs of approach and 
recess, draw a radius of MN, and lay off on MN, from the 
point where the radius intersects the latter, an arc = ^ pitch. 
Through the point so found draw the epicycloid which would 
be formed by rolling the describing circle CT on MN, until 
it meets and intersects the radius at some point. Through 
this point of intersection draw a circular arc concentric with 
MN; where the latter cuts the describing circle will be the 
point P, and the arc of recess will be determined on the sup- 
position that the teeth arc pointed. If they are not pointed, 
let X be the addendum ; then a circular arc with radius AT + 
X will cut the describing circle at the point of quitting con- 
tact, P, as before. 

The arc of approach is found in a similar manner. 
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For example, let the pitch and describing circles be given 
&a in Fig. 66, and let the required arcs of approach and 
recess be J inch and f inch respectively. Lay off TP = Ta 
= 27) = I inch, and TP = Ta' = Tb' = ^ inch. Drawing 
the radial lines AP and BP", we find that Ka = JJ inch, nnd 
K'b' = -^ inch. Hence the pitch cannot be greater tlian 
§ + ^ = 1^ inches, nor less than ^Ka = fj inch. Both of 
these limiting values of the pitch are, however, to be avoided 
in practice. For, if the pitch be taken at its smallest pos- 
sible value, the teeth of the driver will be pointed, and with 
any wear at the points, the desired arc of recess will no 
longer be secured ; while, on the other hand, if the maximum 
possible value be given to the pitch, the action will not be 
smooth, as only one pair of teeth will be in gear at the same 
time. In addition, the possible values of the pitch will be 
further limited by the fact that the pitch must be an aliquot 
part of both pitch circumferences. 

Again, let the pitch be given at one inch, and let it be 
required to determine the maximum arcs of approach and 
recess. Draw the radius jld and layoff mn = ^ pitch = J- 
inch. Draw the epicycloid )i(, and through ( describe a cir- 
cular arc tp concentric with MN; then Tp = 0.79 inch is the 
maximum arc of recess. Praceeding similarly, we find that 
Tj)' = 0.81 inch is the maximum arc of approach. But these 
arcs are determinwl on the supposition that the teetli of both 
wheels are pointed. In any practical case, somewhat smaller 
arcs should be used, so as to give the teetli some thickness 
at the top. 

96. Wheels liavini; Arcs of Recess oiily. — As pre- 
viously pointed out, the arc of appi-oaeh depends on the length 
of face of the follower's tooth. But from the considerations 
concerning friction (Art. 90), it is evident that where a very 
smooth action is required, the arc of approach is objectionable ; 
and in such cases it maybe gotten rid of altc^ether by the simple 
expedient of cutting off tlic follower's teeth at the pitch circle. 
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The follower's teetb, then, baviDg no faeea, of course the 
driver's teeth will need no flanks. In Fig. 67 is shown ttie 
construction of a pair of wheels of this kind. The diagram 
is drawn full size, and is the practical solution of the follow- 
mg problem : — 




I'ie.'e? 



so that ^ 



Hence the radius of the pitch 



Distance between centres of pitch circles, 9 inches. Driver 
(lower wheel) to have 40 teeth ; follower, 50 teeth. Arc of 
recess = 1^ times the pitch. Divide line of centres AB at T 

t^ = l = : 

BT a 

circle MN = 4 inches, and that of the pit^h circle MS is 5 
inches. 

Let the driver move as indicated by the arrow. Take the 
diameter of the describing circle = f of that of the pitch 
circle RS of the follower = | x 10 = 3f inches. Find the 
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pitch by dividing the circumference of MN into 40 equal 
parts, and lay off the arc Ta = 1^ X the pitch bo found. Lay 
off the arcs TP = Tb = Ta, also Ha = i pitch. Roll the 
describing circle ou the outside of MN and on the inside of 
MS, describing the epicycloid Pa and the hypocyeloid Pb 
respectively. Drawing a radial line from J* to the centre of 
MN, we find Ka to be less than ^ Ha ; hence the case is a 
practicable one. 

Through H draw an epicycloid HE similar to Pa, but 
reversed in position ; through P draw an arc of a circle PE 
concentric with MN, and cutting HE at E. Lay off bF = 
Ha. through F draw a reverse hypocyeloid similar to Pb, 
and join F and 6 by an arc of the pitch circle BS. Now, Pb 
is all of the hypocyeloid that comes into contact with the epi- 
cycloid Pa ; but, in order to provide room for the point of the 
latter, the hypocyeloid is continued to D, just as was done in 
Fig. 65. 

If the workmanship were accurate, the wheels would work 
properly, provided the depth of the space between two suc- 
cessive teeth of one wheel were just equal to the height of 
the teeth of the other. To provide f^ainst any accidental 
contact, however, both sets of teeth are given clearance; that 
b, the bottoms of the spaces between the teeth are formed 
by arcs of circles concentric with MN and MS respectively, 
and at such a distance as to leave a, clearance of about one- 
tenth the pitch in both wheels. The outlines of the teeth 
are then completed by joining the bottoms of the epicycloids 
and hypocyeloid previously drawn, to these arcs by means of 
small fiUefes, as shown iu tlie figure. 

The teeth will come into contact at T, the point of contact 
travelling in the arc TP, until it reaches the point P, where 
the contact ceases. It is evident that, before any one pair 
quits contact at P, another pair will have been in contact 
while the wheels were moving over one-third the are of 
action. 
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97. Wheelswltli Arcs of Approach an<l of Recess. — 

Wlieela audi as shown in Fig. 67 are sometimes used to great 
attvaDtage, particularly in light mechanism where smoothness 
of action is especially importaut. But whenever the pi-essure 
to be transmitted is at all heavy, the wheels should have arcs 
of hoth approach and recesa, so that move teeth may be in 
action at the same time. By tiiis meaos the pressure ia dis- 
tributed over more teeth, while the maximum obliquity of the 
line of action ia not increased. Thia is, in fact, the form 
most uaually employed in practice, and in Fig. 68 ia shown 
the method of laying out a pair of such wheels. The diagram 




Fig. 68 



is drawn full aize, and ia the practical solution of the follow- 
ing problem : Distance between centres to be 9 inches. The 
driver (lower wheel) to have 40 teeth, and the follower 50 
teeth. Arc of approach to be equal to the pitch, and the are 
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of receaa to bo one and a half times the pitch. The condi- 
tions given are the same as those given in Art. 96, except 
that there is to be an arc of approach in this case. The 
pitch radii of the wheels are 4 and 5 inches, as before ; and 
the diameters of the respective describing circles are 3 and 
Sf inches. 

The faces of the driver's teeth and the flanks of the fol- 
lower's teeth are fonnd as in Art. 96, and are, ui fact, iden- 
tical with those there found. In this ease, however, we do 
not finish off the bottoms of the faces of the driver's teeth 
and the tops of the flanks of the follower's teeth by arcs of 
circles, as is done in Fig. 67. 

Lay off the arc TP" = TV = are of approach. Using the 
describing circle of three inches diameter, and going through 
the process explained in Art. 91, we obtain flanks for the 
driver's teeth, and faces for those of the follower. By this 
construction, as shown in Fig. 68, there are three pair of 
teeth in contact ; one just quitting contact at P, another in 
contact at j>, and a third pair at p'. In practice, aft«r we 
have determined that the given arcs of action may be secured 
with the given pitch (Art. 95) , the four curves are usually 
laid down at T, as shown {TA and Tg being epicycloids, and 
Te and Z7t hypocycloids) . The addenduia, cirde bounding 
tlie tops of the teetli, and the root circle bounding the bottoms 
of the spaces, are next drawn. The pitch points of the teeth 
are then laid off on the respective pitch circles, and the re- 
spective curves are drawn through the successive pitch points 
in alternately reversed directions, being limited at the top by 
the addendum circle, and connected at the bottom by fillets 
to the arcs of the root circle. 

08. Iiiterchanire^l>le TVlieels. — If the describing circle 
be made of a diameter bearing a fixed ratio to that of the 
pitch circle, any pair of wheels so laid out will work together ; 
but they cannot lx>t)i work pi-operly with a third wheel of 
different diameter, 'i'lius, a given wheel having radial flanivs 
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canDot work properly witli two or more other wheels of dif- 
ferent diameters, end also having radial flanlcs. 

If, however, we use the same describing circle for aU the 
faces and aU the flanks, we will obtain a series of intei^ 
ciiangeable wheels, any one of which will work correctly with 
any other of the same set. This suggestion is due to Pro- 
fessor Willis, and this method of laying out teeth is invaluable 
for such purposes as constructing the change- wheels of a lathe. 

As, with a constant describing circle, the outlines of the 
teeth will vary with the diameters of the wheels, so as to 
make the obliquity of action greater as the latter increases, it 
is usually advisable to employ as large a describing circle as 
possible. From the considerations discussed in Art. 95, the 
practical rule follows, that, for a set of interchangeable 
wheels, the diameter of the constant describing circle should 
be half the diameter of the pitch circle of the smallest wheel 
of the set. 

99. Back and Wheel. — When a wheel works with a 
rack, the line of centres becomes a perpendicular to the pitch 
line of the rack, and passing through the centre of the wheel. 
The rack will travel through a distance equal to the circum- 
ference of the pitch circle of the wheel for each revolution 
of the latter, whatever the number of teeth. The pitch of 
the rack teeth, therefore, is found by rectifying the pitch arc 
of the wheel, and laying off this rectified arc upon the pitch 
line of the rack. In Fig. 69 the two describing circles are 
made of the same diameter, so that any other wheel of the 
same pitch whose tooth outlines are formed by means of 
the same describing circle will also gear with the rack. In 
fact, the rack is merely a special case of the wheel ; and all 
the deductions of the previous articles as to tooth outlines, 
arcs of action, etc., apply, with obvious modifications, to this 
case as well. Botli faces and fianks of the rack teeth are 
cydoids (Art. 85) : their tops and bottoms are sti'uight lines. 
The clearance is obtained as usual. 
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In the figare, which is draws full size, the diameter of 
pitch circle of the wheel is four inches, and the wheel has 
forty teeth. The arcs of approach and recess are each made 




equal to the pitch. Asaumiog the rack to drive to the right, 
the contact begins at P", the point of contact travelliug along 
the arcs P'T SloA 2'/*; aud at P the action euda. 
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The principle of making teeth with straight flanks may, of 
courae, l)e extended to the ease of a rack and wheel, as sliown 
in Fig. 70. The describing circle whose diameter is TB, tlie 
radius of the wheel, generates the cydoidal faces of the rack 
teeth and the radial Jlaiiks of the vilied teeth. The radius of 
the rack being infinite, the diameter of the other describing 
circle is also infinite ; in other words, it is a straight line. 




Hence the faces of the wheel teeth are evidently involutes of 
the pitch circle, while the jfanfo of the racfc teeth are straight 
lines perpendicular to MN. The arcs of action and the 
addendum of the rack teeth are found as before. The rtxck 
driving to the right, the contact begins at P' (the point of 
intersection of the wheel addendum circle with the line MN), 
travels along the straight line PT, then along the arc TP to 
the point P (the intersection of the rack addendum line with 
the describing circle) , where the teeth quit contact. In this 
form of rack tooth the acting flank has degenerated into a 
mere point, wjiicli is c<in8('rjiicntly subjected to excessive 
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wear. This is a serious defect, and forms a grave objection 
to the use of this form of tooth for racks. 

lOO. Annular Wlieels. — The construction explained 
in Art. 91 is applicable not only to the case of wheels in 
external gear, aa there shown, but to that of wheels in inter- 
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nal gear as well. Fig. 71 is drawn full size, and is a prac- 
tical solution of the following problem : Distance between 
centres of pitch circles, 3 inches. The pinion to be the 
driver, and to have 20 teeth ; the annular wheel to have 
50 teeth. The ai'C of a|)proach and the arc of recess to he 
each equal to the pitch. The radii of the pitch circles of the 
two wheels are evidently 2 and 5 inches respectively. As- 
suming the diametei-s of the respective deseribing circles at 1^ 
and 3| inches, we proceed with the construction as before. 
In fact, on comparing this diagram with Fig. (>8, both figuiHis 
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being similarly lettered, we will see tliat all the details of 
constructioQ are the same in both. The pinion is an ordinary 
spur wheel i while the acting curves of the annular wheel are 
identical with those of a spur wheel, having the same pitch 
and describing circles, the tooth of the one corresponding to 
the space of the other. 

The principle of interchangeability (Art. 98) applies to 
annular wheels just as to spur wheels. Thus, a set of spur 
and annular wheels may be made in which each spur wheel 
will gear not only with every other spur wheel, but also with 
every annular wheel. In this case, however, there must be a 
difference in the number of teetli of the spur, and annular 
wheels which are to gear together, at least equal to the num- 
ber of t«eth on the smuHest pinion of the set. 

lOl. Customary Dimensions of Teeth. — By the pre- 
ceding methods we may design the teeth of geai- wheels so as 
to fulfil any proposed conditions-aa to the relative amounts of 
approaching and receding action. In the majority of cases, 
however, the precise lengths of the area of approach and 
recess are not a matter of imi>oiiance ; and under these cir- 
cumstances it is customary to make the whole radial hciglit 
of the tooth a certain definite fraction of the pitch, the part 
without the pitch circle being a little less than that within, by 
which clearance is provided for. 

There are a number of such arbitrary proportions; but 
none of them can be considered absolute, as the projier 
amount of clearance and backlash evidently depends on the 
precision with which the tooth curves are laid out, in the fli-st 
place, and on the accuracy with which the sliapea of the teeth 
* are made to conform to the curves so found. 

In the manufacture of the best cut gears at the present 
day, the backs of the teeth barely clear each other when the 
fronts arc in contact ; but in the majority of cases a greater 
allowance is still made, depending for its amount on the accu- 
racy of the workmanship. In ciiat wheels iiackliisli is aluio- 
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lutely necessary to allow for irregular shrinkage or accidental 
derangement of the mould. 




In Fig. 72, let bk = circnlar pitch = P. Then, accord- 
ing to several systems in genera! use for proiwrtioning teeth, 
we have the following values ; — 



Total depth . . AD 


■hp 


0.75P 


+IP 


0.750P 


Qearance . . . CD 


■hp 


0.03P 


-hp 


0.060P + 0.04 in. 


Working-depth . AC 


Ai" 


0.70P 


HP 


0.6flOP - 0.04 ill. 


Addendum, AB = ~ 


AP 


0.35P 




0.345P - 0.02 in. 


Thicknesa of tooth, be 


■hp 


0.45P 


tVP 


0.470P - 0.02 In. 


Width of space . ke 


■ftP 


0.65P 


AP 


0.530P + 0.02 In. 


Backlash . .ke-be 


•hP 


0.10P 


AP 


0.060P + 0.04 In. 



In the first three aystemB the percentage of backlash is 
coostant, the actual amount of backlash thus increaaiug , 
directly with the pitch. It seems more rational, however, to 
make the percentage of backlash greater for small pitches 
than for large ones ; for, the coarser the pitch, the smaller 
will be the proportion borne to it by any unavoidable error. 
The last system, that of Fairbaim and Rankine, is founded 
on this view of the proper proportion of backlash. In this 
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Bvstem the percentage of backlash gradually diminishes as 
tlie pitch increases. The actual amount as given by this 
system is, however, rather larger thaji is generally used at 
present. Teeth proportioned by any of these systems will 
ill general be of good shape, and answer the purpose desired. 
Should the wheel have less than about twelve teeth, or should 
the esact amount of approaching or receding action be of 
importance, no arbitrary system should be used. In all such 
coses the proper dimensioas of the teeth should be found as 
pi-eviousiy esi)lained. The backlash and clearance should 
always be made as small as the character of the workmanship 
will permit. In our diagrams we have assumed no backlash 
to exist ; but its introduction would have no effect, except to 
diminish the thickness of the tooth. Instead of half the pitch, 
as it is in the diagrams, the thickness of the tooth would be 
half the pitch minus half the backlash. In using the diametral 
pitch, the working depth of a tooth is almost always taken at 
two pitch parts of an iuch, and the addendum at one pitch 
part of an inch. That is, in a 4-piteh wheel, the working 
depth is J = i inch, and the addendum is i inch. The clear- 
ance and backlash are taken at from a fourth to an eighth of 
one pitch part of an inch ; thus, in a 4-pitch wheel, they would 

be taken at from rf = t;: J to tt — 71= tt; 1 '^^ ^'^ ^'^'^^- 



.^-/=X\to-l-f=±Ufa 



The simplicity of these proportions have led to their almost 
unii'ersal atloption whenever the diametral pitch is employed. 

103. Involute System. — It has been shown (Art. 77} 
that involutes of certain circles possess the property of trans- 
mitting motion by sliding contact with a constant velocity 
ratio, and the application of such curves to the formation of 
the teeth of wheels is shown in Fig. 73. 

Let AB be the line of centres, divided at T, so that 

-^ = — . Draw the pitch circles MN and ES, and their 
BT a 

a tangent ^Tt. Draw p'Tp, making an oblique tmgle 
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p7i witb the tangent ('7¥. From the centres A and B drop 
the perpendieulara Ap' and Bp on the line p'Tp; and witii 
these perpendiculars as ratlii, describe the circles M'lT and 
B'S', which will be tangent to the line pfl^. 




For the sake of simplicity, let the arcs of approach and of 
recess each equal the pitch. On the pitch circle MN, lay 
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off the pitch Ta. With M'N' as a baae circle, draw the in- 
volute a"P, passing through the point a, and intersecting tlie 
line p'Tj) at P. Then a"P will be the acting outline of the 
driver's tooth ; and, similarly, VP" will be the acting outline 
of the follower's tooth. The tooth outlines of each wheel 
are evidently continuous curves, there being no marked divis- 
ions into face and flank, as in the cpicycloidal system. Com- 
pleting the tooth outlines, aa shown in the diagram, we find, 
that, as in the case of cpicycloidal teeth, room must be pi-o- 
vided for the jwints of the teeth as they revolve. As the 
involutes cannot extend within their own base circles, this 
clearance space is provided by continuing the flanks by radial 
lines, and joining the latter by means of circular arcs. The 
contact begins at P", and during the action the point of con- 
tact travels along the line p' Tp till it reaches P, where contact 
ceases. By making the teeth of both wheels pointed, we can 
evidently cause them to begin contact at ^', and quit contact at p. 

If this is done, each involute will be long enough to touch 
the other at its root, and the arcs of approach and recess will 
be directly protx>rtional to the radii of tlie pitch circles of 
the driver and follower respectively.. Where pointed teeth 
are to be employed, it follows that the action will l)e 
smoother when the smaller wheel ia the driver. But ixiinted 
teeth are objectionable here just as in the cpicycloidal sys- 
tem ; so that, practically, the arcs of approach and recess 
are adjusted for each paiticular case, by making the teeth of 
the proper length, 

103. Given the pitch circles, the obliquity of the line of 
action, and the desired arcs of approach and recess, to find 
the limiting values of the pitch which will sccui-e these ares 
of action. The receding action evidently continues while the 
point of contact travels from T to P in the line TP, a dis- 
tance equal to the arc Oa", 

The curves OTH and a"aP being equal involutes of M'N', 
and the pointe T, a, lying in the circumference of the circle 
MN, concentric with that of M'N" which contains the points 

le 
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0, a", it follows that the angle TAa = angle OAa", and 

HL^' = ^J£L. Hence Oa" = ^ x Ta. 
arc Ta AT AT 

On the tangent Tt lay off the distance ?a = Ta;- from d 
draw a perpendicular to TP. Then, from the similar trian- 
gles TAp' and TdP, we will have TP = ^-- X Ta = Oa", 

as required. 

Draw the radius PA, cutting MN in K. Now, the pitch 
cannot be less than 4Ka. If it is just equal to 4iio, the 
teeth will be pointed ; if greater, they will have some thick- 
ness at the top. Similarly, the pitch cannot be less than 
4K'b. Hence we find that the pitch cannot be greater than 
the total arc of action nor less than either iKa or iK'b. 

104. Given the pitch circles, ttie obliquity of the line of 
action, and the pitch, to find the arcs of approach and recess. 
From T lay off on the circle JtfJV an are=J pitch, and 
through the point so found draw an involute of the circle 
M'N'. Through the point of intersection of this involute 
with the line AP, draw a circular arc concentric with 
MN, and cutting the line p'Tp at some point P. Then P 
will be the point at which the teeth will quit contact, and 

Ta = — X TP will be the arc of recess. This is only true 

Ap' 
if the teeth are pointed ; if they are not, let x be the adden- 
dum. Then a circular arc struck about ^, with radius AT 
+ X, will cut jfTp in the point where the teeth quit contact. 
The arc of approach is determined in a similar manner. 

105. Practical Example. — Fig. 74 is drawn full size, 
and is the practical solution of tlie following problem : — 

Distance between centres, 9 inches. Driver (lower wheel) 
to have 40 teeth ; follower, 50 teeth. The constant obliquity 
of the line of action to be 15°. Draw the pitch circles MN 
and RS with radii of 4 and 5 inches respectively, and their 
common tangent (Tt. Draw the line of action DE, making 
Coo<;lc 
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the angle ETt = 15°. On DE drop the perpendiculars AD 
and BE, with which, as radii, describe the base circles M'N' 
and H!S'. 

The- area of approach and recess in this problem are each 
to be equal to the pitch. Hence lay off the pitch arc Ta ; 

AT 
Ta. Then P is the point at which the teeth quit contact. 



and lay off, on the line of action, the distance TP = 




As the arcs of approach and recess are to be equal, lay o£E 
TP" = TP. Then P' is the point at which the teeth first 
come in contact. Through P draw the involute Pa" of the 
hase circle M'S', and through P" draw the involute P'h" of 
the base circle BfS'. Draw the addendum circles through 
P' and P, lay off the pitch points of tiie teeth around the 
pitch circles MN and RS, and draw through the points so 
found. In alternately reversed positions, the involutes Pa" and 
P'b" respectively. 

The tops of the teeth are bounded by arcs of the respective 
addendum circles. To provide clearance, coutinue the tooth 
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outlines from the bottoms of the involutes by radial lines to 
the proper depth. The bottoms of the spaces are circular 
arcs concentric with the centres of motion, and joined to tlie 
tooth outlines by means of small fillets, as shown. 

In these wheels, there are evidently always two pairs of 
teeth in contact. In the position shown, there is one pair in 
contact at T on the line of centres, while a second pair is 
quitting contact at P at the same moment that a third pair 
is engs^ing in contact at P'. 

106. Interference of Involute Teeth. — So long as 
the teeth are of such a length that the points P and P" (Fig. 
74) lie between £ and £*, they will work properly. In other 
words, the addendum circle of the teeth of the lower wheel 
must lie within a circle through S, and concentric with MN. 
Also, the addendum circle of the teeth of the upper wheel 
must lie within a circle through D, and concentric with US. 
But when the dimensions of teeth are decided on by means 
of some arbitrary system, anch as those of Art. 101, it fre- 
quently happens that the length of tooth so found will be 
great enough to cause the addendum circles to lie outsiAe Kit 
the concentric circles through E and D respectively. It fol- 
lows, that the part of the tooth projecting beyond this limiting 
circle will come into contact with that part of the tooth of tlic 
other wheel which lies within the base circle. As this inner 
part is always made radial, it cannot gear correctly with an 
involute face, and interference will take place. In case a 
tooth of such length is considered necessary, and the involute 
eystera is to be used, all that part of the face of the tooth 
of one wheel coming into contact with the radial part of tlie 
tooth of the other wheel must be an epicycloid whose de- 
scribing circle is half the diameter of the pitoh circle of the 
second wheel. As, by this means, we forfeit one of the great 
advantages of the involute system (the power of varying the 
distance between centres without affecting the velocity ratio), 
this construction is not to be recommended, and the length of 
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tootb should not be allowed to exceed the amount determined 
by the methods of the preceding articles. 

107. Back and W^lieel. — If, in Fig. 74, the radius .4r 
of the driver were to increase, the curvature of MN, as well 
as that of the involute of M'N', would necessarily decrease; 
until, when MN became a straight line, JlfN' would also 
become a straight line, and the involute of M'N' would be- 
come a straight line, which must be perpendicular to the line 
of action, DTE. 
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The method of constructing the teeth is exactly similar to 
that shown in Fig. 74. 

In Fig. 75 the rack is the driver, and the follower is the 
same wheel that was used as follower in Fig. 74. The t«eth 
of the follower remain the same as in the other case, while 
those of the rack have straight sides. The tops and bottoms 
of the rack teeth are straight lines parallel to pitch line MN 
of the rack. In order to drive the follower through one 
complete revolution, the rack will evidently have to travel a 
distance equal to the circumference of the pitch circle of the 
wheel. 

The construction of the teeth of annular wheels is also in 
all reBj)ect8 simflar to that explained above for spur wheels. 
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108. Peculiar Properties of Involute Teeth. — In 

the preeediug constructions of practical probleais, the line of 
action was drawn at an angle of 15° with the common tan- 
gent of the two pitch circles. Thia angle is by no means 
fixed, and may be considerably varied ; but experience has 
shown that for general practice it should not be greater than 
fifleen degrees. As the magnitude of this angle has formed 
no part of the argnment in the preceding cases, it follows 
that, by varying the obliquity of action, an infinite number of 
pairs of base circles may be used in connection with any 
given pair of pitch circles. Conversely, with a given pair 
of base circles, we may, by altering the length of the line of 
centres, have an infinite number of pairs of pitch circles. 
The common tangent to the two base circles will always cut 
the line of centres into segments having the same ratio m 
their radii, which will be the same as that of the radii of any 
of the pairs of pitch circles ; from which follow two imptor- 
tant practical deductions : — 

1. Any two wheels with involute teeth of which the pitch 
arcs on the base circles are equal, will gear correctly with 
each other. 

2. The velocity ratio will not be affected by any change in 
the distance between their centres. 

The peculiarity of interchangeabUity ia also obtainable 
with epicycloidal teeth under certain conditions (Art. 98). 
The peculiarity of constant velocity ratio with varying dis- 
tance between the centres is not found in any other form of 
teeth, and Is of special importance in mechanism requiring 
exceptional smoothness and uniformity of action. The 
shafts may be at the proper distance apart, or not, as 
happens; and they may change position by wearing, or by 
variable adjustment, as when used on rolls, or they may be 
brought closer tc^ether to abolish backlash. In fact, the 
involute tooth is remarkably well adapted to such variable 
demands, and will accommodate iteelf to errors and defects 
that are difficult to avoid m practice. 
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The liae of action of epicjdoidal teeth ia perpendicolar to 
the line of centres at the instant when the point of contact is 
on that line ; but that of involute teeth is constantly in the 
duvctioD of the common tangent of the two base circles, and 
hence always obliqne to the line of centres. The obliquity of 
involute teeth, then, is constant ; and it is, in general, greater 
than the mean obliquity of epicycloidal teeth having the sanae 
angle of action. The thnist on the bearings is therefore 
greater with involute than with epicycloidal teeth; and 
though for heavy pressures this is sometimes a serious objec- 
tion to the use of involute t«eth, yet for ordinary work it 
would scarcely be so considered. 

The involute tooth has a great advantage over the epicy- 
cloidal tooth In being of a much stronger shape, spreading 
considerably at the root, which in the epicycloidal form is 
often the weakest part. Thongh the epicycloidal tooth is 
still in much greater use than the involute tooth, yet the 
merits of the latt«r are being rapidly recx^nized by manu- 
facturers ; and, for light work at least, it is gradually coming 
into more general use to replace the epicycloidal form. 
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COMHUNICATION OF UOTION BY SLIDINQ CONTAOT. 

VELOCITT RATIO CONSTAIIT. 

DIRECTIONAL RELATION CONSTANT. 

1EBXH OF WBEELS (CONTINUED). 

Approximate Forma of Teeth. — WiUUf Method. — WiUiff Odonlo- 
grapA, — Orant's Odontografh. — Bobinaon'8 Odontograph. 

109. Approximate Forms of Teeth. — In order to 
Bccure perfect smoothneaa of action in toothed wheels, it is 
esaential that the tooth outlines shoidd be accurately laid out, 
as explained in the preceding pages, and that the teeth 
shonld be constructed so as to conform exactly with the 
outlines SO found. If the teeth are to be cut, there is no 
reason why the exact curves should not be used, for it is 
as easy to form the caUex of the exact shape as of any 
approximate one ; and the cutter once formed, the exact 
curves cam be cut as easily as any otlier. Wlien the teeth 
are to be simply east, however, or when, for other reasons, 
perfect accuracy is not sought after, we may replace the 
exact curves by others which approximate to them more or 
less closely, but which are simpler to construct. Wben 
approximate forms of teeth are employed, some one of the 
arbitrary seta of proportions given in Art. 101 is generally 
followed. 

The two principal methods of approximation are by cii- 
colar arcs and by curved templets. 
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no. Willis' Metbod of Circular Arcs In Fig. 76, 

let A and B be the centree of motion, and T the jwint of 
contact of the pitch circles MN and BS. Draw the line of 
action DTE, making any assumed angle with AS, and erect 
on it the perpendicular TO. On TO assume the point O, 
and through this point draw the lines APO and BOQ. We 
have DOW formed a system of linkwork, consisting of the 
arms AP and BQ, connected by the link PQ ; and as, by 




coQBtractioQ, is the instantaneous centre of PQ, it follows 
(Art. 25) that - = ^ for that instant. If at any 



and B respectively, pi-oduce the constant velocity _ 



BT 

point b on DE we draw two curves, abc and hbe, in contact, 
and of such shape that F and Q are their respective centres 
of curvature, these curves will, by revolving about centres A 

^AT 
~ BT' 

the same as that of the pitch circles. In the preceding 
articles we have already discussed the theoretical shapes of 
such curves; and, from the above, it is evident that, if 
circular arcs be drawn through b, with centres P and Q, 
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they will fnlfil the required condition for that instant. If, 
however, the teeth are ehort, and the obliquity is not very 
great, these arcs differ so slightly from tbe true curves that 
they may be substituted for the latter with very good results. 
In the figure the arc abc will be the face of the tooth of 
MN, while hbe will be the flank of the follower. 

111. Approximate Involute Teeth hy 'WlUls' 
Method. — In this case the side of the tooth is made to 
consist of a single arc, and a very simple rule nsay be 
obtained. 

In Fig. 76, let TO = <» ; then AF and BQ will become 
perpendicular to DE, and the points P and Q will fall at 
P' and Q" respectively. 

Let the circular arcs be struck through 7; let A be the 
radius, AT, of the wheel, and <^ the angle which DE makes 
with AB. Then TP'= M cos ^, which is independent of 
the wheel RS, as well as of the pitch and number of teeth 
of MN. If, therefore, the angle be made constant in a 
set of wheels, and their teeth be described by this method, 
any two of them will work t<^ether. 

Assnme 4> = '5° 30', which is a very convenient value, 
for which TP' = S coa lb" 30' = 0.25038S = - very 
nearly. 

112. Practical Example. — Let it be required to con- 
struct, by this method, tbe teeth of a wheel of 25 teeth ; 
diameter of pitch circle, 4 inches. Let AT (= 2 inches) be 
the radius (Fig. 77) , and MN the pitch circle, of the proposed 
wheel. The pitch, as near as may be, is half an inch. We 
will make the teeth of the proportions given in the first sys- 
tem of Art. 101. This gives addendum = 0.15 inch, total 
depth = 0.35 inch, backlash = 0.04 inch. Hence draw the 
addendum and root circles at distances of 0.15 inch without, 
and 0.20 inch within, the pitch circle, respectively. Draw 
TP, making an angle of 75° SO' Tfith the radius, and drop 
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a. perpendicular, AP, npon TP I or describe a semicircle 

opon AT, and set off TP =^ —■ J ; then will P be the centre 

from which an arc, aTb, described through T, will be the 
side of the tooth required. To describe Uie other teeth, 
draw, with oentre A and radios AP, a circle, mn, within the 
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pitch circle MN; this will be the locus of the centres for the 
teeth. Set off around the pitch circle, arcs of 0.23 inch and 
0.27 inch in length alternately, being the respective widths 
of tooth and space on the pitch circle. Take the constant 
radius in the compasses, and, keeping one point in the circle 
Tnn, step from tooth to tooth, and describe the arcs, as shown 
in the figure, joining them directly to the arcs of the adden- 
dum circle, and by small fillets to the arcs of the root circle. 
If aTb were an arc of an involute having mn for a base 
circle, Ti* would be its radius of curvature at T. These 
teeth, therefore, approximate to involute teeth ; and they 
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possess, in common with them, the obliqne action, the power 
of acting with wheels of any number ol teeth, and the 
adjustment of backlash. But, as the sides of the teeth con- 
sist each of a single arc, there is but one position of action 
in which the angular velocity is strictly constant; namely, 
when the point of contact is on the line of centres. 

The length of the teeth should always be kept within the 
limits shown in Art. 102, and in such cases the above method 
of approximation will give fairly good results. The larger 
the wheel, the more closely will the circular arcs obtained by 
this rule i^ree with the true involute curve. 

113. Approximate Eplcycloidal Teeth by Willis* 
Method. — By making the side of each tooth consist of two 
area joined at the pitch circle, and struck in such wise that 
the exact point of action of the one shall lie a little before the 
line of centres, say at the distance of half the pitch, and 
the exact point of the other at the same distance beyond that 
line, an abundant degree of exactitude will be obtained for 
all practical purposes. 

In Fig. 78, let A and £ be the centres of motion, and 
T the point of contact of the pitch circles M2f and RS. 
Draw DE, making an angle of 75° with AB. This angle 
is, in fact, arbitrary ; but 75° has been found by Professor 
Willis to give the best form to the teeth. 

Draw OTC/ perpendicular to DE, and set off the lengths 
TO and T(/, equal to each other, and less than either^Tor 
BT. Through draw the Imes BOQ and.flPO, and through 
</ draw the lines B^<y and A&P'. By this construction, 
which is merely an extension of that of Art. 109, we obtain 
four tooth centres. P will be the centre for the faces of 
MJV, Q the centre for the flanks of RS, ©" for the faces 
of MS, and P' for the flanks of MN. The ^nk of RS and 
, the face of MN will be circular arcs, with centres Q and P 
respectively, and drawn in contact at a distance of half the 
pitch to the right of the line of centres ; the face of BS and 
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tiiejktnk of M2^ will be circular arcs, with centres Q' and P", 
and drawn in contact at a distance equal half the pitch to the 
left of the line of centres. 




Fig;'7a 



From the construction it appears that the teeth of one 
wheel are not changed in shape b; any change in the I'adius 
of the other wheel. In short, if any number of wheels be 
described in the above manner, in which the angle DTA is 
constant, the distances TO and T(/ being the same for the 
whole set of wheels, then any two of these wheels will work 
together. The distance Tff may be determined for a set of 
wheels by considering that if A approach T, the point (/ 
remaining fixed, AP" becomes parallel to DE, and the flank 
of the tooth of MN becomes a straight line. If A approach 
still nearer, P" appears on the opposite side of T, and the 
flank becomes convex, giving a very awkward form to the 
tooth. The greatest value, therefore, that can be given to 
TO and TC must be one which, when employed with the 
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smallest radius o( the set, will make AP parallel to HE. 
B; assumiiig constant values for this smallest radius, as well 
as for the angle DTA, in a set of wheels, the values of the 
radii of curvature of tLe faces and flanks which correspond 
to different numbers and pitches, may be calculated and tabu- 
lated for use, so as to supersede the necessity of making the 
construction in every case. Thus, the values in the tables of 
Fig. 79 were obtained by assuming that the least radius was 
just great enough to give the wheel twelve teeth of the required 
pitch, and that the angle DTA was 75°. 

114, 'Willis' Odontx^raph. — This instrument, repre- 
sented in Pig. 79, was contrived by Professor Willis for the 
purpose of laying out the approximate forms of teeth accord- 
ing to the principles of Art. 113. The figure represents the 
instrument exactly half the size of the original ; but, as it 
may be made of a sheet of bristol- board, this figure will 
enable any one to make it for use. Tlie side 2fTM, which 
corresponds to the line DE in Fig. 78, is straight ; and the 
line TO makes an angle of exactly 75° with it, and corre- 
sponds to the radius AT of the wheel. This side, NTM, 
is graduated into a scale of twentieths of inches ; and each 
tenth division is numbered, both ways, from T. 

The instrument is often made of brass, and in that case 
is of the shape shown in Fig. 80 ; the tables not being on the 
instrument, but on a printed sbeet accompanying the same. 

The manner of using the instrument is shown in Fig. 80. 
Let it be required to describe the form of a tooth for a wheel 
of 29 teeth of 3 inches pitch. This determines the radius 
AT of the pitch cii-cle MN. Lay off the arcs TD and TE, 
each equal to half tbe piteh, and draw the radial lines AD, 
AE. To draw the flank, apply the instrument with its slant 
edge on AD, so that D is at the zero point of the scales. In 
the table beaded " Centres for the Flanks of Teeth," look 
down the column of 3-inch pitch, and opposite to 30 teeth, 
wliich is the nearest number to that required, will be found 
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84 


101 


18 
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74 
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48 


ti 


54 


65 
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80 
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49 


59 


2« 


18 


38 


27 


S3 


37 


41 


4« 


66 


SO 


17 


31 


25 
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87 


41 


49 
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15 


18 


31 


25 


28 


32 


85 


43 


eo 


13 


15 


19 


22 


25 


28 


81 


37 


80 


13 
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17 


20 


23 


26 


39 


35 
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11 


14 
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20 
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25 


28 


84 
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32 
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the mirnher 49. The point g, iDdicated on the drawing-board 
by the position of this number on the acale marked " Scale of 
Centres for the Flanks of Teeth," is the centre required, from 
which the are Tp mast be drawn with the radius gT. The 
centre for the face Tn is found in a manner precisely simi- 
lar, by applying the slant edge of the instrument to the radial 
line AB. The number 21, obtained from the lower table, 
will indicate the position, h, of the required centre on the 
lower scale. The arc Tn is then drawn, with ft as a centre, 



'^^de. 



■\N 



and radius Th. We have now the complete tooth ontline for 
one side of one tooth ; the curve pTn being limited at the top 
by the addendum circle, and at the bottom by the root circle. 
Having proceeded thus far, the simplest way of drawing the 
rest of the tooth curves is to describe two circles about A^ 
one through g and the other through h. Then all the centres 
for the flanks will lie on the former, and all the centres for 
the faces on the latter, of these two circles. We may now 
find these centres by striking from each pitch point an arc 
with radius equal to gT to cut the circle of centres for flanks, 
and an arc with radius Th to cut the circle of centres for 
faces. 

The curve nTp is also correct for an annular wheel of the 
same radius and number of teeth ; n becoming the root, and 
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p the point, of tlie tooth. Nambers for pitches not inserted 
in the table may be obtained by direct proportion from the 
column of some other pit«h ; thus, for 4-inch pitch, by 
doubling those of 2-inch pitch. Also, no tahnlar Dumbers 
nrc given for 12 teeth in the upper table, because their flanks 
are radial lines. 

The rariatioQ in the contour, due to the addition of a 
siugle tooth, becomes less and less aa the number of teeth 
increaecB ; so that the same curve will serve for wheels with 
nearly the same number of teeth. Consequently, if the num- 
ber assigned is not found in the tables, the nearest number 
found there is to be used instead. 

115.* Improved Willis Odontograpb. — In Fig. 80 
the points g, k, are found by drawing two radial lines, A£) 
and AE, and applying the inatrutQent to each of them, or by 
drawing two additional lines, gD and Eh, at an angle of 75" 
with AD and AE respectively, and setting off on them cer- 
tain lengths obtained from tables. Having found these 
points, circles of centres are drawn through them, and used 
as explained above. 

If, now, instead of proceedbg in this manner, we could 
find from tables the radii of the two circles of centres, and the 
rudii gT and Tk, the construction would be much simplified. 

This improvement is due to Mr. George B. Grant, who has 
calculated the distances of the two circles of centres from the 
pitch circle, and also the radii of the arcs for the faces and 
flanks. His results appear in the following table, where 
"Dis." represents the radial distance between the circle of 
centres and the pitch circle, and "Had." the radius of the 
face or flank arc as the case may be : — 



■ The tallies in Arts. 116 and 116, and the aubstance of the matter in 
those EtTticles, are taken, by penniBsion, Irom "A Handbook on the 
Teeth o( Qears," by George Xt. Graat, Boston, Moss. 
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IMPROVED WILLIS ODONTOCRAPH TABLE. 

(Copjrighl, 18BS, b; Oeorge B. Oisut.} 







Fob 0»e 


D.ABETR1L 


Fob One.Incr Cibcdlab 
























ra'^Wrall!" 


For«,y 


therPlMh, 


For any other nich, 






divide Tab 




u. by 


malliply Tabular VaJae by 






thutPltdl. 




Uut Htch. 






Faces. 


FbDki. 


FXH. 


FIsnkL 


EihX. 


luterv^ 












lUd. 


»,. 


B^. 


TMi. 


'^. 


Dl«. 


^ 


Dlj. 


12 


12 


2.30 


0.15 




_ 


0.73 


OM 


_ 


T 


13J 


13- 14 


2.35 


0.16 


15.42 


10.25 


0.75 


0.05 


4.92 


3.26 


15J 


15- 16 


2.40 


0.17 


8.38 


3.86 


0.77 


0.05 


2.66 


1.M 


IT* 


17-18 


2.45 


0.18 


6.43 


2,35 


0.78 


0.06 


2.06 


0.75 


20 


19-21 


2.50 


0.19 


5.38 


1.62 


0,80 


0,06 


1,72 


0.52 


23 


22-24 


2.55 


0.21 


4.75 


1.23 


0,81 


0.07 


1.52 


0.39 


27 


25-29 


2.61 


0.23 


4.31 


0.98 


0,83 


0.07 


1.36 


0.31 


33 


30-36 


2.08 


0.25 


3.97 


0.79 


0.85 


0,08 


1.26 


0.26 


42 


87-48 


2.75 


0.27 


a69 


0.66 


0.88 


0.09 


1.18 


0.21 


58 


49-73 


2.83 


0.30 


3.49 


0.57 


0.90 


0,10 


1.10 


0.18 


97 


73-144 


2.93 


0.33 


3.30 


0.49 


0,93 


0.11 


1.05 


0.15 


200 


146-rftck 


3.01 


0.37 


3.18 


0.42 


0.97 


0.12 


1.01 


0.13 



Thia improved Willia process will produce exfictly the 
same circular arc aa the usual method, with the same theo- 
retical error ; but its operation is simpler, and less liable to 
errors of manipulation. By this process the circles of cen- 
tres are drawn at once, without preliminary constructions, at 
the tabular distances from the pitch line ; and the table also 
gives the radii of the face and flank arcs. No special instru- 
ment is required, no angles or special lines are drawn to 
locate the centres, and hence the chance of error is much 
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116.* Grant's OdontOKi-apli. — If, in the method de- 
scribed in tJic preceding article, we use, instead of the cir- 
cular arcs employed by Professor Willis, arcs which shall 
approximate still more closely to the true epicycloidal and 
hypocjcloidal curves, we shall evidently obtain more satis- 
factory results. Mr. Grant has computed and tabulated the 
location of the centre of the circular arc that parses through 
the three most important points of the true curve; viz., at 
'the pitch line, at the addendum line, and at a point midway 
between. The Willis arc rans altogether within the true 
curve, while the Grant arc crosses the curve twice. The 
average error of the Grant arc is much less than that of the 
Willis arc, and it b hence to be preferred. 

The circles of centres are drawn at the tabular distances, 
"Dis.," inside and outside the pitch line respectively; and 
all the faces and flanks are drawn from centres on these 
circles, with the dividers set to the tabular radii, "Rad." 
The tables are arranged in an equidistant series of twelve 
intervals. For ordinary purposes the tabular value of any 
interval can be used for any tooth in that interval ; but for 
greater precision it is exact only for the given "exact" 
number, and intermediate value§ must be taken for inter- 
me<:liate numbers of teeth. 

When the number of teeth is twelve, the flanks are radial, 
and hence no tabular values are given for the flanks of that 
number. 

To illustrate the use of the following table, let it be re- 
quired to draw the tooth outline for a wheel of 24 teeth of 
IJ-inch pitch. Draw the pitch circle with its proper radius 
of 11.46 inches, and mark off the pitch points of the teeth. 
Draw the addendum, I'oot, and cleai-ance circles, having fixed 
on the dimensions of the tooth by means of some system of 
proportions such as those given in Art. 101. 
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GRANT'S ODONTOQRAPH TABLE. 

BPICTCLOIDAL TEETH. 
(Copyright, 18B5, by Oeorge B. Grant.) 
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15* 
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2.10 
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0.68 


0.04 


1.95 


0.70 
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5.12 


1.57 


0.70 


0..I4 


1.63 


0.50 


23 


22- 24 
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4.60 


1.13 
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1.41 


0.36 
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0.74 


0.05 


1.30 


0.29 
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2.40 


0.10 
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0.23 
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0.7!) 


0.07 
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0.20 


58 


49-72 
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0.25 


3.33 
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0.08 


1.06 


0.17 


97 


73-144 


2.83 


«.2K 


3.14 


0.44 


0.90 


0.09 


1.00 


0.14 


290 


146-rack 


2.92 


0.31 


3.00 


0.38 


0.93 


0.10 


0.U5 


0.12 



From the above table take the values given for the interval 
22-34 ; and, as the pitch is 1^ inches, multiply these tabular 
values by IJ. We then obtain 

Distance between pitch circle and circle of face centres = 0.07; 

face radius = 1.08. 
Distance between pitch circle and circle of flank centres = 0.54; 

flank radius =2.15. 

Draw the circle of face centres 0.07 inch inside the pitch 
circle, and tlie circle of flanlf centres 0.54 inch outside of 
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the pitch circle. With a pitch point as a centre, strike an 
arc with radius l.OS inches to cut the circle of face centres, 
and an arc with radius 2.15 inches to cut the circle of flank 
centres. With these two points of intersection as centree, 
describe the face and flank through the pitch point, draw the 
same arcs in reversed position through a point on the pitch 
circle whoae distance from the pitch point is the desired 
tooth thickness, connect the faces by an arc of the addendum 
circle, and join the flanks by fillets to the clearance circle, 
and the tooth ia complete. 

This odontograph, as well as Willis', is arranged for an 
interchangeable set (Art. 98), froma wheel with twelve teeth 
to a rack. 

117* Robinson's Templet Odontograph. — In the use 
of th's 'nstrument, a method entirely different from those just 
m nt oned is pursued. Instead of using circular arcs, the 
ou 1 nes of the teeth are drawu by means of a templet, which 
3 the cu ed edge of the instrument itself, when the latter is 
b ou ht into a proper position. 

As the epicycloidal curve is normal to the pitch line, and 
very nearly so to the tangent to the pitch circle drawu fiom 
the middle of a tooth, it is clear that if a curve of rapidly 
changing curvature be so placed as to be rioi-raal to the tau- 
gent, as above described, and at the same time intersecting 
the addendum circle at the same point that the epicycloidal 
curve required for the tooth does, it will represent the epicy- 
cloidal tooth face with great precision. 

The curve adopted as conforming most closely, in general, 
with limited initial portions of the epicycloid, is the loga- 
'rithmic spired. This curve appears to possess the highest 
degree of adaptation, because of its uniform rate of curvature, 
and also, because this rate can be assumed at plealBure. In 
adopting the particular logarithmic spiral for the odontograph 
curve, inaamuch as this spiral may have an infiuite variety 
of obliquities, it is evident that the selection is not a matter of 
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indifference. When the obliquity, or angle between the nor- 
mal and radius vector, is very small, the arc of this spiral 
chaogea curvature leas rapidly than when the obliquity is 
. great. When the obliquity is zero the spiral becomeB a 
circle, and when it is 90° the spiral is simply a radina ; 
neither of which approximates to the desired curve. 

To find that obliquity which makes the spiral best fit the 
epicycloid, it will probably be most satisfactory to assume 
an epicycloid which represents an average of those likely to 
be used for both curves, and adapt the spiral to it, though 
any ordinary logarithmic spiral will evidently conform more 
closely to it than the circle. The spiral which most closely 
osculates the epicycloid for a pair of equal pitch circles is 
therefore adopted, because the opposite wheel may be either 
lai^er or smaller, thus making a higher or lower epicycloid. 

By an elaborate mathematical investigation,* Professor 
KobinaoD has shown that this curve will produce the required 
results in ail the various cases of epicycloidal and involute 
gearing. 

118. Manner of nsin^ Odonto^aph. — The instm- 
ment is shown in Fig. 81 of full size, and of suitable capacity 
for laying out all teeth below six inches pitch. The curved 
edge -AS is the logarithmic spiral alx>ve spoken of ; and the 
carve AC is its evolutc, in other words, an equal spiral. 

The instrument should be made of metal, because it is 
intended that it may be used directly for a scribe templet, in 
which use it will be subject to wear from the passes of the 
scribe. It baa several holes in it, so that it may be attached 
by wood screws, or by bolts expressly prepared, to any con- 
venient wooden rod, in such a manner, that, when the rod 
swings around a centre-pin of the wheel, all the faces of the 
teeth may be described directly from the instrument itself. 

io. 24 Van No3- 
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The desired result is thns obtained directly without the use 
of a pair of com passes. 

Accompanying the instrument are aix different tables, 
varying according to the kind of tooth desired. One of the 
tables is for tbe teeth of wheels belonging to an interchange- 
able series ; the otJier tables are for vai'iously curved flanks 
and for annular wheels. The manner of using all the tabled 
is nearly the same, so it is simply necessary to indicate the 
method for any one of them. Fig. 82 shows the manner of 
using this odontograph to lay out the teeth of a wheel belong- 
ing to the interchangeable series. 

The table for this system is arranged in four columns, 
headed respectively, 1, "Diameter in Inches;" 2, "Num- 
ber of Teeth;" 3, "Face Settings;" 4, "Flank Settings." 
The two settings are given for one-inch pitoh. 

In the figure, let MN be the pitch circle. If it is not 
given, it may.be found by multiplying the pitch by the num- 
ber in the column "Diameter in Inches" corresponding to 
the number of teeth. 

Assume the point T as the middle of a tooth, and lay off 
TD = its half-thickness. At T draw the tangent tlV, and 
at D the tangent Dd. Make TH = TD. Take from the 
column "Face Settings" the figure corresponding to the 
number of teeth, and multiply it by the piteh ; this will give 
the setting number. Then place the graduated edge of the 
odontograph at H, and in such position that the number and 
division of the scale shall come precisely on the tangent lino 
at H, while at the same time the other curved edge is tangent 
to the line ^IV. The tooth outline is then traced along 
the instrument from D as far as needed. By turning over the 
instrument, which is graduated on both sides, and repeating 
the operation, we get tlie opposite face of the same tooth. 

To draw the flank, find a similar setting number by using 
the column "Flank Settings." The instrument is to be set 
with the division at D, and the other curved edge tangent to 
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Dd i and the flaok may then be drawn to the proper depth. 
When it is desired to repeat the operation of drawing tlie 
curves all around the wheel, the sirapleet way to locat« the 
instrument is by drawing circles through the points A and O 
when it ia once properly located. The instnuucnt can then 
be readily placed at any tooth outline by placing the gradu- 
ated edge on the pitch point, and keeping the points A and G 
in the circles juat mentioned. 

For instance, let it be required to draw the teeth of a wheel 
having 50 teeth of S-inch pitch. For this number of teeth 
we find the tabular values : — 



50 0.42 0.66 

The diameter of the pitch circle ia 3 x 15.017 = 47.751 = 
47| inches. The proper setting to draw the face is 3 x 0.42 
= 1.26, and the corresponding setting for the flank is 3 x 
0.66 = 1.98. 

Hence, to draw the face, the odontograph is placed so that 
the number 1.26 on the scale is at the point H (Fig. 82) ; 
and, to draw the flanks, it is placed so as to bring the number 
1.98 at D. 
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CHAPTER Vin. 

COmiTTNICATION OF UOTIOM BT SLIDING COKTACT. 

VELOCnr RATIO CONflTANT. 

DIRECTIONAL GELATION CONSTANT. 

TBETH OF WHEELS (CONCLUDED). 

Pin Gearinp, — Loie-Jfumbered Pinions. — Un»t/inmetricat Teeth. — 
Taiated Gearing. — Non-Circvlar WKeeU. — Beuei Oearing. — 
SkeiB-Bevel Gearing. — Face Searing. 

119. Pip Oearii^. — In Art. 76 it has been shown 
that an epicycloid traced on the pitch circle of the driver, by 
rolliDg on the latter a describiog circle equal to the pitch 
circle of the follower, will drive a pin in the circumfereaee 
of the foDowing pitch circle with the same constant velocity 
ratio as if the pitch circles rolled together. 

In Fig. 83, let MN and RS be the pitch circles. Lay off 
the equal pitch ares Ta and Tb ; and, with RS as the 
describing circle, trace through a the epicycloid aD, which 
will, of course, pass through 6. Draw the equal epicycloid 
TD in reverse position through T, and let D be the point of 
interaection of the two epicycloids. Then aDT is the com- 
plete ontline of a tooth of MN which will drive a pin b 
(liaviDg no appreciable diameter) on RS with the constant 

a' AT 
velocity ratio — =- 

centric with MN. The point P, where this arc intersects 
R8, will evidently be the point at which the tooth aDT and 
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the pin 6 will quit coatact. Through P draw the epicycloid 
Pa' equal to Da ; tiien TP = Ta' = arc of recess. The 
wheel MN moviog as indicated by the arrow, the contact 
will begin at T, and the point of contact will travel to the 
right, along the arc TP, until it reaches the point P, where 
contact ceases. The contact is wholly on one side of the 
line of centres ; and when the teeOt drive, as they should 
always do (Art. 90), there is no arc of approach. 
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120. With given pitch circles, to find the relation between 
the arc of recess and the pitch. 

In Fig. 83, let TP, the arc of recess, be given. Through 
P describe the epicycloid Pa' by rolling RS on MN; draw 
the radius PA, intersecting MN in K. Then, in order to 
secure the desired arc of recess, the pitch must not be greater 
than Ta' = TP, nor less than 2Ka'. If 7h{=i2Kaf) be the 
pitch, and the tooth be pointed, the arc of recess will be 
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TP, as required. If, with the same pitch, the tooth be given 
some thickness at the top, the arc of recess wUl become less ; 
and, when the latter has its smallest value (i.e., when it is 
just equal to the pitch), the top of the tooth will be cut off 
BO as to give the tooth outline Tcba. 

121. If the pitch be given, and it is required to find the 
arc of action which may be secured, lay off on MN the given 
pitch arc Ta, and, with BS as describing circle, coDstmct 
the epicycloids TD and aD. Through their point of inter- 
section, D, draw the arc DP concentric with MN. Then TP 
is the maximum, and Tb (= pitch) is the minimum, value 
of the arc of recess ; the tooth in the former case being 
pointed, and in the latter cut off at c6. 

122. Pins of Sensible Diameter — In the preceding 
articles we have treated the pins as mere mathematical lines ; 
but in practice they must, of course, be given some magni- 
tude, and they are usually made as cylinders of a diameter 
of about half the pitch. The form of the tooth must then 
be so modified, that, when it acts on the cylindrical surface of 
the pin, the latter shall move Just as though its axis were 
being driven by the original epicycloid ; in other words, the 
constant normal distance from the latter to the new tooth 
outline must be equal to the radius of the pin. The manner 
of finding this derived curve is shown in Fig. 83. About 
successive points along the epicycloid, as centres, circular 
arcs are drawn, having the same radios as the pin ; a curve 
drawn tangent to this aeries of arcs will be the required tooth 
outline. 

In deriving the new tooth outline to act with a pin of sen- 
sible diameter, the length of the driver's tooth has evidently 
been reduced, causing a certain diminution of the arc of 
recess. Now, aaauming the derived curve to be an epicy- 
cloid, identical with the original epicycloid, but simply moved 
in position, it is evident that contact will begin just as the 
centre of the pin reaches the point T ; in other words, an 
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arc of approach will have been introduced practically equal 
to the radius of the pin. Now, although this assumption as 
to the shape of the derived curve is not strictly true, yet the 
error thereby introduced is inappreciable, and of no impor- 
tance in any practical case. 

133. Limiting Diameter of Pin. — Id the practical 
construction of problems in pin gearing, it sometimes becomes 
important to determine the maximum diameter of pin that 
can be used under given conditions. For instance, let the 
diameters of the pitch circles and the pitch be given, and let 
it be required to determine the maximum diameter of pin 
which will secure a certain arc of action. In Fig. 84, let 
MN and RS be the given pitch circles, and let the given 
pitch be I inch. Let the required arc of action be 1^ times 
the pitch ; that is, 1^ x f = {I inch. Lay off the arcs Ta 
and Tb, each equal to the desired are of action, and let abe 
be the epicycloid which would be described by the point b in 
rolling the circle BS on the outside of MN. Join 77* by a 
straight line, which will be normal to the epicycloid dbe at 
the point b. Now, as the contact between the derived tooth 
and the cylindrical pin begins when the centre of the latter is 
at T, the desired arc of action will be secured if contact 
ceases when the centre of the pin reaches b. Hence b will 
be the position of the centre of the pin at the moment of quit- 
ting contact, and the poiut of the tooth must evidently lie on 
the Ime Tb at a distance from b equal to the radius of the 
pin. 

But as <M! is the pitch arc, the point of the tooHi must evi- 
dently also lie on a radius bisecting this pitch arc ; and it 
will consequently be found at P, the intersection of these 
two lines. Pb then will be the radius that will secure the 
given arc of action on the supposition that the teetb are 
pointed. 

But if, as is usually the case, it is desired that the teeth 
should have some thickness at the top, the radius of the pin 
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mast be made somewhat smaller than the maximuni radius 
]nst found. 

Thus, in the present example, let us determine the shape 
of the tooth which will give the same ate of action with a 
smaller pin. Let the pin be made of the usual diameter 
employed in practice ; namely, J pitch. 




In Fig. 84, on the left of the centre line AB, lay oft Ta' = 
Tb' = arc of action, and etV = pitch, as before. About b' 
aa a centre, describe the circle of the pin with a radius, 1/P', 
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of one-fourth the pitch. Now, although P' will evidently be 
the extremity of the derived tooth curve, yet it will be found 
that the radius paseiDg through that point will no longer bi- 
sect aV. In fact, the tooth now has some thicknesa at the 
top ; and drawing, in a reversed position on the other side of 
the middle point of aV, the derived curve found for this 
diameter of pin, and joining the two curves at the top by a 
circular arc through P' and concentric with MN, we have the 
complete tooth outline for this case. 

124. Practical Example. — In Fig. 85 is shown a prac- 
tical example of pin gearing, the dii^ram being drawn full 
size, and being the solution of the following problem : — 

Distance between centres of pitch circles, 9 inches. Driver 
to have 50 teeth ; follower 40 pins. Arc of action to be 2J 
times the pitch. Dividing the line of centres at T in accord- 
ance with the given number of teeth, we find the radins of 
the driver to be 5 inches, and that of the follower to be 4 
inches. 

Rolling the circle BS as a describing circle on the outside 
of MN, the point T will describe the epicycloid Tt, which 
which will be the form of a tooth of MN that would work 
with a pin of no appreciable diameter on RS. To find the 
maximum diameter of pin that will secure the desired ai'c of 
action, we proceed as in Art. 123. Lay off the arcs Ta and 
rft, each equal to the required arc of action, i.e., 2J times 
the pitch ; and lay off aa' equal to the pitch. Joining Tb, 
and drawing the radius bisecting aa', we find the maximum 
size of the pin and the corresponding shape of the tooth, as 
shown in dotted lines. We may, of course, use any radius 
of pin less than Pb, and still secure the desired arc of action. 
In order to get teeth of better proportions, let us make the 
radius of the pin equal to one-fourth the pitch. On making 
a construction similar to the one explained in the latter part 
of Art. 128, we will find the shape of the tooth as finally 
drawn in the diagram. Just as in other gearing, clearance 
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must be gireD at the bottom of the spaces, and this is usually 
done by means of circular arcs, as shown. 

The principal advantages of pin gearing ai^ its smooth' 
nes9 of action, and the facility with which the pins may be 
turned in a lathe, 
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The pin wheel is often made of two plates, the ends of the 
pins being fixed into equi-diatant holes in both plates, tbus 
making a very strong arrangement, and one which is fre- 
quently employed in clock-work. Such wheels are called 
lanterns or trundles, and their pins are called staves. 

126. Rack and WheeL — As previously stated, the 
pins are always given to the follower, and hence this com- 
bination will present two cases according to whether the 
rack is driver or follower. In Fig. 86 the rack drives and 
the wheel carries the pins. The teeth of the rack are formed 
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by cnrves parallel to the ci/chids which woald work correctly 
with the axes of the plus. In Fig. 87 the wheel drives and 




the rack carried the pins. The t«eth of the wheel are formed 
by curves parallel to the Involutes of its own pitch circle, 
which would work correctly with the axes of the pins. 




126. Annalar Wheels. — If the annular wheel drives, 
as in Fig. 88, the pins are given to the small wheel, and the 
teet^ of the annular wheel are formed by curves parallel to 
the hypocycloids which would work correctly with the axes 
of the pins. If the annular wheel is the follower, as in 
Fig. 89, it carries the pius ; and the teeth of the small wheel 
are formed by curves parallel to the epicycloids which would 
work correctly with the axes of the pins. 

When the annular wheel is the driver, and is twice as lai^e 
as the wheel with which it gears, the hypocycloids become 
straight lines, and the parallel tooth outlines will evideoUj 
abo be straight lines. 
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Fig. 90 shows snch an arrangement, in vhich the pin 
wheel has but three pins, whOe the wheel teeth are formed 




by cutting three straight grooves, intersecting each other at 
the centre of the wheel, at angles of sixty degrees, each 




being of a width equal to the diameter of a pin. By placing 
rollers on the pins, and making the widths of the slots equal 




to the diameter of these rollers, this arrangement of pin 
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gearing can be used as a shaft coupling to drive in either 
direction. 

127> liOw-Numbered Pinions. — As the nnmber of 
teeth in a vheel decreases, the teeth themselves , become 
longer, and both the obliquity of action and the amount of 
sliding rapidly increase. Pinions having very few teeth are, 
for these reasons, unsuitable for general use ; and accord- 
ingly we find that in practice no wheel of less than about 
twelve teeth is employed if it can possibly be avoided. In 
order to secure smoothness of action and a minimum obliq- 
uity of pressure, the number of teeth assigned to any given 
wheel is usually so great that no doubt exists as to their 
successful working. It occasionally happens, however, that 
it becomes imperatively necessary to employ wheels having 
as few teeth as possible ; and it then becomes a matter 
of importance to determine whether the desired numbers of 
teeth will work together. 

128. Practical Example. — The practicability of any- 
assumed case can be readily determined by the constructioti 
of a diagram, keeping in mind the Umitations .as ta pitch, arc 
of action, etc., explained in previous articles. For example, 
let ua examine the case of two pinions, of five and seven 
teeth respectively, and having radial flanks. 

In Fig. 91, let A and B be the centres of the equal pitch 
circles, and T their point of tangency. As the flanks are 
to be radial, the diameters of the describing circles will be 
equal to the radii of the respective pitch circles, as shown. 
Assume the arc of action to have its smallest value (namely, 
just equal to the pitch arc), and let the arcs of approach and 
recess be equal. Constructing the teeth under these condi- 
tions (Art. 97), we will obtain the wheels shown in Fig. 91. 
These wheels will just barely work, one pair of teeth quitting 
contact at P at the same instant that another pair are coming 
into contact at P'. It is evident that, by continuing the 
opposite faces until they meet, the arc of action can be some- 
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what increaaed without making any other change. Two such 
■ wheels, then, can be made to work, though they will never 
run with the smootiiness of action that characterizes wheels 
having a large number of teetii. 
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120< In Fig. 91, let PT represent in magnitade, as it 
does in direction, the pressure between a pair of teeth at the 
tnoment of quitting coutact, the angle PTtf being thirty-six 
degrees. Then Pb evidently repreaenta the component of 
PT wbicti tends to force the axes apart, thus producing fric- 
tion and wear in the bearings. Now. callings? the tangential 
pressure necessary to transmit any given power, it is evident 

that in this case PT = p x 41= ^'^^ P' *'^'* ^^ = ^^ ^'" 
36° = .73 p. The obliquity has thus caused a pressure be- 
tween the axes almost three-fourths as great as the pressui'e 
producing rotation. It is evident that there is a limit beyond 
which the angle of maximum obliquity cannot go without 
increasing the prejudicial component Pb to aa inordinate ex- 
tent. The limit for the mean obliquity is usually placed at 
fifteen, and that for the maximum, at thirty degrees ; though, 
where the pressure to be transmitted is not great, thirty-six 
degrees may be made the limit for the latter. In the case 
of involute teeth, the obliquity is constant, and should never 
exceed fifteen degrees. 

The maximum diameter of the describing circle (Art. 94) 
is usually taken as half the diameter of the pitch circle in 
which it rolls ; but, for special reasons, it may be increased 
to five-eighths of that diameter. By repeating the construc- 
tion within these limits of obliquity and of size of describing 
circle, we will find tiiat Jive is the least number of teeth for 
each of two equal pinions, that four will work with Jive or 
any greater number, that three will work with any number 
gi'catcr than fowteen, and that less than three cannot be 
made to work at all. 

130. Two-Leaved PlnlOD. — There ia, however, an 
exception to the last statement ; for if the teeth are placed 
in parallel planes, instead of, as usual, in the eame plane, a 
two-leaved pinion can be made to drive in a very satisfactory 
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This arrangement is shown in Fig, 92. B rejiresents a 
disc, to whidi teeth ft, 6', 6, i/, etc., are fixed alternately on 
opposite sides. The acting snrfacea of these teeth are 
straight, and radiate in direction from the centre of B. The 
driver ia formed of a pair of double epicycloids, of which 
A is in the plane of the teeth b, b, etc., and ^' is in the 
plane of the teeth b', 6', etc. The radius of the pitch 
circle of S, and hence the diameter of the describing circle 
for the teeth, is equal to the distance from the centre of B 
to the outer extremity of one of its teeth. 




ma 93 



The action is not very obliqne, but the amount of sliding 
ia considerable. As the driver haa only faces, and the fol- 
lower only flanks, the action takes place on one side of the 
line of centres only. The combination ia always used so 
that the action may be receding ; and the result is, that ths 
motion is exceptionally smooth and noiseless. 

A pinion of one tooth communicating a constant angular 
velocity ratio between parallel axes, appears absolutely im- 
possible. The endless screw is equivalent, however, to a 
pinion of a single tooth. 
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An arrangement similar to that of F^, 92 may also be 
employed to give motion to a rack, as shown in Fig. 93. 
The construction in this case ia simplified, the curves of the 
pinion becoming involutea of the pitch circle, while the rack 
consists of a straight bar, having equal rectangular pieces 
Bxed to it at regular intervals on both sides. 




!FiB.&3 



This arrangement is objectionable on accoant of the wear 
being confined to a single point, juat as was explained in the 
case of Fig. 70. Hence, in any practical case it would be 
better to use a describing circle of comparatively small di- 
ameter, making the outline of the rack teeth cycloidal in 
shape, and thus distributing the action over a greater amount 
of surface. 

131. In Arts. 128 and 129 we have assumed the arcs of 
approach and of recess to be equal ; that is, each equal to 
half the pitch. Though the total arc of action cannot be 
less than the pitch, yet we may evidently vary the relative 
amounts of approaching and receding action at pleasure. 
If, as is usually the case, the arc of recess is to be the 
greater, it is evident that a pinion of fewer teeth can be 
used to drive than to follow ; for the arc of recess depends 
upon the length of the driver's teeth, and this length i^ain 
depends on the size of the describing circle. If we take a 
given wheel and pinion, and gradually decrease the number 
of teeth in the pinion, — in other words, make it of a smaller 
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diameter, — we shall evidently alao deci-ea^e the diameter of 
the deBCribing circle, which generates Uie faces of the wheel 
teeth, and hence diminish their lengths. The generating cii-cle 
for the faces of the pinion's teeth will not be afEect«d, so that 
the length of these teeth will remain almost the same. 

But, whatever the conditions, we can evidently determine 
the practicability of any given case by the construction of a 
digram, as explained. 

132. Least Follower for given Driver. — Though the 
construction of a diagram will always enable us to ascertain 
whether a given combination of driver and follower is pos- 
sible, yet the problem may sometimes be stated in a more 
general form. For example, let it be required to find the 
least number of teeth that can be given to a wheel which is 
to follow a given driver. Let tlie pitch circle, pitch, and arc 
of recess of the driver be given as in Fig. 65. Taking the 
upper describing circle, as given in the diagram, it is evident 
that the follower may have less teeth than there shown. For 
we may make the radius of the follower's pitch circle only 
twice TC, in which case the follower's teeth will have radial 
Hanks. 

Now, if the driver's teeth were to be pointed, instead of 
as shown in the dii^ram, it is clear that with the given pitch, 
the required arc of recess could be secured with a smaller 
describing circle ; and hence a smaller follower could be 
used. In this case, at the moment of quitting contact, the 
point of the driver's tootli must lie at the intersection of the 
upper, describing circle with a radius of 3/^ bisecting Ha, 
and at a distance from T, measured on the circumference of 
the describing circle, equal to the arc of recess. Hence, 
drawing the radius bisecting Ha, and finding (Art, 81) the 
position of this point, we describe through the latter and 
the point T a circle whose centre lies on AB. This will be 
the upper describing cii-cle required. If we then make the 
diameter of the follower's pitch circle twice the diameter of 
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tho de&ciibiDg circle thus found, we shall evidently have 
determined the required least Dumber of teeth, on the assump- 
tion that they are to have radial flanks. As previously 
meutionetl, the diameter of the pitch circle may, for special 
rciisons, be made as small as g of that of the describing 
<iifclc ; but the size of this pitch circle must always be such 
that the given pitch will be au aliquot part of the circumfer- 
ence. Having thus determined the least number of t«etb, 
we mast ascertaia if the obliquity is witliin the desired 
limits. If it is found to exceed the assigned limit, the size 
of the pitch and describing circles must be increased until 
the obliquity is reduced to the proper amount. 

133. AgfUD, the assigned conditions may belong to ttie 
follower, and it may be required to determine the least num- 
ber of teeth for the driver. This case may be solved by an 
obvious modification of the above process. Both of these 
cases will also present themselves in the involute system. 
With involute t«eth, the maximum arc of recess will evi- 
dently bo secured if the driver's tooth be pointed, and if 
its point touch the base of the followei-'a involute at the 
moment of quitting contact. The obliquity of action which 
secures tbia result is the greatest possible, and gives the 
mimmum follower that can be employed. 

Similar problems will occur in regard to annular wheels ; 
and such problems may be solved by similar methods, the 
only peculiarity being, that there will be both maximum and 

The kast annular wheel which can be rfrii.-en by a given 
pinion must have one tooth more than the pinion. The 
smallest pinion which can be thus used is one of tliree teeth, 
tlic wheel then having four teeth. 

The least annular wheel that can drive a given pinion must 
have one and a half times as many teeth aa the pinion when 
tUe latter has radial flanks. TJie various questions of limit- 
ing numbers may also be solved in pin gearing, though the 
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method is more complex, owing to the peculiar nature of the 
derived curve. 

134. But, ia any case, it is simply a question of grsphical 
constructioti ; the teeth being laid out in accordance with the 
prescribed conditionB, Tables have been prepared giving 
such least numbers, calculated with considerable exactness, 
for various arcs of recess ; and though it is always prefer- 
able to make the graphic construction for the special case 
under consideration, yet the following brief extract from 
such tables may not be without interest. In these tables 
the flanks of all the spur wheels are suppose<l to be radial, 
and tlie thickness of the tooth and the width of the si>ace, 
measured along the pitch circle, arc supposed to be equal. 
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135. Unsym metrical Teeth. — In all the figures of 
teeth hitherto given, tbe teeth are symmetiical, so that they 
will act whether the wheels be turned one way or the other. 
If the machine be of such a nature that the wheels are to be 
required to turn in one direction only, the strength of the 
teeth may be greatly increased by an alteration in form first 
suggested by Professor Willis. In Fig. 94 are represented 
two wheels, of which the lower is the driver, and always 
moves in the direction of the arrow. The describing circles 
are made lai^e, thus reducing the obliquity of action. The 
right side of the driver's teeth and the left side of the fol- 
lower's teeth are the only portions that are ever called into 
action ; and they are made precisely as usual in the epiey- 
elotdal system. If the other sides were made the same, this 
would give a very weak form at tbe root. To obviate this, 
the back of 6ach tooth is bounded by an arc of an toTolnte. 
The bases of these involutes being proportional to the pitch 
circles, they will during the motion be sure to clear each 
otber, because, geometrically speaking, they would, if the 
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wheels moved the other way, work together correctly, though 
the inclination of their common normal to the line of centres 
is too great for the transmission of pressure. The effect of 
this shape is to produce a veiy strong form of tooth by 
taking away matter from the extremity of the tooth where 
the ordinary form has more than is required for strength, 
' and adding it to the root. 




136. Twisted Gearing. — In this class of gearing (Art. 
58) the point of contact travels, during the motion of the 
wheels, from one side to the other. The outer planes of 
the wheel should be twisted through an angle equal to the 
pitch, so that a fresh contact is always beginning on one side 
as the last contact is quitting on the other. In the double 
wheel shown in Fig; 39, there are, of course, two points of 
contact, travelling in a symmetrical manner with respect to 
the mid-plane of the wheel. The teeth must be so formed, 
that, when the angnlar velocity ratio is constant, contact shall 
only take place at the instant of crossing the line of centres. 
Otherwise, if the teeth were formed upon the usual princi- 
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plea, it is evident that the sliding contact before and after 
the line of centres wonld still remaia. Tliis may evidently 
be accomplished by making the flanks by any of the usual 
methods, and then making the faces so that they will lie 
within the faces which would be proper for a spur wheel with 
the flanks assumed. The aimplest mode of making such 
teeth is to give them radia! flanks, and make the faces semi- 
circles whose diameter is ttte thickness of the tooth at the 
pitch circle. The motion ia now transmitted by pure rolling 
contact, and the action of these wheels is exceedingly smooth 
and noiseless. They are, however, better suited for light 
work, because the pressure is confined to a single point, 
instead of being distributed along a line. For heavy work 
it is preferable to employ the stepped wheels (Fig. 37) in 
which the teeth are of the nsual forms for spur wheels. In 
this case, the motion is, of course, no longer transmitted by 
pure rolling contact ; but the action is, nevertheless, much 
smoother than that of ordinary spur wheels. 

137. Non-circular Wheels. — In all the preceding cases 
of toothed wheels the pitch curves of the wheels have been 
circles ; but the teeth may he just as well laid out when the 
pitch curves are not circular, though in the latter case the 
operation is much more tedious. 

The two pitch curves must, in any case, be capable of 
rolling t<^ether with a constant velocity ratio. For instance, 
let it be required to lay out the teeUi of a pair of equal 
ellipses. Divide the perimeter of the ellipse for the location 
of the teeth and the spaces. Find, by trial and en'or, the 
centre of curvature of the ellipse at the point where it is 
'desired to draw a tooth outline. The tooth outline may then 
be drawn by rollmg within and without the pitch ellipse a 
describing circle in the usual manner ; the actual operation 
being performed by aulratituting for the pitch ellipse a circle 
whose radius is the radius of curvature of the ellipse at the 
point considered. By repeating this operation at successive 
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pitcii poiDtS) we can thus draw all the teeth. This method 
IB perfectly general, and may be applied to rolling curves of 
aoj form, each as, for instance, the tobed wheels shown 
in Figs. 43 to 46. If the same describing circle be used 
throughout, its diameter should be such as to give radial 
flanks to the teeth in that part of the pitch line where the 
curvature is sharpest. Should other parte be verj much 
flatter, the flanks of the t«eth may spi-ead too rapidly. This 
may be remedied by using different describing circles for 
the teeth in those parts, care being taken that the same one 
be always used for the face and flank that are to work 
together. 

If one of the wheels be made a pin wheel, its pitch curve 
is to be used as the describing curve to generate the teeth of 
the other. 

138* Bevel Wheels. — In all the cases of wheels pre- 
viously considered, the pitch surfaces have been cylinders, 
all the transverse sections being consequently alike. Hence 
it wa3 found most convenient to deal with one such section, 
so that the problems involved only lines instead of surfaces. 
But the pitch and describing curves employed, as well as the 
tooth outlines constructed, are merely transverse sections of 
surfaces whose elements are parallel to the axis of the wheel. 
Considering the cylinder as the special case of the cone in 
which the vertex is removed to an infinite distance, it would 
seem, that, in the case of the cone, the elements of the 
analogous surfaces should convei^e to the vertex of the cone. 

In other words, just as we roll a desci'ibing cylinder within 
and without a pitch cylinder to generate the tooth surfaces of 
spur wheels, so may we roll a deacr^ng cone within and 
without a piicA cone to generate the tooth surfaces of bevel 
wheels. In both cases the line of contact of the tooth sur- 
faces will be a right line ; in the former it will be parallel to 
the axis of the cylinder, and in the latt«r it will pass through 
the vertex of the cone. 
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130. In Fig. 95, let CDTE be the pitch cone, and CPTH 
the ilescribitig cone ; the two cones having the commoa 
VPrtex C, and being in contact along the right line OT. 
Draw any element, such as CP, of the describing cone, and 
coiiaiiler the latter to roll to the left, keeping its vertex at C, 
and remaining always in contact with the pitch cone. CT is 
at any moment the instantaneous axis about which the plane 
CPT revolves; hence the surface CjPa, generated by the 
line CP, will be normal to the plane CPT. 




We have seen that, with parallel axes, pitch curves may 
be selected which will produce a variable velocity ratio. 
Similarly, in bevel wheels, the bases of the cones might be 
so shaped as to produce changes in the velocity ratio. In 
practice, however, this is never done ; any desired variation 
of velocity ratio being pi-oduced by some other means. We 
may, therefore, confine our attention to the case in which all 
the cones have circular bases. In this ease, the point P, 
being at a constant distance from C, will move in the surface 
of a sphere of which G is the centre, and whose radius is 
equal to the slant height of the cones. The arc TP = arc 
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Ta ; and the cni-ve Pa, described by the point P, \bb. spher- 
ical epiq/doid. Similarly, by rolling the describing cone 
within a. pitch cone, a spherkai hypocydoid will be generated. 
Following out the analogy between cylinder and cones, it is 
evident that, just as the tooth surfaces of cylindrical wheels 
are formed by moving a right line along the epicycloid and 
hypocydoid previously discussed, keeping the line always 
parallel to the axis of the pitch cylinder, ao the tooth sur- 
faces of conical wheels must be formed by moving a right 
line along tbe spherical epicycloid and hypocydoid, making 
the line in this case always pass through the common veitex 
of the pitch cones. 

140. Construction of Tooth Outline. — The portion 
of the spherical surface occupied by the spherical epicycloid 
and hypocydoid, when they are used in the formation of 
teeth, is a narrow zone extending a short distance on both 
sides of the base eirde of the pitch cone. For all practical 
purposes we may substitute for this narrow spherical zone a 
portion of the surface of a cone which is tangent to the 
sphere in the base circle of the pitch cone, and whose ele- 
ments are consequently perpendicular to the corresponding 
element* of the pitch cone. 

In Fig. 96, let CA and CB be the given axes of the pitch 
cones. Dividing the angle AGB so as to obtain the required 
velocity ratio, which in this ease is - = -, we find GP, tlie 

common element. The bases FGP and EHP are evidently 
small drcles of the sphere whose radius is CP. Draw PA 
perpendicular to CP, and revolve it around the axis CA, 
generating the normal cone FPA. Similarly, draw PB 
perpendicular to CP, and i-evolve it about the axis GB, 
generating the normal cone PBE. 

These new cones comply with the conditions above men- 
tioned, and a narrow zone oC their curved surfaces may he 
used upon which to desfxibe the tooth outlines. 
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If, now, we roll a dcBcribing codc without one of the pitch 
cones and within the other, we will generate the tooth sur- 
face for the faoes of the former and for the flanks of the 
latter. In order to construct this surface, we must select 
some particular element of tlie describing cone, and find the 
curve which it descrit)es on the surfaces of the normal cones. 
To do this, we need only draw this element in successive 
positions, and find the points in which it pierces the normal 
cones. The curve formed by joining these successive points 
will be the directrix of the tooth surface ; and the latter will 
be formed by moving a straight line along this generatrix, 
the line always passing through the common vertex of the 
pitch cones. 



/ \ \\A L 
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Fig. £ 



This method will give the exact curves ; the error of using 
the surf.'iee of the normal cone, instead of that of the sphere, 
being so small as to be inappi-eciable. Its application to 
practical cases involves more laljor, however, than that of 
the following approximate method, which is the one in 
almost universal use. 

141. Tredgold's Method. — If we assume the curved 
surface of each of the normal cones to be cut along one of 
the elements, and spread out on a plane, we will have (Fig. 
90) ixjrtions of two circles whose radii, A'P' and IfP', are 
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the slant heights of the cones. If, now, these circles be 
taken as pitch circles, and teeth be constructed on them by 
any of the usual methods for spur wheels, we may then wrap 
tiiese sarfaces, with the teeth, back into their original conical 
shape ; and using the tooth curves, as they then appear on 
the normal cones, as directrices, we may generate the re- 
quired tooth surfaces by moving a right line in contact with 
the cnires, and passing through the common vertex of the 
cones, as before. 

142. The practical method of drawing such teeth is shown 
in Fig. 97. Let AC be the axis of the bevel wheel, let CDE 
be the pitch cone, and AED the normal cone ; DNE being 
the circular base common to both c 




In the side view, draw a line parallel to AD, and project 
the latter on it at A'l/. With centre A' and radius A'l/, 
describe a circular arc which will l>e an arc of the pitch circle 
to be used. On this are lay off a tooth by the usual method, 
being careful to make the pitch an aliquot part of the cir- 
cumference of a circle whose radius is ND. The tooth 
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oiitliDes may then be drawn by means of deacribing circles or 
hy the approximate odontograpb methods, according to the 
degree of accaracy required. Project A'K', the radius of 
the root circle, at AK, and A'H', the radiuB of the addendum 
circle, at AH. The points ff, D, K, of the line AH will, 
by revolution, describe circles about AC, which will be i-epre- 
sented in the side view by the straight lines FH, ED, and 
LK, and which will be seen in their true size and shape In 
the end view. 

On the end view of the circles just mentioned we must next 
lay oS, on each side of a radius, the half- thickness of the 
tooth at the top, at the pitch line, and at the bottom, as 
obtained from the development. If great accuracy is re- 
quired, any number of additional circles may be used in a 
similar manner. Having thus determined the end view of 
the tooth outlines, we must next project each one ta the side 
view ; the points lying in each circle being projected to the 
straight Hoe which is the side view of that circle. In prac- 
tice, only frusta of conical wheels are employed, and the 
teeth are limited at both ends by normal cones. It is evi- 
dent that in this case the shape of the teeth will be similar 
at both ends, except that the outer ones will be larger in 
proportion to their greater distance from the vertex.' The 
points of the inner tooth outlines are found by drawing radii 
through the principal points of the outer tooth outlines already 
-determined, and finding the intersection of these radii with 
the circles corresponding to the inner normal cone. 

It may be required to describe the teeth by either the epi- 
cycloidal or the involute system, or so that they may be used 
for an annular bevel wheel ; but the modification of the 
general operation is in each case similar to the correspond- 
ing modification for wheels on parallel axes. 

143. Relative Action of Bevel and Spur Wheels. — 
The action of a toothed wheel, other things being equal, is 
always more smooth in proportion as the teeth i 
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nnmber and decrease in .size, becaase these conditions 
diminish the obliquity of action, as well as the amount of 
sliding. But in bevel wheels the action of the outer tooth 
outlines does not deviate much from the plane tangent to 
the two normaJ cones at P (Fig, 96), and hence they act the 
same as spur wheels having the radii AP, BP, which are 
larger than the radii of the bevel wheels themselves in the 

,.^AP .BP „ , AP CP ,BP CP J 
-t'os^-d^- B"*^=c^'^'"^^=C^- '" 
other words, the action of a bevel wheel, so far as it is 
affected by the number of its teeth, is equal to that of a spur 
wheel of tiie same pitch whose radius is greater than that of 
the given bevel wheel in the same ratio that the slant height 
of the pitch cone is greater than its altitude. 

In a pair of mitre wheels this ratio is 1^, so that the action 
of a mitre wheel having, say, fifty teeth is equivalent to that 
of a spur wheel of seventy teeth. 

144. Skew Bevel Wheels. — The theoretical conetruc- 
tioD, as well as the practical manufacture, of the exact forms 
of teeth for skew bevel wheels, are both extremely compli- 
cated and laborious operations, and consequently they are 
rarely employed in practice. When skew bevel wheels are to 
be used, however, their teeth may be laid out by the following 
approximate method, which will give results abimdantty ac- 
curate for all practical purposes. Having determined the 
pitch surfaces, aa in Fig. 26, and decided on the frusta to be 
employed, we draw, at each end of each frustum, a cone 
normal to the respective hyperboioid. These cones are then 
to be developed, and teeth are to be laid out on them accord- 
ing to Tredgold'a method. In this construction, it must be 
borne in mind that tbe relative numbers of teeth of the two 
wheels are not iu the same proportion as the radii of the 
base circles, as in the case of cones ; for (Eq. 7, p. 40) these 
numbers are evidently proportional to the sines of the angles 
made by the projection of the common element with the pio- 
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jectiODS of tbe respective axes, tbese projections being made 
OD a plane parallel to th« commoQ element and botb axes. 
The two wheels, then, have different circumfereotial pitches, 
and the ratio of the latter must be determined in each special 
ease. The teeth having been laid out on the development of 
the Dormal cones, the latter are then to be replaced, the outer 
and inner cones being given the proper position with regard 
to each other by bringiog the pitch points of a pair of corre- 
sponding tooth curves on the same generatrix. The snrfaces 
of the teeth will be formed by joining the corresponding 
points of these curves by right lines. 

145. Aa an illustration of the method of Art. 47, let the 
axes be given as in Fig. 26, and let it be required to connect 
these axes so that — = 3. Let DS be taken as the interme- 
diate axis, and let a" represent its angular velocity. Dividing 
the fraction — into two factors, such as — = f and -^ = 2, 
we have simply to solve two ordinary bevel wheel problems ; 
first, to connect the axes US and BS so that — = %\ sec- 
ond, to connect the axes Dif and SO so tbat^ =s 2. As 

DS is perpendicular to both axes, the aisles to be divided 
according to the method of Art. 38 are both right angles, so 
that the construction is very simple. 

If the axes pass so near each other that the common per- 
pendicular is too short to be used, some other line, such as 
BO, must be taken. In tiiis case, it becomes necessary to 
determine the true size of the angles PRO and POS, ; and 
this is most conveniently done by revolving the line B,0 in 
turn about each of the axes until it is parallel to the vertical 
plane of projection, when the angle which it makes with the 
respective axis will be shown in it« true size. 
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146. Axes Deitlier Parallel nor Meetlnff con- 
uected by- Wheels with Involute Teetli. — la Fig. 74 

we have showQ a pair of wheels with invohite teetli, DE 
being the line of action. In the figure the wheels arc in 
tlie same plane, and the point of contact is always situated 
in the Hue DE. 

The upper wheel remaining fixed, suppose the plane of the 
lower wheel to be revolved through any given angle abont 
the line DE, as on a hinge. The two wheels will now lie in 
different planes, their axes being neither parallel nor inter- 
secting. The line DE will be the intersection of these two 
planes ; and the position of each wheel in its own plane, with 
reference to that line, is unaltered. But DE is the locus of 
contact ; and, as the position of neither wheel with reference 
to DE has been changed, it follows that the velocity ratio 
of the wheels will not be affected by the inclination of their 
'planes. When the wheels are so inclined, they can, of 
course, move only in the direction which makes DE the locus 
of contact. If they are required to move in the reverse 
direction, they must be swung about a line similarly inclined 
to the line of centres in the opposite direction ; but it is evi- 
dent that in no case can they drive in both directions except 
when they are in the same plane. 

This property of involute teeth, of transmitting motion 
between axes neither parallel nor meeting, is only true when 
the wheels are very thin ; so that in practice the teeth of one 
wheel must be rounded so as to touch those of the other in 
points only, and not in lines. 

147. Fa«e Gearin{^. — Before the introduction of bevel 
gearing, the problem of transmitting motion between axes 
that were not parallel was usually solved by means of face 
gearing. Let two face wheels with cylindrical pins, exactly 
alike in every respect, be placed in gear, as shown in plan 
and elevation in Fig. 98, with their axes at right angles ; the 
latter not meeting in a point, but having their common per- 
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pcndicular equal to the diameter of the pins. Then will 
tbeae wheels revolve together with the same angular Telocity. 




BHfe.es 



Let B be the driver, and let the pina c, g, be in eontaci. 
The distance between the axes of these pina is the sum of 
the radii of the pius ; that is, the diameter of a pin, or, what 
is equal to this diameter, the perpendicular distance between 
the axes of the wheels. 

Let the driver B turn, in the direction of the arrow, 
through one-sixth of a revolution ; the pin g moving to the 
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position e, ftnd driving before it the pin c to the position b. 
Tbe distance between tlie axes of tlie pins is equal to the 
diameter of a pin, as before ; and consequently the length 
of the perpendicular let fall from g on Be must equal the 
length of the perpendicular let fall from o on Ab. In other 
words, Bg sin gBe = Ac sin bAc ; and, aa Bg = Ac, we have 
sin gBe s= sin bAc. Hence angle gBe = angle bAc, which 
proves the eqnality of the angular velocities. 

The driver was in this case supposed to turn through an 
angle of sixty degrees ; but this was merely a matter of con- 
venience, as the same proof could have been applied to any 
otiier angle. The pin g must not be so long that its end will 
come into contact with the pin A, as the wheels revolve in the 
directions of the aiTows. This consideration fixes the max- 
imum length of the pins, which is the same in both wheels. 

148. Axes Intersecting. — Aa the common perpendic- 
ular to the two axes becomes less, the diameter of the pins 
decreases ; so that, when the axes intersect, the pins become 
mere lines. In order to transmit any power, the pins must 
manifestly have some thickness ; but they cannot be cylin- 
drical on both wheels. The pins on one wheel may, how- 
ever, still be cylinders, in which ease the shape of those on 
the other may be found in the following manner. Suppose 
the axes of the wheels shown in Fig. 98 to be brought to- 
gether so as to intersect, the pins thus reducing to mere lines. 
Instead of having the corresponding pins in contact, as in 
Fig. 98, let the lower wheel be turned through a small angle, 
so as to separate the pins by some arbitrary distance, aa 
shown in Fig. 99. Now, if both wheels be turned, in the 
directions of the arrows, with the same angular velocity, it is 
evident that the common pcipendicular between any two cor- 
responding pins will change according to the positions of the 
pins at any instant ; and tbe lengtli of this perpendicular 
can readily be determhied for any positions of the pins. If, 
still using mere lines for the pica of the upper wheel, we 
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now expand the pins of the lower wheel into solids of revo- 
lution, the radius of whose eross-seetion shall at any height 
be equal to this common perpendicular, it is evident that the 
two wheels will work together with a constant velocity ratio. 




If we now expand the mere lines, which act as pins of the 

upper wheel, into practical cjlindera, their projections will 
become circles, and the curves for the lower pins will then 
be found by a process similar to that employed (Art. 122) in 
pin gearing. 

The principal advantage of face gearing is the facOity of 
turning the pins and cogs in a lathe ; but on the other hand, 
we have the serious drawback, that the pressui-e between the 
pins is exerted at a single point only. 
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149. Intermittent Gearinif. — In Fig. 100 is shown 
the manner of connecting a pair of axes bo that a uniform 
rotation of the one shall produce a given intermittent motion 
of the other. In such motions, tlie maintenance of an exact 




IPiSr lOO 

velocity ratio is not usually essential, the important points 
being that the follower shall be caused to turn through a defl- 
nite angle, and then be securely held in ita new position until 
it is i^ain to be put in motion. 
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Suppose the axes A and 5 to be giveu in position^ and let 
it Ih; required to cODoect them so that during every revoiu- 
tiou of tlie driver, tlie follower shall turn through ninety de- 
grees, the velocity ratio during the motion of the latter being, 

as near as may be, — = |> The diagram shows the solution 

of this problem, the pitch circles of the two wheels being 
drawn of the proper size to give the velocity ratio, as usual. 
The teeth are formed in the usual manner by means of the 
describing circles shown. The projections on the follower 
have the same outlines as the other teeth, except that they 
are longer, and their tops are connected by an arc of the 
same radius as the smooth portion of the driver. 

Supposing the driver to move from its present position in 
the direction of the arrow, the smooth.arc of the driver will 
slide along that of the follower, and no motion will be pro- 
duced in the latter until the i>oiiit b of the driver reaches 
the tine of centres AB. At this moment the point a of the 
driver's tooth will come into contact with the point 6 of 
the follower, and the latter will Iwgin to move. The wheels 
will then continue in gear, the different teeth coming succes- 
sively into action, aud motion being transmitted with the 
exact velocity ratio, — = ^, until contact ceases between the 

point d of the driver and the point e of the follower. These 

two [mints, at the moment of quitting contact, will be at the 
point M of the upper describing circle. As soon as these 
points have quit contact, the edge c of the driver will operate 
on the edge fg of the follower, turning the latter into the 
position now occupied by the edge bli ; and it will be held in 
that position until the point a again comes round into contact 
with g. The velocity ratio in this motion is exact while the 
driver moves through an angle aAd, and the follower through 
au angle eSn. 



;,. Google 



MOTION BY SLIDING CONTACT. 



CHAPTER IX. 

COMMTJTJICATION OF MOTION BY SLIDING CONTACT. 

VELOCITY RATIO AND DIRECTIONAL RELATION CONSTANT OR 

VARYING. 

Canw. — Endlese Screw. — Slotted Link. — Whttieorth'a Quick Re- 
turn Motion. — Oldham's Coupling. — Escapements. 

150. In the laat four chapters have been discussed the 
cases of sliding contact where both the velocity ratio and 
the directional relation were necessarily constant ; in the . 
present chapter will be presented the various arrangemeQts 
in which either or both of these may vai'y. 

151. A Cam is a plate which transmits motion to its fol- 
lower by means of its curved edge, or by means of a curved 
groove cut in the surface of the plate. When the motion 
is small or intermittent, such plates are often called tappets, 
or wipers. 

In most cases which occur in practice, the conditions to be 
fulfilled in designing a cam or wiper do not directly involve 
the velocity ratio ; usually a certain series of definite posi- 
tions is assigned which the follower is to assume when the 
driver is in a corresponding scries of definite positions. In 
cam motions, the motion of the follower is usually derived 
from the cam by means of a cylindrical roller turning about 
a smaller pin as an axis, the latter being rigidly fastened to 
the follower. This has the advantt^e that nearly all the 
wear is concentrated on this axis, which may readily be 
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renewed when worn out. If the pin is to be driven by the 
cam in one direction only, being made to retiim by the force 
of gravity or the elastic force of a Spring, the cam need only 
have one acting edge ; but if the cam is to drive the pin in 
both directions, it must have two acting edges, with the pin 
between them, so as to form a groove or a slot of a uniform 
width equal to the diameter of the pin, with clearance just 
sufficient to prevent jamming or undue friction. 

Tlie centre of the pin may be treated as practically at all 
times coinciding with the centre line of such a groove, which 
centre line may be called the pitch line of the cam. 

The most convenient, way to design a cam is usually to 
draw in the first place its pitch line, and then to find the 
acting edge or edges by the process of Art. 122; using a 
radius slightly greater than that of the pin in case two 
edges are employed. 

163. Construction of the Cam Curve. — In Fig. 101, 
let A be the centre of motion of the proposed cam, and BH 
the path of the centre of the pin on the follower ; the con- 
dition being that the centre of the pin shall start from tlie 
point //, and assume in succession the positions £, D, C, 
and B while the cam revolves through successive angles of 
thirty degrees. With centre A and radius AH, describe the 
circle HN'i produce the radius AH to S, and draw the other 
radii (produced), AIC, AL, AM, and AN, at successive angu- 
lar intervals of thirty d^reea. AVith centre A, draw circular 
arcs through the successive positions E, D, 0, B, of the pin, 
and on these arcs lay off the distances Kk = Cc, 12 = Dd, 
Mm = Ee. Then will fc, I, and m be points of the cam 
curve required. The curve nmlkB, drawn through these 
points and N and B, will be the curve which will fulfil the 
required conditions ; for, assuming n to be at ^, and the 
cam to revolve in the direction of the arrow, it is evident 
that as the radii AM, AL, AK, and Ab successively come 
into the position AS, the joints ire, I, k, and B of the cam 
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cnrve will coincide with S, D, C, aod B respectively, thus 
driviog the pin as required. To find the curve for a pin of 
senaible diameter, we proceed as in Art. 122, drawiag circles 
of the same diameter as the pin in a sufficient number of 
positions along the pitch line already found, and then draw- 
ing the acting ec^e tangent to these cii'cles. 




When the path of the pin passes through the centre of 
motion of the cam, the distances Ee, Dd, etc., all reduce to 
zero ; and the pitch line is drawn through the points of inter- 
section of the successive radii and the circulai' arcs through 
the corresponding positions of the pin. 

As the angle BHS increases, the action between the edge 
of the cam and the pin becomes more oblique, thus increasing 
the friction ; and it is hence advisable to make that angle as 
small as possible ; in other woi-ds, the path of the pin should 
poiut as near as possible to the centre of motion of the cam. 

In case the motion of the follower is required to be uni- 
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foi-m, the distances HE, ED, DC, and GB would all be 
equal, but no modification of the method of construction 
would thereby be introduced. 

153. Another Example. — In Fig. 101 the path of 
the follower is a straight line, and the cam has uniform 
motion about a flscd centre. But none of these conditiona 




need be adhered to. The path of the follower may be any 
curve whatever, and it may move in this patb in either direc- 
tion, and with uniform or varytng velocity. The cam usually 
revolves about a centre, or has rectilinear motion ; but its 
velocity may also be varied at pleasure. All these possible 
variations give- rise to an endless variety of shapes for the 
cam curves, but the principles underlying their construction 
are always the same. Thus, in Fig. 102, let the path of 
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the pin be the curved line HB, and let the pin successively 
occupy the positions F, E, D, etc., while the cam revolves 
in the direction of the arrow through the unequal angles 
NAM, MAL, LAIC, etc. The radii being drawn at the 
given angles, circular arcs are drawn throi^h F, E, D, etc., 
and. the points of the curve found, just as in Art. 152, by 
making Rh = Cc, Kk = Dd, etc. 

154. Cam for Complete Revolutions. — In Figs. 101 
and 102 the dii-ectioual relation is constant; in other words, 
the direction of rotation of the cam must be revei-sed in 
order to bitng the pin down again to H. But this may be 
accomplished by simply adding to the curve of the cam, in 
which case the latter may revolve continually in the same 
direction. The law of motion of the pin in one directiori 
may be entirely diffcreut from that in the other direction, 
and the pin may be given an interval of rest at any eleva- 
tion by making the corresponding part of the cam curve an 
arc of a circle. 

In Fig. 103, let A be the centre of motion of the cam, and 
let the vertical numbered line be the path of the follower. 
The cam is to revolve uniformly at the rate of one revolution 
in twelve seconds. 

Each number on the vertical line shows the required posi- 
tion of the pin at the end of the second indicated by that 
number. 

Draw twelve equidistant radii, and draw circular ai-ca 
thraugh the various positions of the follower. Making 
Ja = la', lib = 2b', Illf = bf, IVk = 4k^, etc., we 
find the poiute of the curve, as before. The interval of 
rest indicated by the coincidence of the numbei-s 7 and 8 is 
obtained by means of the cii-cular arc cc. The cam in the 
figure is drawn in the position when the pin is at the [>oint 
012; and the cam Is ready, by one complete revolution 
in the direction of the arrow, to cause the pin to go through 
the cycle of motion required. 

u.a.i.z.d:,.G00gIc 
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165. Cam moving in Straight Path. — In all the pre- 

cecliDg cases we hatfe assumed tLe cam to revolve about aome 
fixed centre of motion. But this is not a necessary con- 
dition ; it may move in any path whatever. lu practice, 
however, there is but one otlier path employed; viz., the 
straight line. Iq Fig. 104, \et ABCD be a flat rectaDgular 
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plate moving in the direction of its length, and let the path 
of the follower be the line MN, at right angles with the 
direction of motion of the plate. Let the pin of the follower 
start from a position of rest at P, and move with a gradually 
accelerated velocity, go that it occupies the positions 1, 2, 3, 
4, etc., at the end of equal successive intervals of time. 
Lay off ou AB the distances MI, III, II III, III IV, etc., 
through which the plate moves during the same intervals. 
In the figure the plate is supposed to be moving uniformly, 
and these distances are consequently equal ; but they may 
vary according to any aaaigoed law. Draw the lines la, 
lib, IIIg, IVd, etc., parallel to MJf, and the lines la, 26, 
3c, 4d, ete., parallel to AB. Their intersections, a, b, c, d, 
etc, will be points of the required cam cui-ve. From this 
the working curves are derived in the usual manner, being the 
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Bidea of a groove or slit of tlie proper width in the plate. 
Tlie theoretical curve above found is the centre line of the 
groove. 

In the special case shown in the figure, the Hoes la, la, 
lib, 2b, etc., are at right angles ; the angle between them 
is always the angle between the dii-ections of motion of the 
plate and the follower. If in Fig. 104 we make the velocity 
of the follower also constant, the cam curve will become a 
stmight line ; for instance, if we assume that the follower is 
to traverse the distance P7, with a uniform velocity, during 
the same time that the plate moves, also with a uniform velo- 
city, over the distance M VII = 7g, thou the straight line 
I'G must be the cam line refiuired. This line will evidently 
be the hyiwtlieuuse of a right triangle, the other two sides 
of which are the lines representing the resi>ectivc distances 
traversed by the plate aud the follower in the same time. 
The velocity ratio of the cam plate and the follower in this 
s[>ocial case is evidently constant, and is simply the ratio of 
the isochronous distances above mentioned. 

156. Tlie Screw. — If a plate with a straight slit or 
groove, as just described, be wrap|>ed around a cylinder 
whose axis is pai-ullel to the path of the follower, the slit in 
the plate will become a spiral groove in the cylinder. If the 
cylinder be revolved uniformly, this groove will impart pre- 
cisely the same motion to the follower as before. 

If the length of the plate be greater than the circumference 
of the cylinder, the spiral groove will encompass its surface 
through more than one convolution, and may in this way 
proceed in many convolutions from one extremity of the 
cylinder to the other. Such a recurring spiral is called a 
screiv. The inclination of the spiral to a line drawn on the 
surface of the cylinder parallel to the axis is constant, and 
is the same as the inclination of the sti-aight line in the flat 
plate to the path of the follower. 

Tiie pitcJi of a screw is the distance between successive 
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convolutions of the spiral measured along a rectilinear ele- 
ment of the cylindrical surface. 

The screw is sometimes made in this elementary form, 
consisting of a simple spiral groove which gives motion to 
a slide, by means of a pin fixed to' the latter, and lying in 
the groove ; but generally screws receive a more complex 
arrangement. 

In the first place the pitch is made comparatively small, 
the necessary motion of the follower being secured by a 
corresponding increase in the numtjcr of revolutions of the 
sci-ow. The convolutions of the groove are brought so 
close togctlier that the ridge which separates two contiguous 
grooves becomes the counterpart of the groove itself. This 
ridge is termed the thread of the screw ; and from its section 
the screw derives its distinctive title, such as square-thi-eaded, 
V-tJireaded, and round-threaded. 

In the second place, instead of a single pin, other pins 
may be fixed to tJie follower opposite the other convolu- 
tions; then, since each pin will receive an equal velocity 
fi-om the revolving cylinder, the motion of the follower will 
be effected as before, with the advantage of an increased 
number of points of contact. But this series of pins may 
be replaced by a short comb or rack, the outline of wliicli 
exactly fits that of the threads of the screw. Tliis is the 
most ancient form in which the screw was employed. 

Most commonly, however, the piece which receives the 
action of the screw is provided with a cavity embracing the 
screw, and fitting its thread completely ; being, in fact, a 
hollow screw corresponding in every resjwct to the solid 
screw. Such a piece is termed a nut, and the hollow screw 
an inside screw, the solid screw being then called au outside 
screw. These modifications are only introduced to distribute 
the pressure of the screw upon a greater surface ; for, as the 
action of the thread is exactly alike upon every section of 
the nut, the result of all these conspiring actions is the same ; 
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namely, that the piece to which the pin or comb or nut is 
attached oilvntices in a direction parallel to the axis of the 
screw through a distance equal to the pitch for every revolu- " 
tion. 

157. A screw may be right-handed or left-Iiatuled ; tlie 
majority of screws arc the former, the latter being used 
only when other conditions make it necessary. Supposing 
tlie nut to be fixe<l, a rigM-handed screw will enter its nut 
when turned in the direction of the hands of a clock ; a left- 
handed screw must be turned in the opposite direction. 

If the inclination of the thread of a screw to the recti- 
linear elements of the cylinder hie very great, one or more 
intermediate threads may be added. In such cases the screw 
is said to be doable-threaded^ triple-threaded, etc., according 
to the number of separate spiral threads on the cylinder. 

Screws wliose pitch is an aliquot part of an ioeh are 
usually classified by mentioning the reciprocal of the pitch ; 
i.e., if a certain screw has a pitcli of one-quarter of an inch, 
it \n spoken of as having four threads to the inch. 

During one complete revolution of any screw, the follower 
will evidently move through a space equal to the pitch of the 
screw; i.e., through a space equal to the distance between 
successive convolutions of the same spiral measured on a 
rectilinear element of the screw cylinder. 

When the comb or rack form above spoken of is used, 
the screw is frequently ma^le short, and the rack lengthened. 
If it is essential that the screw shall always remain com- 
pletely in gear with the rack, then the masimum length of 
path described by the latter will be the difference between 
' their lengths. 

158. £ndless Screw. 'Worm and Wheel. — From 
the rack driven by a sliort screw, we readily pass to the so- 
called endless screw, shown in Fig. 105. In this combina- 
tion the screw, or worm, BB, gives motion, not to a rack, but 
to the wheel 0. The screw is so mounted that it can have 
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no motion except that of rotation, and the wheel has teeth 
of tlie same pitch as the screw thread. If the screw axis 
be turned aronnd, evci7 rovolntion will cause one tooth of 
the wheel to pass across the line of centres ; and na this 
action puts no limit, from the nature of the contrivance, to 
the number of revolutions in the same direction, a screw 
fitted up in this manner is termed an endless screw, in oppo- 
sition to the oi-dinary screw, which, when tiirned around a 
certain number of times either way, terminates its own action 
by bringing the nut to the end of the thread. 
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159. Shape of the Teeth If we make any meridian 

section of the screw, we will find it to be a rick , m fict, the 
screw may be moved in the direction of its lengtii, and will 
then drive the wheel precisely in the mannei of a mck 
Consequently, if the wheel be merely a thin plate, we need 
only make the meridian section of the screw a rack with 
teeth laid out in the usual manner to woik coirectly with the 
assumed wheel tooth. But as iu practice the wheel must 
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\k given some thickness, it is necessary to determine the 
proper form of the teeth for that case. 

If we make a series of sections thnnigh D, E, etc., parallel 
to the mid-plaoe of the wheel, we will still find the section 
of the screw to be a rack, though the outlines of the teeth 
will chauge in shape in each section. 

If, now, we make the outline of any section of the wheel 
tooth of the projier shape to gear correctly with the outline 
of the corresponding section of the screw tooth, considered 
as the tooth of a rack, we shall evidently have a point of 
contact between the corresponding teeth in every section. 

In fact, if we make a wheel tooth whose shape is continu- 
ally changing in every section to correspond to the change in 
the same section of the screw tooth, we shall have the teeth 
in contact at each instant along a line, so that the wear will 
be distributed along a surface. Such a screw is called a 
close- fitting or tangent screw, 

160. Practical Mctbod of Cutting Wli«el Teetli. — 
The pta^tical difficulty of making the teeth of a wheel of 
which the form in every parallel section shall be different, is 
very simply overcome by making the screw cut the teeth. 

An exact copy of the tangent screw is made of steel, the 
G<lgcs of its threads are notched, and it is then hardened, so 
that it becomes a cutting tool. It is then mounted in a suit- 
able frame, so as to gear with the roughly formed teeth on 
the wheel, and turned so as to drive them ; in the course of 
which operation it cuts them to the proper figure. The axis 
of the cutting screw is placed at first at a distance from the 
axis of the wheel somewhat greater than the intended per- 
manent distanee ; and, after eacli complete revolution of the 
wheel, the axes are brought nearer together, until the per- 
manent distance is attained; and, by turning the screw in 
this last position, the shaping of the teeth is finished. An 
involute wheel tooth working with a screw tooth whose 
meridian section has straight, sloping sides, la the best 
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combination, as tbe successive diminutions of tlie distance 
between the axes will not affect the velocity ratio (Art. 108). 
In order to secure a good arc of action, and diminish obliq- 
uity, 3uch wiieela should not be given less tlian about thirty 
teeth. 

In order to avoid weak corners in the wheel teeth, their 
sides are usually bounded by straight lines, BH and BK, 
radiating from tlie axis of the worm ; and the angle HBK 
usually varies between sixty and ninety degrees. 

161. Uour-Glitss Worm Instead of making the pitch 

surface of the worm a cylinder, we may make it conforai to 
the curvature of the wheel. In that case its pitch surface 
will be the surface produced by revolving an arc of the 
wheel pitch circle about the axis of the worm, thus forming 
the shape from which the worm derives its name. Tliis 
arrangement is also named, after its inventor, Htndley's 
screw. The acting surfaces of both the worm and the 
wheel are very peculiar ; but the arrangement may, neverthe- 
less, be vei-y easily constructed in practice. 

Just as m the ordinary tangent screw, we must first pre- 
pare a cutting screw. To obtain this, a tool whose cutting 
edges are formed in the shape of the proposed wheel tooth 
is ao clamped to a horizontal revolving plate of the size of 
the proposed wheel that the plane of its cutting edges passes 
through the axis of the worm. The plate and the worm 
blank being rotated at their proper relative velocities by 
means of some interposed mechanism, the distance between 
the two axes is gradually diminished until the permanent dis- 
tance is reached, during which operation the worm will be 
cut to the proper shape. By taking such a worm, notching 
Its edge to make a cutting tool of it, the wheel teeth can 
then be cut just as in the ordinary worm and wheel. 

Such teeth are in contact along a line in the meridian plane 
of the screw, but do not come in contact along the whole 
surface of a wheel tooth. 
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162. The entHeea screw falls under the case of two 
revolving pieeee whose axes are not parallel and do not 
meet. It communieates motion very smootlily, and is equiv- 
alent to a wheel of a single tooth, because one revolution 
passes one tooth of the wheel across the line of centres ; but, 
generally speaking, it can be employed only as a driver, 
on account of the great obliquity of its action, A worm 
may be multiple- threaded, just like any other form of screw, 
and, in that case, will pass as many wlieol teeth across the 
line of centres for every revolution of tlie worm as there ai-e 
separate threads on the latter. The practical process of 
cutting the teeth is, however, the same as before. 

163. Screw to produce Variable Motion In all 

the cases previously described, the screw has been supposed 
to have a uniform pitch, and hence to produce a uniform 
motion in the follower. But we may impart any motion 
whatever i the only condition being, that the pitch of the fol- 
lower must not deviate much from a straight line parallel to 
the axis of the screw. As the inclination of the spiral 
groove varies, the velocity of the follower changes ; a period 
of rest of the follower being obtained by making the iucliua- 
tion zero. A small intermittent motion may readily be 
obtained by making the groove in the shape of a simple ring, 
except at a certain portion, where it deviates the necessary 
amount. 

If It be required that the follower shall move back and 
forth while the screw revolves continually in the same direc- 
tion, the spiral must be cut in both directions ; in which case 
the follower cannot be a rack or nut or wheel, but must be 
a single pin or similar piece. On the cylinder of the screw 
are cut two complete spirals, one right-handed and the other 
left-handed. Joined tf^ether at their ends ; so that the two 
screws form one continuous path, winding around the cylinder 
from one end to the other and back again continuously. 
When the cylinder revolves, the piece which Ilea in this 
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groove, and is attached to the follower, will be carried back- 
wards and forwards ; and each total oscillatiou will corre- 
aponcl to as mauy revolutions of the cylinder aa there are 
convolutions in the compound screw. Aa tiie screw grooves 
necessarily cross each other, the piece that slides in them 
must be made long, so as to occupy a considerable length of 
the groove ; thus making it impossible for it to quit one screw 
for the other at the crossing places. Also, as the ineliDa- 
tiona of tlie two screws are in opposite directions, it is neces- 
sary to attach that piece to the follower by means of a pivot, 
so as to allow it to turn through a small arc as the inclina- 
tion changes. By vailing tlie inclination at different points, 
the velocity ratio may be varied at those points. 

104. Pin and Slotted Crank. — In Fig. IOC, let^ be 
the centre of rotation of an ann, AP, carrying at Its extrem- 




ity a pin, P, which slides freely in the slot in the piece BC. 
The latter lias ils centre of rotation at B. If the ai-m AP 
be revolved uniformly, it will impart a variable velocity to 
the arm BC 

Let Pa,, perpendicular to AP, represent the linear velocity 
of the pin in the circle MN. Draw an indefinite line per- 

(.'.oot^lc 
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pondicnlar to PB at P, and let fall on it the perpendicular 
ail i then will /% be the linear velocity of the point P of the 
arm BC at that instant. I^et a = angular velocity of the 
arm AP, and a = angular velocity of the arm BC. Also 
let the constant length AP be designated hy li, and the 
variable length BP by r. 
Then 

a = ~ a' = ^ 



Pb = Pa cos 



iJtPb = 1 



When APB = 0, that is, when both the arms lie in the 
line of centres DE, the limiting values of the velocity ratio 

will be obtained. "When P is at B, the velocity ratio — has 

its maximum value, — = -=- ---. The ratio becomes 

' r R - AB 

smaller as P leaves E and approaches £>. at which point 
— has its mmimuni value, — = — j^. 

So long as AB is less than R, we may by this means 
cause one arm to revolve with a variable velocity by means 
of another arm revolving uniformly. 

When AB exceeds B, the second arm merely swings on 
each side of the line of centres through an angle whose sine 

is —• When it is at the end of its outward awing, the 
AB 

angle APB = 90° and ~ = ^ X = 0; showing that for 

that instant no motion is imparted to the arm BC by the 
rotation of AP. 
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The necessary length of, slot when B lies within the circle 
MN is the diameter of the pin + BD — BE ; when B lies 
without MN, the necessary length of slot is the diameter of 
the pin + 2AP. 

165. Wliitwortb's Quick Return Sfotlon If in 

Fig. lOG we attach a connecting-rod to the end C of the 
arm BO, and compel the other end of the rod to move in a 
straight line perpendicular to AB at B, we will have a com- 
bination such as is represented by Fig. 107. The length of 
the stroke is evidently 2BC If the arm AP be revolved 
uniformly, the forward and back strokes of Q will be made in 
times proportional to the arcs adb and ad). We thus have a 
form of " quick return " motion. This has been applied in 
a modified foiTo, as shown in Fig. 108, to a shaping machine, 
by Sir J. Whitworth. 




In the figure, Z> is a plate spur wheel which turns about its 
centre A, upon the large fixed shaft. A pin, P, fixed in and 
projecting from the face of wheel D, corresponds to the 
point P in Fig. 107, so that AP is the arm which revolves 
uniformly. A pin, B, eccentric in the lai^e shaft, is the 
centre about which the arm of varying length turns ; BP cor- 
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rrsponiling to BP of Figs. 106 luirt 107. A crank piece, £, 
turns al>out B, and has a slot in one eud, in wLicIi P slides. 
To the opposite end of tliis piece the eonnecting-rod is 
attached. The end Q of the rod is attached to the aliding 
hciul wbicb carries the cutting tool. 




As D revolves, motion is given to Q by means of the pin 
P and the crank piece, and the varying distance of P from 
B exactly replaces the arm of varying length. The length 
of stroke is adjusted by altering the petition of C in that 
end of the crank piece, thus changing the length of the crank 
arm BC, but in no way affecting the ratio of the periods of 
advance and return. Thus, for example, if the arc a<^ (Fig* 
107) is one-third of the circumference, adb being two-thirds, 
the period of advance is to the period of return as 2 is to 1, 
without regard to the actual length of stroke, 

166. PlD and Slotted Sliding Bar — In Fig. 109, let 
tlie pin P be fixed at the extremity of the uniformly revolv- 
ing arm AP, as before. The piece B is free to move in the 
direction CD or DC only, and has in it a slot perpendicular 
to the line DC, in which the pin slides. Let Pa = V = 
linear velocity of the pin in the arc of the circle ; then v, 
equal to linear velocity of the piece B in the directiou AC, 
will be found, as in the last article, by dropping the perpen- 
dicular .ab on the line Pb, the latter being perpendicular to 
the line of the slot. 
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ilot is 2XP 4- diameter of pin. 
2AP. 

used in some varieties of pumps 

,ift witli the piston rod. 

fed Sliding Bar. — In Fig. 110 

■ a cam which, by ita nniform rota- 

-iimilar to tbat of Fig. 109, but with 

st. The cam consists of a triangular 

■ ti'f^ogle being tliree equal arcs, each 

^int "f intersection of the other two. 

.„ jjjjly about one of its <. 
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The follower is the slotted Itar S3, and the cam acts upon 
the two straight edges of the slot, the distance betveen 
which is equal to the radius of ciirred edges of the cam. 

Consequently the slot will be in contact with an angle and 
a side of the cam in every position, and the motion produced 
is as follows : Let the circle described by the outer edge of 
the cam be divided into six equal parts, as in the figure. 
Tracing the motion aa the angle m of the cam goes ixiund 
the circle in the direction of the numbers, it appears that no 
motion will be given to the bar while m is moving from 1 to 
2. While m travels from 2 to 3, the faoe Am drives the 
upper side of the slot with an increasing radius ; and hence 
the bar begins to move, and its velocity gradually increa^s. 
While m travels from 3 to 4 the action is similar to that of 
Fig. 109, and the motion of the bar will gradually l>e 
decreased until m reaches 4, when the bar will come to rest. 



^'t^ 




u./ 







As m moves from 4 to 5 the bar remains at rest ; from 
from 5 to 6 the bar begins to move with an increasing 
velocity ; from 6 to 1 the bar moves with a decreasing 
velocity, coming to rest as m reaches 1. 

168. In case the direction of motion of the follower 
intersects the axis of motion of the cam, the latter may !« 
made in the shape of a screw thread on a cone ; when the 
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follower's direction neither intersects Dor is parallel to tlie 
cam axia we may employ a screw thread oil a hyiMjrljoloitl 
of revolution, 

111 fact, almost any kirkd of motion may be obtained by 
means of a suitably shaped cam ; but the general piinciplea 
employed in the various eases above treated of apply equally 
well to any other s|>ecial cases. 

160. Oldliam's Coiiplint;. — In Fig. Ill is shown a 
method of communicating equal rotation by sliding contact 
between two axes whose directions are parallel. Aa and Bb 
are the axes, each of which is fui-nishe<l with a forked end, 
terminated by sockets bored in a direction to intersect the 
respective axes at right angles. The whole is so adjusted 
that all four sockets lie in one plane perpendicular to Ijoth 
axes. A cross with straight eylindi'ical aims is fittotl into the 
sockets in the manner shown in the figure, and its arms are 
of a diameter that allows them to slide freely in their respect- 
ive sockets. If one of the axes be raa<le to revolve, it will 
drive the other with the same angular velocity. 




J<Tg.lll 



For let the sketch at the right be a section through the 
cross perpendicular to the two axes Aa and Bb, and let the 
large circles be those described by their respective sockets. 
Then, if C be a socket of Aa, the arm of the cross which 
passes through it must meet the centre A ; and in like maa- 
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ner, if D be a socket of Bb, the arm DB must pass through 
the ceotre B. Also, if C move to C, the new position 
(dotted lines) of the cross will be found by drawing CA 
through A, and Blf jjerpendiciilar to it through B. And it 
is evident that tlie angle CAC = angle I/BD, hence the 
angular velocity is the same in both axes. In eveiy position 
of the cross we will have the triangle APB, in which the side 
AB is constant, and the angle APB opposite to it is always 
a right angle. Hence the locus of P must be the circle whose 
diameter is AB; i.e., the centre of the cross will travel 
around the small dotted circle whose diameter is the distance 
between the axes. Also every arm will slide through its 
socket and back again during each revolution through a space 
equal to twice the distance between the axes. 

In practice this an-angement is usually made in the shape 
of two discs, with a bar sliding in a, diametral slit in each ; 
the two bars being rigidly connected in the form of a cross. 

1 70. An Escapement is a combination in which a 
toothed wheel acts upon two distinct pieces or pallets attached 
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to a reciprocating frame, so that, when one tooth ceases to act 
on the first pallet, a different tooth shall begin to act on the 
second pallet. A simple example is shown in Fig. 13 2. 
The wheel A revolves continually in the direction of the 
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arrow. The frame has two pallets, d and e, and can only 
move in the direction of its length. In the position shown, 
the tooth a is just escaping from the tooth d, and b is just 
ready to come in contact with e, by which the frame will be 
driven to the left. The shapes of the teeth may be designed 
as usual for a wheel and rack, and the point of quitting con- 
tact is found by the intersection of the addendum line of 
the wlieel teeth with the describing circle of the pallets. 
The number of teeth on the wheel must evidently be odd. 

But the frame may be used as the driver, instead of the 
wheel, by moving it alternately in each direction. This will 
cause the wheel to revolve in the opposite direction to that in 
which it would itself produce the reciprocation of the frame. 
But, when the frame is the di-iver, there is always a short 
interval at the beginning of each stroke, during which no 
motion will be given to the wheel. 

171. Crown-wlieel Escapement. — The crown-wheel 
escaiwment is used for causing the vibixUion of one axis by 
means of the uoiform rotation of another. The latter carries 
a wheel consisting of a circular band, with large teeth, like 
those of a saw, on one edge. The vibrating axis, or verge, 
as it is often called, is located immediately above the crown 
wheel, and in a plane at right angles to the wheel axis, the 
latter being vertical. The verge carries two pallets, project- 
ing from it in directions at right angles, and a sufficient 
distance apart so that they may engage alternately with teeth 
on opposite sides of the wheel. By this alternate action a 
reciprocating motion is set up in the verge. The rapidity of 
this vibration depends largely ou the inertia of the verge, 
which may be adjusted by attaching a suitably weighted arm 
to the latter. 

This escapement, though but rartly used at the present 
day, is of interest as being the first contrivance used in a 
clock for measuring time. 

172. Anclior Escapement. — In Figs, 113 and lU are 
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shown two forms of this osc:ii>ement. In Fig. 113 the wheel 
has long, slender teeth, and turns in the direction of tlia 
arrow. The vibrating axis B caiTies a two-armed piece 
hai'iug iKiHets C and D at ita extremities, and resembling 
somewhat the form of an anchor, whence the name of tlie 
combination. When tlie tooth g presses against tlie pallet C, 
the normal at tlie point of contact passes on the same side 
of the centres A and B ; hence (Art. 30) the tooth will tend 




to tnm the pallet in the same direction as the wheel. BC 
will therefore turn upwards, and allow the tooth to escajje 
from the pallet. At this instant the tooth k will begin to 
act on tlie pallet D ; and, as tlie normal here (jasses between 
tlie centres A and B, BD will move in opposite direction 
to the wheel, and hence the tooth k will escape. 

The teeth in an anchor escapement are often replaced, by 
pins, in which case the form of the anchor may be so altered 
that the action shall take jilace entirely on one side of tlie 
line of centres, as shown in Fig. 114. The rapidity of vibra- 
tion is controlled by the inertia of a weight or iiendulum 
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attached to the vet^e. This very inertia, however, prevents 
ing the verge from being suddenly stopped and reversed in 
direction, causes a recoil action to be set up in the wheel, 
which materially diminishes the utility of this escaijcment; 
for it is evident that, as the verge cannot be stopixsd sud- 
denly, the wheel must of necessity give way and recoil at the 
first instant of each engagement between a tooth and its cor- 
responding pallet. The greater the inertia due to the load 
attached to the verge, the more slowly will the escapement 
work, and the greater will be the amount of recoil. 



r7^ 




B-iS-ll^ 



173. Method of connecting Aochor and Pendn- 
lum. — There is one uniform method of connecting the 
anchor and the pendulum, which can be seen in almost any 
clock. The pendulum, consisting often of a comiX)und 
metal rod with a heavy bob, is swung by a piece of flat steel 
spring, and vibrates in a vertical plane veiy near to that in 
which the anchor oscillates. To the centre of the anchor is 
atUched a light vertical i-od, having the end bent into a hori- 
zontal position, and terminating in a fork which embraces 
the pendulum rod. It follows that the anchor and the pen- 
dulum swing together, though each has a separate ix)int oC 
suspensioD. 
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174. Action of Escapement on Penduliim. — In 

Fig. 113, let the escape wheel tend to move in the direction 
of the arrow, so aa to prcaa its teeth slightly against the pal- 
lets of the anchor ; the pendulum being liuog from its point 
of auspeasion by a thin strip of steel, and vibrating with the 
anchor in the manner already stated. Let the arc abecd be 
taken to represent the arc of swing of the centre of the bob 
of the penduluDi. As the pendulum moves from d to b, the 
point ;; of the escape wheel resta upon the oblique lower sur- 
face of the pallet C, and presses the pendulum onward until 
the latter reaches 6, when the point of the tooth escapes at 
the end of the pallet. For an instant the escape wheel is 
free ; but a tooth is caught at once upon the opi>08ite side 
by the oblique upper surface of D, and the eacape wheel then 
presses t^ainst the pendulum, and tends to stop it, until 
finally the pendulum comea to rest at the point a, and com- 
mences the return swing. During the latter the pendulum 
ia similarly at first ui^e<l on, and then held back by the 
action of the escape wheel. 

This alternate action with and against the pendulum pre- 
vents the pendulum from being, as it should be, the exclusive 
regulator of the speed of revolution of the escape wheel ; for 
its own speed, instead of depending solely on its length, will 
also depend on the force ui^ing the esca|>e wheel round. 
Hence any vanation in the maintaining force will disturb the 
rate of the clock. 

176. Dead-beat Escapement. — This objectionable 
feature is obviated in Graham's dead-beat escapement, Fig. 
115. It is, however, most worthy of note that the change in 
construction which abolishes the defects due to the recoil, 
and gives the astronomer an almost perfect clock, separates 
the combination entirely from its original conception; viz., 
that of an apparatus for converting circular into reciprocating 
motion. The improvement consists in making the lower 
surface of the pallet C and the upper surface of the ijallet D 
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arcs of circles, whose centre is at B. The oblique surfaces 

qm, np, complete the pallets. As long as the tooth is resting 
on the upper surface of D, the pendulum is free to move, 
and the escape wheel is locked ; hence in the portion ba of 
the swing, and back again throiiirh ab, tbere is no action 
against the pendulum except the very minute friction which 
takes place between the tooth of tlie escape wheel and the 
surface of the pallet. Through the space be the point of 
the escape wheel tooth- ia pressing against the oblique edge 
np, and is ui^ing the pendulum forward. 




Then at c this tooth escapes, and the tooth upon the oppo- 
site side falls upon the lower surface of C, and the escape 
wheel is locked ; from c to d, and back again from d to c, 
there is the same friction which acted through 6a and ab. 
From to 6 the point of a tooth presses upon gm, and urges 
the pendulum onward ; at b this tooth escapes, another one 
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comes into contact, and bo on. It follows that there is no 
recoil, and the only action against the pendulum is the very 
minute friction between the teeth and the pallets. The term 
"dead-beat" has been applied because the seconds baud, 
which ia fitted to the escape wheel, stops so completely when 
the tooth falls on the circular portion of the pallet. There 
is none of that recoil or subsequent trembling which occars 
in the other escapements. 
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CHAPTER X. 

COMMUNICATION OF MOTION BY MNKWOEK. 

TEtOCmr RATIO AND DIEECTIONAL EELATION CONSTANT OR 

YAKTING. 

Cltusyicaticn. — JXecusBlon (jf Various Classes. — Quick Betum 
Motion. — Eooke'a CoupUag. — IJitermttterU Linkvtork. — Ratchet 
Wheels. 

170. As has been shown by the geaeral definitioQ (Art. 
22), linkwork derives its name from the rigid connecting 
piece or link. This connecting piece is known by various 
names under different circumstances, such as connecting-rod, 
coupling rod, aide rod, eccentria rod, etc. The arms are 
known as cnranks when they perform complete revolutions ; 
and as beams, crank arms, rodter arms, or levers, when they 
oscillate. 

177. Classification of Linkwork. — Linkwork is used, 

I. To transform circular motion into rectilinear reciproca- 
tion, or the reverse. 

II. To transform continuous rotation into rotative recipro- 
cation, or the reverse. 

III. To transmit continuous rotation. 

Examples of the first class are seen in slotting and shap- 
ing machines, power pumps, and in the usual forms of the 
. steam engine ; of the second class, in steam engine valve 
motions, where a rocker shaft is employed ; and of the third 
class, in locomotive side rods. 
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178. In Fig. IIG, let AP be a crank revolving about the 
fired centre A, and connected by a link PQ to a point Q, 
travelling in a straight line EL whose direction passes 
through the centre A. Let AP = R, and PQ = I. The 
length of the path of Q is evidently equal to 2i2. When P 




is at C or Z>, the points A, P, Q, will be in one straight line. 
The points C and D are called dead points; since when P is 
at either of them, the revolution of AP wUl cause no motion 
whatever to be transmitted to the point Q, for that instant. 
When PQ overlaps AP, as when P is at B, we shall term 
the point D the inward dead point ; and when Q lies at the 
other extremity of its stroke, so that P ia at 0, we shall 
term the point C the outward dead point. In Fig. 116, let 
fall from P the line PE perpendicular to AQ. Then the 
distance of Q from ^ is at any instant, AQ 3= QE -i-AE 
= VP — -fi^sin'tf + flcosfl, the last term of which will be 
essentially negative when lies between 90° and 270°. 

If PQ were of infinite length, the motion of Q would be 
equal to that of the point E ; bnt as PQ is of finite length 
(usually from four to eight times AP), Q is drawn toward A 
through the distance PQ — EQ = / — )/P — IpB'ia'$. So 
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that when AP has moved to its mid-position Aj> or Ap' (or, 
as it is frequently expressed, AP is on the half-centre), Q 
will have passed its mid-poaition M by the distance <iM = 
AM -Aq = I- y/P - Ji^. Also when Q ia e.t M, P will 
be at some point S or S' (Fig. 117), intermediate between 




C and p or p'. These points may be readily determined, for 
in this case AQ = I; hence AQS and AQS' are equal isos- 
celes triangles, and cos = —r = — . The velocity ratio 

of P and Q varies for each instant, but may be determined 
at any time by means of the instantaneous centre (Art. 25) 
or by resolving the velocities, as in Fig. 118. 



/ 



Let V be the linear velocity of P, and v that of Q. 
Resolve these along and perpendicular to the link PQ ; then, 
as shown in Art. 24, the components along the link must 
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be equal ; that is, 

F cos aPc = i; cos bQf. (1) 

Draw AN perpendicular to AQ, and intersecting the link 
(product'd) at N; draw Ad perpendicular to PQ. Then 
angle a i'c = angle PAd; and angle i^= angle NAd. 
Hence 

Ad 
^AF' 



C08 ttPc = COB PAd = ^ (2) 



cos IQf^ cos NAd = ^. (3) 

AN 



Subatitutiog these values in equation (1), we get 
, Ad 



(4) 



(5) 



V ^ AN^ AN 
V AP R' 

a. variable quantity. It is evident from this expression that 
when AN = E, the velocities of P and Q are the same. This 
will occur when AP is perpendicular to AQ, as at Ap, Ap' 
(Fig. 116), in which case AP coincidea with AN; and it 
will also occur when AP occupies such a position that the 
triangle APN is isosceles. To determine the angle 6 which 
will give this position of AP, we have, from similar triangles, 
AN:PE::AQ:EQ. 



EQ \ \/P -S'sia^e 

.From this equation we deduce 



179. The distance through which the point Q is drawn 
toward A by reason of the finite length of the link (Art. 
178) iacieases rapidly as the link becomes shorter. If we 
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make the link of the same length as the crank arm, a» in Fig, 
ll9, the point K (Fig. 116) coincides with A, and the path 




of <2 is AL = 2S, as before. But Q is drawn toward AP 
so rapidly on account of the angularity of PQ, that when 




AP is perpendicular to AL, Q coincides with A and has 
completed its stroke. If we produce QP to V, making 
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PV = PQ = AP (Fig. 120), it is evident that as AF 
revolves as indicated by tlie arrow, Q will move from L to 
A, and V will move from ^ to W. If now we continue the 
motion of AP, Q will be driven past A to M, and V will 
return to A. Thus, the revolution of AP will cause Q to 
move over the path LM, and V over the patli WX. By this - 
means, the arm AP can be made to move the two ends of a 
linlc of twice its length through paths at right angles, and 
each equal in length to iAP. 

180. We have thus far considered the end of the link, Q, 
to travel in a path of which the direction paaaes throngh the 
axis A, but this path may be a straight lise wt passing 




through A, as in Fig. 121. In this figure, let AP be a crank 
revolving about the centre A and connected by the link PQ 
to the point Q travelling in the straight line KL. An arc of 
a circle struck about centre A, with radius I — R, will cut 
the line KZ at K, the end of the stroke ; and the inward 
dead point D will lie in the straight line KAD. Similarly, 
the other end of the stroke, £, and the outward dead point 
C, may be found by striking an arc about centre A, with 
radius AL = I -\- R. 

The position of the point Q corresponding to any given 
position of AP may be thus determined ; — 
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Let the perpendicular iliatance between A and the line KL 
be AM = e, and let the angle PAM = 6. Then 

MQ = MS + SQ, jtfS=flflinfl; 



SQ = y/P - iV = \/P -{e ± iJcoatf)". 
Hence we have 

MQ = BsmO + y/P- {e ± Scoa$y. 
Also 



This angle increases as AM is increased, and as the ratio - 



ML = V'(; + ay - e\ 

From these expressions, the distances QL and QK can be 
determined. 

181. By comparing Figs. 116 and 121, it will be seen, 
that, in the former, the outward and inward deail points, C 
and D, lie in one straight line ; while in the latter, they 
depart from a straight line by the angle DAV = KAL. 

is increased. The practical result is, that, supposing AP to 
revolve uniformly in the direction of the arrow, the point Q 
will move over its path from L to K in less time than from 
K to X, the times being proportional t« tlie arcs DGC and 
DFG. 

183. Eccentric. — A particular form of this class of 
link motions is the eccentric, shown in Fig. 122. A circular 
disc called the eccentric, or the eccentric sheave, has its centre 
at the point P, and is made sufficiently lai^e to embrace the 
shaft at A, to which it is fastened. The eccentric is enclosed 
by a strap or band, FG, in which it revolves. This strap is 
rigidly connected to the rod or bar HN, by which motion 
is transmittetl to the point Q. It will l>e seen, that, as the 
eccentric turns about A and slides within the strap, it will 
communicate exactly the same motion to the point Q as 
would be given by a crank arm AP and link PQ. lu fact, 



.CoQt^lc 



200 ELEMENTAET MECHANISM. 

it is used as a substitute for small cranks on account of 
the practical difficulties in the formation of the latter. The 
travel of the point Q will, as in Fig. 116, be equal to 2AJ\ 




The tei-m, throw of an eccentric, is given, by various 
authorities, either to the arm AP, or to twice that distance ; 
aud bence the meaning of the term is often ambiguous. 



183. In Fig. 123, L't AP auA BQ be arms turning about 

the fixed centres A aud Ji resijectively, and connected l»y the 
link PQ. If AP l>e rotated about A, it will compel BQ to 
oscillate between the positions Be and Be, or Bcf and Be*, 
according as the arm BQ has been previously placed above 
or below tbe centre B, 

Let AP z= li, BQ = r. 
PQ = I, AB = d. 

To find the dead points : About j1 as a centi'e describe 
circular arcs witli radii ( + Jt and I — R. They will cut tlie 
circle about centre B, radius r, in the points c, /, and e, e*, 
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respectively. These give the outward and inwanl dead 
points for R, and hence the limits of the oscillation of r. 
Drawing the pieces in tliese extreme positions, it will be seen 
that we olitain a series of triangles, of .which the base is 
always the line of centres A£{= d), and of which the other 
two sides are r, and I + R or I — E. We will tei-m these 




Fig-iaa 



dead-point triangles. As long as we can construct such tri- 
angles with a sensible altitude, it is clear tliat there can be 
no dead points for r, and hence the rotation of R will cause 
r to oscillate. But if with any assumed values of R, ?, and 
r, the triangle will reduce to a straight line, r will have dead 
points, and wc can uo longer control the direction of its 
motion by the single combination shown. Thus, in order 
that the rotation of an ai-m R may produce oscillation of an 
arm r, we must have r greater than R, aud also 

d + r>l + B. 

d - r<l - R. 



These conditions are fulfilled by the i)roi)ortious employed 
in Fig. 123. 
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184. Fig3. 134, 125. and 126 are insertecl to show the 
effects of sborteniDg the distance between centres, retaining 
tbe same lengths of B, I, and r, as in Fig. 133. 




In Fig. 124, d = I + r — Jt, and we have an ontward 
dead point for r, simultaneously with an inward dead point 
for R. In Fig. 125, d = I + ii — r, and we have an in- 
ward dead point for r, simultaneously with an outward dead 



d^I+R-r 




point for R. These two arrangements are therefore faulty ; 
since when )■ is at a dead point, we cannot control the dii'ec- 
tion of its motion, as it is free to move either up or down 
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from that point. In Fig. 126, d is made stitl shorter, and it 
will be seen that r lias dead pointa, & and G\ when £ is at 
Ag or Ag" respectively. Hence B cannot perform complete 
revolutions and drive r. 




Fi, T-se 



As R moves in either direction over the arc gEE"^, r may 
move in either direction over the path G'e'G'G or GeGff. 

185. Problem. — Given (Fig. 127) the distance AB 
between two fixed centres A and B, to find the lengths of 




arms and links which will cause the following arm BQ to 
oscillate between the positions BQ and B^ when the driving 
arm AP makes continuous rotations. Assume any convenient 
length for the arm BQ, and strike an arc with that length as 

L)piz..j.,Googlc 



204 ELEMENTARY MECHANISM. 

a radius about B, thus fixing the points Q and Q", With A 
as a centre, draw t!ie circular area Qq and ^q'. Then we 
will have AQ = Aq = I - R; and A^ = Aq' = I + R; 
■'■ V^ = 2fl. Bisect 59' at a, then nq or ag^ is the length of 
the arm AP to fulfil tlie conditions, and Aa is the length 
of the link PQ = I. If these results do uot give convenient 
lengths for R and I, a longer or a shorter length should be 
taken for JiQ. 

186. The velocity ratio in this class of linkwork is to be 
determined, as in Arts. 24 and 25, by the ratio of the perpen- 
diculars let fall from the fixed centre u|x>u the line of the 
link. When there are dead points, one or both of "the per- 
pendiculars disapi>ear at the instant of passing these points ; 
and this is just as it should be, for no nio^on is transmitted 
at that instant. 

When the shorter and rotating aiin is the driver, its dead 
points occur, as shown in the figure, at the ends of the oscil- 
lations of the following arm, and this arrangement will work 
satisfactorily when the conditions of Art, 184 are complied 
with. In case the oscillating arm drive, however, the dead 
points of the follower must be overcome by the momentum 
of the rotating pieces, increased if necessary by the addition 
of a fly- wheel. 

Class III. 
Tranamtsaion of Continuous Rotalion. 

187. Drag Link. — In Figs. 128 and 129, let ^P, BQ, 
be two arms turning about fixed centres A and B, and con- 
nected by the link PQ, as before. In order that the continu- 
ous rotation of one may produce a continuous rotation of the 
other, it is newssaiy that there shall be no (kiid jwints. If 
the link PQ (= I) is made equal to Cc, it is evident that we 
wilt have an outward dead point of S at C with an inwanl 
dead point of r at 0. Or, if ( = Ce, we will have aimultaue-- 
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ous inward dead poiots at C and e. Therefore, in order tliat 
there may be no dead poiots, we must make I > Gc and < Ce ; 




that is to say, l>r—R + d, and l<r + R - 
of the arma R and r mast be greater than d. 




In this arrangement, the arms may be equal or not ; bnt io 

either case the velocity ratio, being proportional to tJie per- 
pendiculars from the centres on the link, is constantly vary- 
ing. The arrangement is tei-med a drag link. As frequently 
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construct«(I, the arms are of the same length, and the centres 
A and B coincide. 

ISS. Continuous rotation may be transmitted bj making 
the anns B and r of Fig. 123 equal, and also I = AB. This 




will give us the arrangement shown in Fig. 130, The arms 
have simultaneous dead points when lying in the direction of 
the line of centres. Hence if R performs complete revolu- 
tions, r may continue to rotate in the same direction, with a 
constant velocity ratio, or it may move from the dead point in 
the opposite direction, with a varying velocity ratio; so that 
for a given position, AP, of ij, r may occupy the position 
BQ or Bq. To insure continuous rotation, then, by this 
arrangement, it is necessary to provide some means of com- 
pelling r to continue its motion past the dead points. This 
may be accomplished by one of the following arrangements, 

189, We may connect the axes by other and similar sys- 
tems, as shown in Figs. 131 and 132. 

"When two systems of arms and links are employed, as in 
Fig. 131, they are generally placed with the arms at right 
angles. 

When three are used, as in Fig. 132, the arms are placed 
at angles of 120°. 

190. Another method consists in the use of a third rotat- 
ing arm, connected to the same link, and so placed that the 
driving arm may lie between the following and the auxiliary 
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arms. This Aim must be eqa&l in length to the other two, 
lod must lie parallel to Uiem in all positions. All three 
arms ma; be located on tbe same line of centres, as in Fig. 




133 ; or the driving arm may be to one side of the line of 
centres of tbe other two, as in Fig. 134. In the latter case 




VT moat be part of or be rigidly connected with PQ, so 
that the points P, F, Q will be tbe vertices of a rigid tri- 
angle. 

191. Boelim's Conpling'. — Another method, known as 
Boehm's link coupling, is shown in Fig. 135. Two discs 
placed in parallel planes are fixed to parallel sliafts, and con- 
nected by two or more links which make an angle witli tbe 
planes of the discs. The distance between the planes of the 
discs must be sufficient to enable the links to pass each other. 
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as shown. The velocity ratio io these three arrangemeDts U 

coustAut. 




Various Applications of Linkwork. 
192, Bell-Cranks. — A form of linkwork known as 
bell-eranks is largely used to change the direction of motion. 
In Fig. 136 let ab be the direction of a reciprocating motion 
which it is desired to change to the direction cd. In the 
angle bTd formed by these directions assume any convenient 
point A ; and from A draw perpendiculars AB and AC on 
a& and cd respectively. If we construct a rigid piece BAC, 
centred at A, we can by means of it produce the change in 
direction desired. This piece is termed a bell-crank, and 
such pieces ara largely used in bell-banging, in the mechan- 
ism of organs, etc. As the angular motion of the arms is 
small, their lengths are sensibly equal to the perpendiculars 
from A upon the lines of action, and hence the velocity ratio 
is sensibly constant. 
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It is clear that we may place the centre A in any one of 
the four angles about T made by the lines of action. If 
placed in the angle bTd or aTc, the direction of motion will 
be as indicated by the arrows ; but if we place it in the angles 
aJU or bTc, tbe direction of motion along ab being still as 
indicated by the arrow, that along cd will be reversed. 




193. In order that the deviation of the pointa B and O 
from tbe lines of action shall be a minimum, and take place 
on both sides of the line of action instead of wholly on one 
aide, the length of the arm AB should be equal to the per- 
pendicular distance AB plus one-half the versed sine of the 
angle through which the arm swings on each side of its mid- 
positiou. Thia is true in all similar cases, and is illustrated 
by the following example : In a beam engine having a piston 
stroke of six feet, let the distance between the centres A of 
the beam gudgeons, and the centre line BP of the cylinder 
be eight feet. Required, the best length for the beam ann. 
In Fig. 137 let AB = distance l>etween centres =« 8'. Now 
B is to bisect tlie length CD, which is the sum of the devia- 
tions of the point E on both sides of BP; hence BC b 3D. 
EC must equal the half stroke, or 3'. 
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In the right triangle ECA, we have 

eX = El^ +CJl= Aff 

or (8 + SCO* = 9 + (8 — BCy. Solving this equation 
for BC, we find £C - A' == ^" ~ 3|". 



Therefore the length of the beam arm AE should be 8' 3f ", 
in order that the connection E may deviate the smallest 
amount from the line of centres BP. 

194. To Multiply Oscillations by Unkwork. — In 

Fig, 138, let AP be an arm rotating about A, and connected 
by a link PC to an arm BC oscillating about B. For one 
revolution of AP, BC will move from the position BC to Be 
and back again to BC. Now connect (7 by a link GE to an 
aim DE oscillating about J>. Let AP turn from P%op, and 
move BC from C to c, then DE will be moved from E to E' 
and back again to E. Therefore during a complete revolu- 
tion of AP, DE will perform two complete cycles of motion ; 
going from ^ to E* and back i^ain to E during each half 
revolution of AP. If we connect DE to another oscillating 
arm KlI in a similar manner, KH will perform two complete 
cycles for one of DE, and hence four complete cycles for one 
revolution of AP, 
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The leDgtli of the arc of oscillatiou of each arm depends 
on the IcDgtIi of the precediog arm, and on the versed sine 
of the angle througli which the latter swings on each aide of 
its mid- position. 




195. To Produce a Bapidly Varying Velocity from 
Uniform Sfotiou. — In Fig. 139 let AP be an arm oscU- 
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lating with uniform velocity abont A^ and connected by a 
link PQ to an arm oscillating about a centre B, placed so 
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that when P is at a dead point, BQ may be perpendicular to 
PQ. Starting from tlie dead point P, the uniform motion 
of AP produces very little motion of BQ at first, but as P 
moves over the equal ares i^, pp', etc., Q will move througli 
area rapidly increasing in length, such aa Qq, q<^ , etc. That 
is, the uniform velocity of P produces a rapidly accelerated 
velocity of Q. When P moves in the other direction, from 
^"' toward P, the velocity of Q will be rapidly retarded. 

190. Slow Advance and Quick fteturn l>y Lfnk- 
'work. ' — In Fig. 140, let AP be a rotating arm, from whose 




IIMg.l-4rO 



uniform motion we wish to derive the motion of ft second 
arm, such that its period of advance shall be equal, say, to 
twice its period of return. On a circle about A^ lay off the 
arc PCp = one-thiid of the circumference; i.e., angle 
PAp = 1 20 degrees ; then AP and Ap must be the posi- 
tions of the driving arm when the following arm is at the 
ends of its stroke, and the driver is at its dead points. 

On PA and Ap produced, lay off PQ = pq = proposed 
length of link. Tlieu Qq must be the chord of the arc of 
oscillation of SQ, and the centre B must lie in the i>erpen- 
dicular bisecting this chord. BQ may be of any length to 
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give the angle of osciUatiou QBq deeired, consistent with the 
deductions of Art. 184. 

197. Uotdie's ConpUng br ITniTersal J<rint is a cod- 
trivance, belonging to the general class of linkwork, for 
connecting shafts whose axes intersect. 

In Fig. 14], A and B are the two shafts having semi- 
ckcolar jaws at their ends. The connecting and rigid cross 




QPpq is formed with its four arms at right angles and in the 
same plane. The centre of the cross is at 0, the intersec- 
tion of the axes. All four aims are of the same length, and 
turn in bearings at P, p, Q, and q. Let the shaft A l)e the 
driver, then the ends of the arms, P and p, move in a circle 
whose plane is perpendicular to the axis of A ; and the ends, 
Q and q, move in a circle whose plane is perpendicular to 
the axis of B. We will term these arms the driving and fol- 
lowing arms respectively. The planes of the circles evidently 
intersect in aline through 0, perpendicular to the plane of 
the axes, and the angle between tiie planes is equal to the 
angle between the axes = 0. 

108. Let a plane through 0, and perpendicular to Uie 
driving axis, be taken as the plane of projection. Then, 
Fig, 142, the circle described with radius OP = Op about O 
as a centre, will represent the path of the points P and p. 
Let the plane of the axes A and B be perpendicular to the 
paper, intersecting it in OE. Then COD, perpeodieular to 
OH, will be the intersection of the planes of rotation of the 
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driving and following arms. Draw the radius OF, making 
the angle EOF = ^ = the acute angle between the axes ; 
and from F draw a line parallel to COD, and intersecting 
OE it K. Then 



OK _ 

OF ~ 



OK _ 

OE ~ 



COS fi 



and an ellipse conatructed with CD as its major and OK as 
its semi-minor asis will represent the projection, on a plane 
perpeodiculai' to the driving axis, of the path of the following 
arms. 




xts.i^.s 



Suppose a driving arm to move from the position OC to 
OP through the angle COP = 0. Then a line OQ drawn 
perpendicular to OP will be the projection of a following 
arm which has moved from OK, while OP moved through 
the angle COP = EOQ = 6. OQ is perpendicular to OP, 
since the latter lies in the plane of projection ; and hence the 
angle POQ is shown in its true size. The point Q has moved 
through the actual vertical distance Qn, although the actual 
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path of Q is a circle of radius equal to OE. Therefore, if 
throii»b Q we draw a line parallel to OE, and connect OR, 
tiwa EOIt will be the actual angle through which the follow- 
ing arm has moved, while the driving axm has moved through 
COP = EOQ = 0. Let angle EOR = <{,. 

. OK ,. 





mR ^nQ _ On _SQ 
Om On Om SR 


Hence 




(1) 


taD^ = tantfcofl^. 



To obtain the velocity ratio, we must differentiate this ex- 
pression, whence 



Kliminating 4> ^od B In turn from Equation (2) by means of 
Equation (1), we get 



(8) 



(*) 



1 — slu'^sin^jS 

_ 1 — cos' -^ sin' 
cosj3 



Starting with a driving arm at OC and a following arm at 
OK, we meanure the angles and ^ from these positions re- 
spectively. 

199. The e^ipressioDS (3) and (4) will have minimum 

values when sin ^ = 0, and cos <^ = 1 ; in that case — = cos /?, 

and and ^ both — 0, ir, 2 tt, etc. That is, the minimum 
values of the velocity ratio occur when a driving arm is at 
OC or OD, and the following arm is at OK or KO produced. 
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Maximum values occur when sin tf = 1 ; oos ^ = 0. In 

thi3 case - = , and 6 and <A both = -, — , etc. That 

a C09^ 2 2 

is, the velocity ratio has its maximum value when the driving 

arm is at OE or EO produced, and the following arm ia at 

OD or OC. 

Hence we see that during each revolution there are two 

maximum and two minimum values of the velocity ratio, and 

that it varies between the values and cos p. 

Between the maximum and minimum points them are four 

points where the ratio is unity. 

Tlie variation in the velocity ratio increases as tlie angle 
between the axes increases, and this fact must, in general, 
govern the employment of this joint. If the variation due 
to the angle between the shafts is not too great for the case 
under consideration, it may be employed ; otherwise some 
other mode of connection must be used. 

200. Double Hooke's Joint. — The variation in the 
velocity ratio may be entirely eliminated by the use of two 
Hooke's joints, arranged as in Fig. 143. 



If we construct the connecting piece with the forks at its 
ends in the same pbrne, and place it so that it makes the 
same angle ((3) with both shafts A and B, the variation at 
one end of the connecting piece will be counterbalanced by 
the variation at its other end ; and thus a uniform motion 
may be transmitted from A to B. For, in Fig. 143, let the 
pUae of the axes be the plane of the pap^r, then considering 
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A OS the driver, the velocity ratio between A and ab is at its 
maximum; i.e., 

€- = _1_ 

a C09j8* 

Also, consideriag ah as the driver, the velocity ratio between 
tA and S is at its minimuro ; i.e., 



Multiplying these two equations ti^ether, we get 



It will be clear npon examioation that the variations thus 
balance each other thi'oughout the revolution, so that — is 

always unity ; in other words, the velocities of the two prin- 
cipal axes are always equal. If the cvoas ends of ai> are in 
planes perpendicular to each other, the variations, instead of 
neutralizing each other, will evidently act together, and make 
the total variation in velocity of tlie two principal axes 
greater than if one joint only were employed. 

Intermittent Link work. 

201. Click and Ratchet. — An example of intermittent 
linkworlc is the didc and rateJiet-wheel, a simple form of which 
is shown in Fig. 144. An arm AB oscillating about A has 
jointed to it at 5 a du^ or catch BC. Turning about Z> is a 
ratchet-wheel Oc, having teeth generally of the shape shown. 
When the arm AB moves as indicated by the arrow, the end 
of the dick presses gainst the stnught side of a toott). 
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and thus movea the wheel. Centred at the fxed point h is 
a pawl or detejit, be, which either rests on the teeth by its 
weight, or ie pressed against them hy a spring. Tbia serves, 
as shown, to hold the wheel, and prevent its tiackward motion 
during the back stroke of AB, but offers little or no resist- 
ance during the forward motion of AB. The pawl and tooth 
act upon each other by alidiag contact ; and the direction of 
the line of action, or of the pressure between them, is a nor- 
mal to the straight face o( the tooth and end of the pawl. 




Let eg be this Donnal, and let fail upon it the perpendicnbrs 
bg and Dc. Then, if the wheel tend to turn backwards, that 
is, in the direction eg, the pawl will tend to turn about b in 
the same direction, eg, or towards the wheel. That is, the 
tendency is to force the pawl and the tooth into closer con- 
tact, which is as it should he. But if the shape of the face 
of tooth and pawl is such that the normal occupies some 
position beyond b, as c/t, the tendency is to turn the pawl 
outward, or to cause it to slide off tlie tooth. Hence, with 
a straight pawl or click, as shown in this figure, the normal 
to the face of the tooth should pass between the centres 
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of the wheel and of the pawl. And, by aimilar reasoning, 
in the caaes in which we have a. hooked pawl, as in Fig. 148, 
the Donual abould pasa outside of or beyond the centre of 
motioQ of the pawl. 

202. Beversible Click. — In feed motions, snch as 
those of ahapers and planers, it is frequently desirable to 
employ a click and ratchet-wheel which will drive in either 
direction. An aiTaugemcnt aimilar to that shown in Fig. 145 




is then used. In the position shown, the wheel is being 
driven in the direction of the arrow. The teeth, as well as 
the click, are made alike on both sides ; so that when tlie 
click is thrown over on the other side of the arm AB, as 
shown in dotted lines, the wheel will be driven in the contrai7 
direction. 

203. It is usually more convenient to have the driving 
arm and the wheel concentric, as in Fig. 145, rather than as 
in Fig. 144. It is clear, that, in this case, to have an effec- 
tive arrangement, the driving arm should move through such 
Ein angle that the end of the click shall travel throi^h an arc 



u.a.i.z.d:,.G00glc 



MOTION BY LINKWOEK. 221 

slightly greater than Bome multiple of the pitch arc ; the 
excess being simply to insure that the click shall clear 
the correct number of teeth on its return stroke, and have 
the smallest possible amount of lost motion. Thus, if the 
click and arm dfive the wheel ahead two teeth at each for- 
ward stroke, the arc of motion of the click should be a trifle 
over twice the pitch arc, to insure the same amount of motion 
by each forward stroke, 

204. Silent Click. — This contrivance (Fig. 146) avoids 
the clicking noise and the consequent wear of a common 
click, BC is tbe click, which, in this figure, is made to jjus/i 
the teeth. 




It is carried by one arm, AB, of a bell-crank lever, which 
has the same centre of motion. A, as the ratchet-wheel. The 
other arm of tlie lever has two studs, E and E'. Between 
these pins ia the driving arm AF, also centred at A, and con- 
nected by a link GH to the click. Tbe motion of this arm 
in the direction of the arrow drives the wheel in the same 
direction. When the motion of the arm is reversed, it at 
first moves back against E' before it can move the bell-crank 
tever ; and, during this motion, the link QII lifts the click 
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cleor of tbe teeth. Then, by pressing against the pin S', it 
moves the bell-cranlc back to the position shown in dotted 
lines. The driving arm then moves ahead again against the 
pin E, pulling the click into gear with the teeth, aa shown ; 
and then, by means of tbe pin E, drives the wheel aliead, as 
before- 

205. I>ouble-actliiir Click This arrangement, shown 

in Figs. 147 and 148, may be uaed when it is desired to drive 
the wheel ahead during both strokes of the driving arm. 




To aceompliBb this result, the driving arm in Fig, 147 car- 
ries two puslung clicks ; and that in Fig. 148, two pulling 
clicks. The former is the stronger arrangement, and is 
therefore used wherever great strength is required, as in 
ships' windlasses. The centre G being located, the arms 
6K&nd QH &n made equal, and so placed that in their mid- 
positions they will be perpendicular to tiie lines of action of 
t^ respective clicks. With these arrangements, two or more 



;,. Google 



MOTION BY LINKWOEK. 223 

detente or pawls are used, so placed that they will prevent 
the ratchet-wheel from turniag back more than one-third or 
one-half the pitch. 




206. Prictional Catcb. — This contrivance is a sort of 
intermittent linkwork, founded on the dynamical principle, 
that two surfaces will not slide on each other so long as the 
angle which the direction of the preasure between them 
makes with their common normal at the point of contact is 
Ics8 than a certain angle, called the angle of repose. This 
angle depends on the material of which the surfaces are com- 
posed, their condition as to smoothness, and on tlie lubrica- 
tion employed. For metallic surfaces, moderately smooth, not 
lubricated, the sine of this angle is somewhat greater than 
one-seventh. In Fig. 149, the shaft aud rim of the wheel 
to be acted ujxtn are shown in section. AIC is the catch 
arm, having a rocking motion about the axis A of the wheel ; 
the link by which it is driven is supposed to be Jointed to 
it at K. K'K" represents the stroke, or are of motion, of 
the point K; so that K'AK" is the angular stroke of the 
catch arm. Zi is a socket, capable of sliding up and down 
on the catch arm to a small extent ; a shoulder for limiting 
the extent of that sliding is shown by dotted lines. The 
socket and the part of the arm on which It slides should be 
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square, and not round, to prevent the socket from turning. 
From the side of tlie socket there projects a piu at D, from 
whicli the catch DGH hangs. M \a a spring pressing 
gainst the forward side of the catch. Q and H are two 




studs OD the catch, wliicb gri[) and carry forward the rim 
BBCC of the wheel during the forward stroke, by means of 
friction, but let it go during tlie return stroke. 

A similar frictional catch, not shown, hanging from a 
socket ou a fixed instead of a movable aim, serves for a 
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detent, to hold the wheel still during the return stroke of tiie 
movable arm. 

207. The following is the graphic construction for deter- 
mining the proper position of the studs O taiAH: — Multiply 
the radii of the outer and inner surfaces, BB and CC, of the 
rim of the wheel, by a coefficient a little less than the sine of 
the angle of repose, — say one-seventh, — aud with the lengths 
so found, as radii, describe two circular arcs about A ; tlie 
greater (marked E) lying in the direction of forward motion, 
and the less (marked F) in the contrary direction. From D, 
the centre of the pin, draw DE and DF tangent to these 
ares. Then G, where DE cuts BB, and H, where DF cuts 
CO, will be the proper positions for the points of contact of 
the two studs with the rim of the wheel. 

The atiffuess of the spring ought to be sufHcient to bring 
the catch quickly into the holding position at the end of each 
return stroke. 

The length of stroke of a frictional catch is arbitrary, and 
need not be 'an aliquot part of the circumference of the 
wheel, as is the case with the click motions desci-ibod. 

20S. Another form of frictional catch is shown in Fig. 
150. 




1 arm AB, centred at C, rides on a saddle which slides 
tie rim Jf^ of the wheel. A piece EE is attached to 
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one end of the arm, aod admits of being pressed firmly 
agaioBt the inside of the rim NN. When the end B is moved 
as iDdicated, the rim NN will be firmly grasped or nipped 
between the saddle and the piece EE, and will be forced to 
move to the right. When B is poshed back, a stop prevents 
BCA from tuniiug more than, is sufficient to loosen the hold 
of EE, and the saddle slides freely on the rim. A. screw F 
may be employed to bring up a stop H towards the arm 
ACB, and so to prevent the arm from twisting into the posi- 
tion which gives rise to the grip of EE. No motion will 
then be imparted to the wheel, a result which is obtained in 
any ordinary tatcbet-wheel by throwing the elicit off the 
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CHAPTER XI. 



COMMUNICATION OF MOTION BT WRAPPING COSNECTOE9. 
VELOCITT RATIO CONSTANT. 

'. BBI^TION CONSTANT. 



Formt of Conneetora and Pulleys. -• Quliie PuUeys. — Tieitled BetU. 
Length of BeUt. 

209. It follows from Art. 27, that when the direction of 
the wrapping connector of two curves revolving iu the same 





XHS.1S1 



SHgiiSB 



plane cuts the line of centres in a flared point, the velocity 
ratio mugt be constant. The only curves used iu practice 
are circles, the surfaces being snrfaces of revolution rotating 
about fixed axes. In order that the motion may be contiou- 
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ous, the enda of the wrapping coonector are fastened to- 
gether, forming an ecdleas band wbich embraces a portion 
of the circumference of each wheel, ov pvXky as it is usually 
termed. 

Where a direct or open band is used, aa in Fig. 151, the 
direction of rotation of driver and follower is the same ; but 
when the band is crossed, as in Fig. 152, the rotations take 
place in opiKisite directions. 

210. Forms of Connectors and Pulleys. — Various 
matei-ials are in use for wrapping connectors, the material 
depending to a ceitain extent npon the character and location 
of the machinery. The form of the pulleys depends largely 
upon the material of the connector. For very light machinery, 
such as sewing machines, the bands are usually round, and 
are made of leather, catgut, or woven cord. The pulleys 
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used with such bauds are grooved as illustrated by Fig. 153, 
tlie band running in this groove. For other machinery, 
where the distance between driver and follower is not veiy 
great, flat belts are used together with smooth pulleys. Those 
pulleys are true cylinders in some cases, but are usually 
rounded to some extent as illustrated by Fig, 154. The 
amount of this convexity, or increase of radius from edge to 
centre of face, vanes, according to different autliorities, from 
nothing to one-half inch per foot of width of face of pulley. 
Average practice would seem to authorize one-eighth inch rise 
per foot of width. 
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Three or four such pulleys of different diametei-s are often 
mode ia oue piece, the size of the pulleys iucreasiug regularly 
from end to end. Such an arrangement is called a steppttd 
pulley ; and by means of two such pulleys, nionoted on 
parallel shafts, and placed so that the smallest c1iamet£r of 
each is opposite the largest diameter of the other, motion can 
be transmitted hetween the shafts with a definite number of 
different velocity ratios. The various diamet«rs must be so 
adjusted that the same length of belt (Art. 218) can be used 
. in each case, the variation in the velocity ratio being obtained 
by simply transferring the belt from one pair of pulleys to 
another. 

Flat belts are generally made of leather, either of a single 
thickness, or of two or more thicknesses sewed, riveted, or 
cemented together. The grain or hair side should be placed 
next the pulley. Woven cotton covered with vulcanized 
India rubber, and known as •' rubber belting," is also largely 
used, particularly where dampness renders leather unfit. 
Paper and sheet iron have also been used to some extent. 



For transmitting power over long distances, wire rope is 
used. The rims of the pulleys are grooved as shown in Fig. 
155, the bottoms of the grooves being filled with wood, 
leather, oakum, or some other material, to reduce the wear 
of the wire rope. 
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For the niDoing rigging of ships, tackles, and hoisting 
machinery, hemp or other similar rope is nsed with smooth 
grooved pulleys similar to the one shown in Fig. 153. 




Where great strength is required in small compass, iron 
chains fu« used. The links of the chains are of various 
shapes. The pulleys are formed to fit the links more or less 
nearly, or with teeth to enter the links, and thus prevent 
slipping. Figs. Id6, 157, and 158 illustrate forms of chains 
and pulleys. 
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211. Tiglit«uiuff Pulleys. — When emooth pulleys are 
used, tlie motion ia transmitted directly by tbe friction be- 
tween the belts or bands and the pulleys. Ordinarily the 
tension of a belt, properly fitted, is suflleient to produce the 
necessary adhesion. But in some cases, tightching pulleys 
are employed to prevent slipping ; as, for example, they are 
frequently employed for this purpose on the driving belts 
of stationary steam-engines. These tightening pulleys are 
pressed against the belt by weights or springs, and thus 
maintain a constant tension, or are mounted in a frame which 
can he adjusted in position by screws. 

212. Shifting Belts. —A flat belt may be easily shifted 
from one position on a cylindrical pulley to another position 



by pressing the belt in the required direction on the advaTidng 

side, while pressure on the retreating side will produce no 
effect. Thus, if we press a belt in the above manner as 
shown in Fig. 159, it is clear, that, as the pulley continues 
to revolve, the successive portions of the belt come into 
contact with the pulley at points to the left of the original 
position, and as the revolution of the pulley carries them in 
a direction perpendicular to the axis, the position of the 
belt on the pulley is gradually changed. If we had pressed 
the belt on that part which had left the pulley, its position 
on the pulley would not have been affected. 
From tbe above it follows, that, if the central line of the 
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advancing side of a flat uniform belt is kept in the central 
place of the pulley, it will run true without any tendency to 
leave the pulley. 

313. Convexity of Pulley. — If we place a flat belt on 
a convex pulley, as shown in Fig. 160, the tension at the 




edge D will evidently be greater than at the edge F. Con- 
sequently the tendency will be to throw the belt into the 
position shown dotted. If we now rotate the pulley, the 
belt will, as shown in the preceding article, be moved to 
the left or towards the largest diameter of the pulley. It is 
for this reason that the convexity is given to pulleys, so that 
if for any reason the belt commences to come off, the in- 
creased tension of one part will bring it back to a eentral 
position. 

214. Twisted Belt. — In Fig. 161, let .d be a fixed axis 

carrying the pulley D, and let £ be an axis carrying the 

pnlley E. At first consider the axis B and pulley B to 

occupy the position shown dotted, so that A and B are 

' D and £ are in the same plane. Let SS be 

mgent to the two pulleys, drawn on the sides 

e belt is delivered, and in the central planes 

. Now, let axis B and pulley E be turned 

some other position such as tliat shown in full 

SS wUl be the intersectioit of the ccatial planes 
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of the pulley. If. now, the pulleys be rotated as indicated by 
the arrows, it follows, that since the points U and b are in the 
central plane of E, and a' and b' are in the central plane of D, 
the advancing aide of the belt is in each case in the central 
plane of the pulley considered, and the belt will not tend to 
run off (Art. 212).' But if the pulleys l>e rotated in the 
opposite direction, the belt will immediately run off. Hence 




B^e,iei 



this arrangement can only be used when the axes are always 
to revolve in the same direction. In laying out twist-belt 
motions, the circles D and B should be taken equal to the 
lai^est diameter of the respective pulleys plus the thickness 
of the belt. 

215. Guide Pulleys are ased to change the direction 
of belts. In Fig. 162, let ca be tlie direction of a belt which 
we wish to change to the direction ab. If we place a fixed 
pulley of any convenient diameter in the angle cab with its 
axis on the line bisecting this angle, and so that the lines 
ca and ab are both tangents to the pulley, It is evident that 
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by means of this pulley the deaired change may be effected. 
If the directions do not intersect witliin a convenient dis- 




tance, as in Fig. 163, connect them by a line de at any con- 
venient points, and place guide pulleys in the angles at d and 
e, as shown. 

216. By means of guide pulleys we can connect axes 
neither parallel nor meeting in direction, so that they may 




be rotated in either direction. In Fig. 164, SS is the inter- 
section of tlie central planes of the pulleys A and B. Assume 
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poiDts c and c' id this line, and draw tangents to the pulleys 
A and B. Then the guide pulleys C and C" should evidently 
be placed in the planes of these tangents, and so as to be 
tangent to ca, cb, and c'a', c'b', respectively. By this 
arrangement the direction of the belt where it leaves a 
pulley is always in the central plane of the next pulley, and 
hence tlie belt can be run in either direction without tending 
to leave the pulleys. 

217. In Figs. 165 and 166 are shown applications of 
guide pulleys, the rotation being always in the same direc- 
tion. In Fig. 165, two axes which lie in the same plane and 
make a small angle with each other are connected, so as to 



EMb. 163 

be capable of rotation in the direction of the arrow. One 

guide pulley is used, and the arrangement depends on the 
principles of Art, 214. 

In Fig. 166, two pulleys on parallel shafts, bnt not in the 
same plane, are connected, so as to be capable of rotation 
in one direction by means of two guide pulleys fixed on the 
same shaft. The diameter of the guide pulleys should be 
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equal to the distance between the central planes of the 
driving and following pulleys. 




218. Length of Belt. — The actual length of belt re- 
quired in every caae is best determined by actual meaaure- 




ment over the pulleys, or by measurement on a scale drawing. 
It may, however, be calculated in the following manner. 
Id Figa. 167 and 168, let A and B be the axes of two pulleys 
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connected by belts, KP and Icp being the straight parts of 
the belt. Draw kAH and gBO perpendicular to AB; AK 
and Ak, BP and Bp, radii of the pulleys to the points of 




bmgency ot the belt ; and BL parallel to KP. Let HAK = 
PBg = ABL = ^; AB=d; AK= R; BP = r. Then^ 
for a crossed belt (Fig. 167), 



KP= VtP -(fl + r)». 

Arc of contact for pulley, radius R 

= R(t + 2*) = rU + 2arc sin^J^V 

Arc of contact for pulley, radius r 



■ . Total length of crossed belt = L 

= 2^i¥^^(R + 7)' + (B + r){^ + 2 are sin ^^^ 

For an open belt (Fig. 168), 



KP = }/(P-^{R-r)*. 
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Arc of contact for pulley, radius R 

= sfir + 2 arc sin ^^Y 

Are of contact for pulle;, radios r 

= rfw-2 arc sin ^~M . 

.• . Total length of open belt = i = 2\/<P-{Ii-ry 

+ ^{R + r)+ 2{R - t) arc sio ^i^. 

It is to be noted, that, for a given valae of d, the length of 
a crossed belt depends upon the stim of the radii of the 
pulleys, while the length of an open belt depends both upon 
the sum and difference of the radii. It follows from this, 
tJiat one crossed belt can be used to transmit different 
velocity ratios between two shafts, with the single condition 
that the sum of the radii of each pair of pulleys must be 
the same. For example: with any given valoe of d, the 
same belt, crossed, will exactly fit pulleys haviog diameters 
of 4 and 16, 6 and 14, 8 and 12, 10 and 10; the v^ue of 
^ + r in each case being 10. But these pulleys could not 
be exactly fitted with the same length of open belt. 

219. Approximate Formulse. — As the above exact 
formulie are cumbersome, the following approximate equa- 
tions are introduced. All dimensions are beat taken in 
incites, and the signification of tlie letters is the sf.me as 
above. The formulee will give results which are safe within 
the prescribed limito. 

For crossed belt, X = 3|(B + r) + 2d. 

To be used when ■■ "t' - does not exceed 0.23. 
d 
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For open belt, L = mS + r)+ 2d. 

To be used when — ^— doea not exceed 0.16. 
d 

Within these limits the results are a trifle large, while 
beyond them they fall short, 

220. Wrapping connectors may be used to transmit mo- 
tion when the directional relation or the velocity ratio, or 
both, are variable. The result is obtained by using non- 
circular pulleys, or by winding the band in a spiral groove 
of variable radius. 

In such eases the length of the band is not usually con- 
stant, and tighteQiug pulleys must usually be employed to 
insure the requisite tension. 

In practice, variable conditions are so much better met 
by other modes of connection, that wrapping connectors 
are scarcely ever used for this purpose ; tuid hence no 
discussion of such use is here given. 
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CHAPTER XII. 

TRAINS OF HECHANISU. 

ralue of a Train. — Directional Relation In Trains. — Cloektoork. — 
dotation. — Method nf deHgnlng Trains. — Approximate Num- 
bers/or Traim. 

221. The required velocity ratio of two motions being 
given, it is always theoreticaUy possible to obtain this ratio 
by the use of one of the elementary combinations deBcribcd in 
the previous ehapt«r3. It often happens, however, that this 
ratio is bo small, or so large, that, practically, the motion is 
better communicated by a train of such combinations ; each 
piece being at the same time the follower of the piece that 
drives it, and the driver of the piece that follows it. 

For convenience, let us first consider the case in which all 
the pieces are circular wheels revolving about fixed axes. 
The usual arrangement in such cases is to secure two unequal 
wheels upon each axis, except the first and last, and to make 
the larger wheel on each axis gear with the smaller wheel on 
the next axis. 

222. Value of a Train. — Let there be wi such axes, 
and let us designate by c the value of the train ; that is, the 
ratio of the angular velocities of the first and last axes, or, 
what amounts to the same thing, the ratio of their eyn- 
chronal rotations. 
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Let Qi, a,, Qj, . . . a„ be the angular velocities of the suc- 
cessive axes. Then we have 



. = ::= = :^ X =? X :^ X . . . ^==- (i) 

Ol a, o, a, a,_i 

That is, the value of the train may be found by multiplying 
together the separate ratios of the angular velocities of the 
successive pairs of axes. 

Again, let the synchronal rotations of the successive axes 
of the train be L^, L^, L^, . . . L^. Then we have 

That is, the value of the train may be found by multiplying 
tc^elher the separate ratios of the synchronal rotations of 
the successive pairs of axes. The value of < is, of course, 
the same in both the above equations. This value will not 
be affected by the substitution, for any of the intermediate 
ratios, of any other two numbers that are in the same propor- 
tion ; hence we may express the values of those ratios in the 
terms that may most easily be obtained from the train whose 
motions we wish to consider. 

Letting a = angular velocity of one of two wheels in gear, 
S its radius, 2f its number of teeth, P its period, or time of 
one rotation, and L its number of rotations in a given time ; 
and letting a', B", N', P', and L' be the corresponding quan- 
tities for the other wheel, we have (Art. 85), 



B _ ^ _ P _ £' 
'S'^N' P' X' 



(S) 



which equation will enable us to write the proper ratio ii 
each case. 

u.a.i.z.d:,.G00gIc 
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For inataDce, let N^, N^, 2fg, . . . N^^i be the numbers of 
teeth of the drivers od the successive axes, and let n^, n,, n^, 
. . . Tt. be the numbers of teeth of the coiTesi>oudiug follow- 
ers. Then we may write, by maktog the proper subatitutioDS 
for the intermediate ratios in Equation (1), 

-^ = hi^^ ^ ^» ^— ' 

' ~ o, Xj ~ n, n, n, ' ' ' n„ 

jf, X -y, X -y, X ■ ■ ■ .a;.., 

"^ n,xn, XWiX.-.n. * '■' 

That is, the value of the ta'ain is equal to the quotient 
obtained by dividing the continued product of the numbers 
of teeth of all the drivers by the continued product of the 
numbers of teeth of all the followers. 

It is obvious, that, io a train of this kind, the number of 
drivers, as well as the number of followers, ia always one 
less than the whole number of axes. 

223, Practical Example. — It is not necessary that aU 
the ratios should be expressed in the samie terms. As before 
stated, it is simply necessary to use, for each ratio, two num- 
bers in the proper proportion. 

For example, let there be a train of six axes, connected as 
above described. 

Let the first axis revolve once per minute, and let the 
second axis revolve once in fifteen seconds. Hence 



Let the second axis revolve three times while the third 
revolves five times. Hence 
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Let the third axis carry a wheel of sixty teeth, driviDg a 
wheel of twenty-four teeth on the fourth axis. Hence 



Let the fourth axis carry a puHey of twenty-four inches 
diameter, driving, by means of a belt, a pulley of twelve 
inches diameter on the fifth axis. Hence 



B, 24 



Let the fifth axis turn with an angular velocity two-thirds 
18 great as that of the sixth axis. Hence 



Substituting these ratios for the successive terms of Equa- 
■ lion (1), we get 

„"«_^ ^ Nj B, o, 
' " ai~ P^^ L^^ nt ^ Ef^ 7^ 

15 ^ 3 "^ 24 ^ 12 "* 2 ^'^■ 

That is, the angular velocity of the last axis is fifty times as 
great as that of the first ; in other words, tlie last axis will 
make fifty revolutions in the same time that the first axis 
revolves once. 

224. I>irectlonal Relation in Trains In this man- 
ner, we may find the synchronal rotations of the extreme 
axes in any ti-ain of mechanism. Tlieir directional relation 
depends on the number, and the manner of connection, of 
the axes. In a train consisting solely of S))ur wheels or pin- 
ions on fixed parallel axes, the direction of rotation of the 
Buccessive axes will be alternately in opposite directions. 
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Hence, if the train consists of an odd number of axes, the 
first and last axes will revolve in the same direction ; if it 
consists of an even number of axes, they will revolve iu 
opposite directions. 

Id this connection, it must be remembered tfiat an annnlar 
wlicd (Art. 36) revolves in the same direction as its pinion. 

When the axes in a train are not parallel, the directional 
relation of the extreme axes can only be ascertained by tra- 
cing the separate directional relations of each successive pair 
of axes in order. 

Two separate wheels in a train may revolve concentrically 
alx>ut the same axis ; as, for example, the wheels to which 
ai'c attached the hands of a clock. In this case, one of the 
wheels is fixed on the axis as usual, and the other is fixed on 
a tul)e, or cannon as it is sometimes called, which revolves 
freely on the first axis. 

If these wheels are to move in opposite directions, a single 
bevel wheel may be used to connect them ; but if they are to 
turn in the same direction, as in a clock, tliey must be made 
in the form of spur-wheels, and connected by means of two 
other spur-wheels fixed to an axis parallel to the first. 

235. Idle W]ieel Let a spur-wlieel be placed between 

and in gear with two other spur-wheels. Let the radii of 
the fii'st, middle, and last wheels be R^, R^, Eg, and let their 
angular velocities be a,, a,, a,. Then we have, for tlie first 
and middle wheels, 



and, for the middle and last wheels, 

Multiplying these equations t^^ethcr, we get 
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TLat is, the velocity ratio of the two extreme wheels is pre- 
cisely the same as though they were id iminediate contact. 
The iDtermediate wheel is called ao idle wheel; and, though 
it does not affect the velocity ratio, it does affect the direc- 
tiooal relation. For, if the two extreme wheels were in 
direct contact, they would revolve in opiHwite directions ; 
but, by the intro<.luction of the idle wheel, they are caused to 
revolve in the same direction. 

22G. Clockwork. — A familiar example of the employ- 
mi^nt of a train of wheels is afforded by a common clock. 



In Fig. 169 ia shown the arrangement of the wheels in a 
cloclc of the simplest kind. A is the ban-el, an<l around it is 
wound a cord to the end of which is fastened the weight W. 
On the same axis with A is fixed the spur wheel B, which 
gears with the pinion & on a second axis. On the latter is 
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alao fixed the epur wheel C, gearing with the pinion c od the 
third axiB. This axia also carries an escapement wheel D 
(Art. 180), the veige or anchor d being fixed to the fourth 
axia, to which the pendulum ia also hung at e. One tooth of 
the escape-wheel croases the line of centres for every two 
vibrations of the pendulum. Let the time of one vibration 
of the pendulum be ( seconds, and let the escape-wheel have 
^ teeth ; then the period or time of one complete rotation of 
this wheel is 2(i seconds. To take a simple case, let the 
pendulum be a Bcconds pendulum ; then t = \, and if A = 
30, the swing-wheel will make one complete revolution in 
2(4 = 2 X 30 = 60 seconds = 1 minute. Let B have 48 
teeth ; 6, 6 teeth ; C, 45 teeth ; and c, 6 teeth. Then we 
have, for the value of the train connecting the barrel axia 
and the escapement axis, 

a, X, 48 X 45 

' = ^ = A = ~&irr = ^*'- 

That is, the escapement axis (or arhor, using the term 
employed by clockmakers) will make sixty revolutions while 
the barrel arbor makes one. Hence the barrel arbor will 
revolve once in sixty minutes, or one hour. The barrel A is 
not permanently secured to this arbor, but is connected to it, 
or to the wheel £, by means of a click and ratchet (Art. 
201); so that, while it is free to move in one direction, its 
rotation in the other direction compels the wheel B to rotate 
with it. This arrangement permits the barrel to be rotated 
so aa to wind up the cord without affecting the rest of the 
train. The number of times that the coi-d is wound round 
the barrel evidently depends on the length of time that the 
clock is to run without being wound. Generally not over 
sixteen coils of cord are so employed, which, in our clock, aa 
the barrel arbor revolves once au hour, would be sufficient to 
make the clock run sixteen hours without re-winding. 
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237. The train of wheel-work just described is solely 
destined for the purpose of commuoicating the action of the ' 
weight to the peDdulum in such a manner as to supply the 
loss of motion from friction and the resistance of the air. 
But besides this, the clock is required to indicate the hours 
and minutes by the rotation of two separate hands, and 
accordingly two other trains of wheel-work are employed for 
this purpose. The ti-ain just described is generally contained 
in a frame, consisting of two plates, shown edgewise at Icl, 
mn, which are kept parallel and at the proper distance by 
means of three or four pillars not shown iu the diagram. 
Opposite holes are drilled in these plates, rthich receive the 
pivots of the axes or arbors already described. But the axis 
which carries A and B projects through the plate, and other 
wheels E and F are fixed to it. Below this axis, and paral- 
lel to it, a stout pin or stud is fixed to the plate. On this 
stud revolves a tube, to one end of which is fixed the minute- 
hand M, and to the other the wheel e in gear with S. In 
our present clock, the wheel E, being fixed to the barrel 
arbor, revolves once an hour; and as the minute-hand must 
also revolve once in that period, the wheel E and e must be 
equal. A second and shorter tube is fitted upon the tube of 
the minute-hand so as to revolve fi-eely, and this carries at 
one end the hour-hand H, and at the other a wheel, /, which 
is driven by the pinion F. As / must revolve once in twelve 
hours, it must have twelve times as many teeth as F. 

aaS. Notation. — In discussing pixiblems concerning 
trains of mechanism, we soon feel the need of some scheme 
of notation, whereby we may show, clearly and concisely, all 
the facts concerning the train which affect the transmission 
of motion. It is desirable to show, primarily, the order and 
nature of the several parts, and the manner in which the 
motion is transmitted ; but such a scheme should also admit 
of the addition of dimensions and nontcnclaturc, and should 
afford a ready means of calculating the velocity ratio. 

t.'.OOt^lc 
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Let the wheels be represented by their numbers of teeth, 
and write these numbers, beginning with the first driver, in 
horizontal lines ; all the wheels that are on the same axis 
having their numbers written on the same horizontal line, 
and all the wheels that are in gear having the numbers of 
the followers written vertically below those of the respective 
drivers. 

229. Example. — Thus, in the principal train of the 
clock (Fig. 169), if the letters represent the wheels, we 
should write the train thus : — 



B 



or, employing the numbers already selected, 



Similarly we may represent the whole mechanism of out 
clock, adding to the uumbei-s the names wherever it may be 
thought necessary. Thus — 



-30 swing- wheel. 



26 minute- 
hand. 



48 hour- 
hand. 
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The above shows clearly the three tmtas of mecfaanigm 
from the barrel to the swing-wheel, the miaute-haud, aod the 
hour-hand r«Bpectivel;. It also dtstiDcLly claesifies the pieces 
as drivers or followers, as the case may be, and shows the 
nature of their connection ; that is, whether they are per- 
manently fixed to the same axis, or connected by gearing. 
In case other connections are employed, such as links or 
bands, this must be written in the diagram, or expressed by 
a proper sign. 

230. Method of Desfgnlne: Trains We are now 

ready to undertake the solution of a problem of considerable 
importance in the contrivance of mechanism ; namely, Given 
the velocity ratio of the extreme axes or pieces of a train, to 
determine the number ot intermediate axes, and the propoi^ 
tiouB of the wheels, or numbers of their teeth. For simpli- 
city, we will suppose the train to consist of toothed wheels 
only ; for a mixed train, consisting of wheels, pulleys, link- 
work, and sliding- pieces, can be calculated upon the same 
piinciples. Let the synchi'onat rotations of the first and last 
axes of the train be i, and i„ respectively, and let Jf„ N^, 
. . . etc., be the numbers of teeth in the drivera, and n^, n,, 
etc., thenumber of teetli in tbe followers; then the value of 
the traiu is 

L„ a; X if, X if, X ■ ■ ■ jp;._i 
'~ L,~ n, X «, X n, X . . . Ti™ ' 

both numerator and denominator of this fraction being com- 
posed of m — 1 terms. 

The value of c being given in this shape, an equal fraction 
must be found, whose numerator and denominator shall each 
admit of being divided into m — 1 factors of convenient 
magnitude for the number of teeth of a wheel. 

The value of m, that is, the number of axes, is sometimes 
given with the other data of the problem, but more usually 
it is one of the quantities that are to be determined. 
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The order of Baccession of the drivers and followers is a 
matter of iDdifference, so f ar aa the velocity ratio is con- 
cerned ; for the value of the above fi-action will evidently 
not vary with any variation in the order of the factors of 
either the numerator or denominator. 

231. Least Kumber of Axes The number of axes 

will evidently depend upon the limits between which the 
numbers of teeth are to be allowed to vary. 

For instance, let to be the greatest number of teeth that 
can be conveniently assigned to a wheel, and let p be the 
feoal that can be given to a pinion. Now, in any given case, 
let us suppose L^ greater than L„ so that the wheels will be 
the drivers, and the pinions the followers. The least number 
of axes will then evidently be obtained by giving each wheel 
w teeth, and each pinion p teeth. The number of axes being 
m, we will have (Art. 222) m — 1 wheels and m — 1 pin- 
ions. Hence 



^JL^'J^ ^« X - - ■■ -^—1 



whence log* = (m — 1) (logw — logp), 



logOT — \ogp 



■;(5) 



(6) 



The least number of axes, under the assigned conditions of 
w and 2>, is evidently the value of m thus foimd, if this value 
is a whole number ; or the whole number next larger than 
this value of m, if the latt«r is fractional. No general rule 
can be given for determining the values of w and p, which 
are governed by considerations that vary according to the 
nature of the proposed machine ; also, it will mrely happen 
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that the fraction will admit of being divided into factors so 
nearly equal oa to limit the number of axes to the smallest 
value 80 assigned. 

232. Practical Example of Clock Train. — We will 
now return to the consideration of the clock described in 
Art. 226, and show how the number of axes and the number 
of teeth of the wheels and pinions were determined. It was 
required that the first or barrel axis should revolve once per 
hour, and that the m'" or swing-wheel axis should carry a 
seconds hand, S. The swing-wheel axis must therefore 
revolve once per minute, or sixty times per hour. 

Consequently 

_ i^ _ 60 _ J V; X Ja X . . ■ if^ _i 
* ~ ij ~ 1 ~ Mj X n, X . . . m„ 

Let i? be the numerator of this fraction, i.e., the continued 
product of all the drivers, and let F be the denominator, i.e., 
the continued product of all the followers. 
Then 

£ = 60 = ^ .-. D = 60 X F, 



an indeterminate equation, for the solution of which any 
numbers may be employed that are within the assigned limits 
of V) and p. Now, in ordinary clocks, w = 60, and i> = 6, 
so that 

!? _ ?5 = 10. 



From Equation (6), we have 

£ = 60 = (io)°-n 

We can then determine the value of m by means of Equation 
(6); jor, what is much simpler, determine, by inspection, the 
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valae of m — 1 from the above expression. The latter 
method is to be preferred, aa the exact vahie of m — 1, if it 
be fractional, is of no coDsequeucei it being simply necessary 
to determtoe the next greater whole number. 

Thus, in our example, it la evident, aa 60 lies between 10* 
and 10^, that m — 1 must lie between 1 and 2, consequently 
m must lie between 2 and 3 ; and, taking the next latter 
whole number, we fix on m = 3, as the least number of 
axes. Consequent!; there will be two wheels and two pin- 
ions. Taking the pinions at six teeth each, we have 

. _ CA - O _ . fl 



.-. 2) = 60 X 6 X 6 = 2160, 

which is the product of the two wheels. 

We are at liberty to divide this into any two suitable fao 
tors. The best mode of doing it is to begin by dividing the 
number into its prime factors, and writing it in this form, 

2160 = 2x2x2x2x8x3x3x5. 

For this enables us to see clearly the composition of the 
number, and it is easy to distribute these factors into two 
groups ; as, for example, 

(2 X 2 x 2 X 2 X 3) X (3 X 3 X 5) = 48 X 45, 

or 
(2x2x2x5) X (2 X 3 X 3 X 3) = 40 X 54, 

(2x2x3x3) X (2 X 2 X 3 X 6) = 36 X 60. 

The first group will give us the two wheels that are ^oat 
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nearly equal, wbick is a solBcient reaaoD for selecting that 
pair for oar train. We now have 



So far we have only determined on the numbere of the 
teeth of the various wheels, without locating them as regards 
the different axes ; and the above fractional expression is an 
excellent method of exhibiting the train under these condi- 
tions. 

As before stated', the order in which the wheels come is a 
matter of indifference, so far as the velocity ratio is con- 
cerned ; and, as no other considerations enter into this case, 
we will place driver 48 on the first axis, follower 6 and driver 
45 on the second axis, follower 6 and swing-wheel 30 on the 
tiiird axis, giving us, as in Art. 229, the train 

48 
6 — 45 

6 — 30. 

233. Another Clock Train. — Six is, however, too 
small a number of leaves for the pinion, if perfect action is 
desired ; for it is evident, from the table of Art. 134, that a 
pinion of 6 teeth cannot drive a wheel of less than 21 teeth, 
if the arc of recess equal two-thirda pitch ; while, if this arc 
is increased to three-fourths pitch, a pinion of 6 cannot be 
made to work at all. In well-made clocks, p is generally 
taken betweea 8 and 12, while w ranges from 100 to 120. 

Let us find a new train for our clock, havmg p = 12, and 
v) = 105. 

We have 

(=60 = (li(!f)~-'=(8.76)— 

from which we see, by inspection, that ths 
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fractional, and lies between I and 2 ; that the value of m Ilea 
betfreen 2 and 3 ; and that the least number of axes will 
consequently be 3. Assuming the two pinions to be equal, 
and to have tlie smallest allowable number of teeth, we have 

F ^ 1-2 X 12 = ^** •'• -O = 60 X 12 X 12 = 8640. 

Proceeding aa in the last example, we find the best values 
for the wheels to be I> = 96 x 90. We then have 



F 12 X 12' 
and, placing them on their axes, we have the tr^ 



Instead of assuming the pinions, we migbt hare started witti 

the wheels. Thus let us take 



D _ 105 X 105 



It is evidently impossible to divide 183.75 into two integer 
factors ; and, as we cannot inci'ease the assumed number of 
teeth for the wheels, we must diminish the number of one or 
both. Let ns take one of the wheels as 104. This will give 
na 

p 104 X 105 ,.„ 
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which can readily be factored, giving us F =: 13 X 14, aod 
the train 



14. 

It very oft«n happens, as juat illustrated, that attempting to 
make the wheels aud pinions with the limiting numbers of 
teeth gives rise to very awkward results, while on excellent 
train can, in such eases, be generally found by trying several 
numbers itsithin the limits. 

234. Clock witli rapidly vibratingr Pendolum. — 
If a clock has no seconds hand, the limitation as to the 
period of one revolution of the swing-wheel axb is removed. 
This is an advantage in clocks having short, and conse- 
quently rapidly vibrating, pendulums ; for it would be imprae- 
ticabte to make the period of the swing-wheel axis one 
minute, as before, on account of the great number of teeth 
which would be required for tbe swing-wheel. If ( = time 
of vibration of the pendulum in seconds, and A = number 
of teeth in the swiug-wlieel, then (as in Art. 226) 2(A is the 
time required for one revolution of the swing-wheel. 

But the vibrations of short pendulums are commonly ex- 
pressed by stating the number of them in a minute. Let 8 
;„ •!.„ »: — „* — , revolution of 

the swine-wheel in minutes ; — is the number of revoln- 
^ 2A 

tions of the swing-wheel axis per minute ; and, as the barrel 

arbor revolves once per hour, we have for the train between 

them, 



For example, let the pendulum of a clock make 170 vibra- 
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tions per mionte ; ]et there be 25 teeth on the swing-wheel ; 
then 

D 80 X 170 „„, 



Taking w =3 128, and p = 8, we have 



and, as 204 = (16)"-', we see, by inspection, that the least 
number of axes is 3. 
Aseuming the pinions as each having 8 teeth, we have 

i>=204xF=204x8x8 = 13056 = 128 X 102. 

Hence the train is 

128 
8 — 102 

8 — 25. 

235. Elgrht-Day Clock. — All the irAvaa so far ex- 
plained were designed to establish the proper velocity ratio 
between the hour arbor and tlie swing-wheel axis. It was 
assumed in each case that the hour arbor also caiTied the 
weight-barrel; and, as we limited the number of coils of the 
cord to 16, it follows that the clocks so far considered will 
only run 16 hours without re-winding. 

If we adhere to the limitation as to the number of coils 
of the cord, but still desire the clock to run longer than 16 
hours, the barrel must be attached to a separate axis con- 
nected by wheel-work with the hour arbor, so that the barrel 
may revolve more slowly, consequently taking more time to 
uncoil all the cord. 

For exEunple, let the clock be required to go 8 days with- 
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out re-winding ; then, witli 16 coils of cord on the barrel, the 

latter miiat revolve once in = 12 hours. Tbcn, as- 

16 
suming w = 100, and j> s= 8, we may nse the train, — 

PEriods. 

Ban'el arbor, 90 12 houra. 

Honr arbor .8 — 00 1 hour. 

12 — 96 8 minutes. 

Minute arbor . . . .13 — 30, awiag-wheel . . 1 minute. 

It is often convenient to add to the notation the periods of 
the different arbors, as has been done in this case. 

23G. ATontli Clock. — Let the clock be required to run 
32 days without re-winding, and let there be IG coils on the 
barrel as before; tlien the latter must revolve once in 

= 48 houra. The train fi-om \he barrel to the 

16 

hour arbor is — = 48, which will require an intermediate 

Letting w = 100, and j) = 12, we may employ the follow- 
ing train : — 

Periods. 

Barrel arbor, 96 48 houra. 

16 — 96 8 hours. 

Hour arbor . . 12 — 90 1 hour. 

12-96 8 minutes. 

Minute arbor 12 — 30, swing-wheel, 1 minute. 

237. Now, in the clock (Fig. 169), the arbor of A is 
made to revolve in one hour, because the wheels S and e are 
equal. By making these wheels of different numbers, we 
get rid of the necessity of providing, in the principal train, 
an arbor that shall revolve in one hour ; and we may thus, 
in many cases, distribute the wheels more equally. For ex- 
ample, in an eight-day clock let the swing-wheel revolve once 
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per minute, and let the train from the barrel-arbor to tbia 
minute-arbor be 



D _ 108 X _ 106 X 100 _ 
F 12 X 12 X 10 " 



In which case the barrel will revolve tmce in 810 minutes, or 
13 J hours. 

The second wheel of this train, which, in Fig. 169, cor- 
respomlB to Z*, will revolve in -^ X 810 = 90 minutes, or 
1^ hours. On its arbor must lie fixed, as in the figure, the 
wheels E and F for the minute and hour hands ; and we 
may employ, for the two pairs of wheels, 



n 



10 



H 



54 



r train will be as follows : — 



238. The above examples have been confined to clock- 
work, because the action is more generally understood than 
that of other machines. The principles and methods are, 
however, universally applicable, or, at least, require veiy 
slight modifications to adapt them to particular eases. 

For instance, in a screw-cutting lathe, there is usually one 
intermediate axis between the leading-screw and the head- 
stock spindle. Let the leading-screw be right-handed, and 
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have two threada to the inch ; let w = 130, p = 20 ; and 
let it be required to cut a right-handed screw of 13 treads 
to the inch. Here 

_ D ^ 13 ^ 130 X 90 
* F 2 20 X 90' 

which is a good train for the purpose. The wheels for form- 
ing a series of such trains, calculated for the different numbers 
of threads to be produced, are known aa a set of change- 
wheels; and tables for the use of such wheels are furnished 
by lathe-manufacturers with all acrew-cutting lathes. 

239. Frequency of Contact between Teeth. — It is 
sometimes a matter of interest to know how oft«n any two 
given teeth will come into contact as the wheels run upoQ 
each other. We will take the ease of a wheel of A teeth 
driving one of B teeth, where A is greater than B, and let 

~ = - when reduced to its lowest terms. 
B b 

It is evident tJiat the same jwints of the two pit«h circles 
would be in contact after a revolutions of B, or b revolutions 
of A. Hence, the smaller the numbers which express the 
velocity ratio of the two axes, the more frequently will the 
contact of the same teeth occur. 

1. Let it be required to bring the same teeth into contact 
aa often aa possible. 

Since this contact occurs after h revolutions of A, or a 
revolutions of B, we shall effect our object by making « and 
& as small as possible ; this is, by providing that A and B 
shall have a lai^e common divisor. 

For example, assume that the comparative angular velocity 
of the two axes is intended to be as nearly as possible as 5 
to 2. Now make A ~ SO,B = Z^; then 
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or, the same pair of teeth will come in contact after 5 revo- 
iutioiia of B, or 2 of A. 

2. Let it Ite required to bring the same teeth into contact 
as seldom as poaaible. 

Now cbauee A to 81, and we shall have — = — = - veiT 

B 3-2 2 ■* 

nearly ; or, the angular velocity of A relatively to B will be 

scarcely distinguishable from what it was originally. But 

the alteration will effect what we require, for now - = — . 
^ ft 32 

There will, therefore, be a contact of the same pair of teetb 
only after 81 revolutions of B, or 32 revolutions of A. 

The insei-tion of a looth in this manner was an old contriv- 
ance of millwrights to prevent the same pair of teeth from 
meeting too often, and-was supposed to insure greater regu- 
larity in the wear of the wheels. The tooth inserted was 
called a hunting cog, because a pair of teeth, aft*r being 
once in contact, would gradually separate, and then approach 
each other by one tooth in each revolution, and thus appear 
to hunt each other as they went round. 

Clockmakei's, on the contrary, appear to have adopted the 
opi>osite principle ; though it has probably been partly forced 
on them, as the velocity ratio of the clock arbors must neces- 
sarily be exact. 

240. Approximate Numbers for Trains. — If -^ 

= k, when i is a prime number, or one whose prime fac- 
tors are too large to be conveniently employed in wheel- 
work, an approximation may be resorted to. For example, 

assume ~s = k ± k. This will introduce an error of ±h 

i-evoiutions of the last axis during one of the first, and the 
nature of the machinery in question can alone determine 
whether such a variation is iiermissible. 

Foi- example, let ( = -^ = 269, which is a prime num- 
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ber. Take < = 269 + 1 = 270, which can readUy be fac- 
toi'ed into 6x5x9; and we may employ the train 

D 72 X 60 X 90 _. . . . .„ - 

— = ■ — . This train will cause an error of one 

F 12 X 12 X 10 

revolution of the last axis for every revolution of the first 
axis, the altei'ed value of c varying less than two-fifths of one 
per cent from the correct value. 

241. But we may obtain a better approximation than this, 
without unneceasai'iiy increasing the number of axes in the 
train ; for, determine, in tlie manner already explained, the 
least number m of axes that would be necessaiy if k were 
decomposable, and the number of teeth that the nature of 
the machine makes it practicable to give to the pinions, and 
let F be the product of the pinions so determined ; hence 



supposing the wheels to drive. 

Assume 

D ^ Fk±h 
F F ' 

where Ji must be talien aa small as possible, but so as 
to obtain for Fk ± h a, numerical value decomposable into 
factore. There will be, in this case, an error of ±7t revolu- 
tions in the last axis during F of the first, or an error of 

drivers, then, in the same manner, assume 



and there will then be an error of -=-■ revolutions in the first 
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axis during one reTolutioo of the last axia. Let ns take, as 
in the previous ezampie, t = 269. Let to = 90, and p = 
10; then 

269 = (9)—', 

irhcDce we find the least nnmber of axes to be fonr. 

Let us assume that pinions of 10 will be employed ; then 



F 10 X 10 X 10 

Now add 1 to Uie numerator, and we have 



F 10 X 10 X 10 10 X 10 X 10 

This will give a good train with an error of only 1 revolution 
in 269000. 

Ab another example, let it be rcqnired to find a train that 
shall connect the twelve-hour wheel of a clock with a wheel 
revolving in a lunation (viz., 29 days, 12 hours, 44 tniuntes 
nearly) , for the purpose of Bhowing the moon's age on a dial. 

Reducing the periods to minutes, we have 

X„ 42524 



of which the numerator contains a lai^ prime ; viz., 10631 ; 

but 

42.')24 + 1 ^ 60 X 63 

720 8x8' 

giving a good train, with an error of one minute in a lunation. 
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CHAPTER XIII. 



242. Aggregate Combinatioas is the term applied to 
those asaemblages of pieces in Diecliauism in which the 
motion of a follower is the resultant of the motions it re- 
ceives from mote than one driver. The number of drivers 
which impress their motion directly upon the follower is 
generally two, and cannot exceed three, since each driver 
determines the motion of at least one [loint of the follower, 
and the motion of three points in a body deterroines ita 
motion. 

Such combinations enable us to produce by simple means 
very rapid or very slow velocities, and complex paths, which 
could not well be obtained directly from a single driver. 
These combinations may be divided into two classes, accord- 
ing aa velocity or path is the principal object to be attained ; 
and we will consider these two classes separately. 

Aggregate VELOcmes. 

243. By Linkwork. — In Figs. 170 and 17l,\etAB be 
a rigid link, and let the ix»int A be given a velocity a, while 
the point B is given the velocity b. Then it is required to 
determine tlie motion of an intermediate [wmt, C, which is 
affected by the motions of both A and B. These motions 
afe generally perpendicular to AB, or so nearly so that the 
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error in their comparative motions will not generally be prac- 
tically appreciable. 




If we consider the motion of A alone, regarding B as 

stationary, C will move with a velocity = '^•-r^- If we con- 

Bider the effect of the motion of S alone, regarding A as 

stationary, we have the velocity of C = f>--j^- Considering 

motion in one direction as positive, and in the opposite direc- 
tion as negative, we have for the resultant motion of C from 

1. .-V. ^ A T> a.BC + b.AC 
both A and B, c = 7— , 



irtheo^e&ratcsiuuof the 



two component velocities. 



Fig. 171 

This result may be represented graphically, as follows: 
Perpendicularly to AB draw AA' and BB to represent in 
length and direction the velocities of A and S respectively. 
Draw A^. Then CC drawn through C perpendicularly to 
AB will represent in length and direction the I'esultant velo- 
city of the point C. 

Examples of t^gregate motion by linkwork are to he seen 

le 
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In the several forms of " link motion " valve gears of revers- 
ible steam -enginca. In these, motion ia given by eccentrics 
or cranks to points such as A and J8 in the figures, and the 
steam-valve receives its motion from some intermediate point, 
the distance of which from the ends can lie varied. As will 
be secD from the figures, if C is nearer A than B, for instance, 
its motion will be derived to a greater extent from A than 
from B. If it is midway between these points, it will re- 
ceive an equal proportion from each. 

244. DiffiereitfiBl Pulley. — Id Weston's differential 
pulley, illustrated by Fig. 172, the principle of aggregate 
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velocities is made ose of for liftiog heavy weights by (he ap- 
plication of a small amomit of force. It coasists of a eiogte 
movable pulley, D, from the axia of which the weight to be 
lifted is auspeuded ; a fixed pulley, C, having two circum- 
ferential grooves, the diameter of one being somewhat less 
than that of the other ; and an endless chain passing around 
the pulleys, as shown in the figure. The combination is ope- 
rated by hauling upon the chain i^in the direction Indicated 
by the arrow. The velocity of the pilch circle, EL, is evi- 
dently equal to that of the hauling part of the chain. Let 
I, k, denote the velocities of the pitch circles EL and HK 
respectively, and h the velocity of BP. 

Then, if the point if were stationary, hauling down upon 
iJV would evidently raise B with a velocity = -, But K, 
being rigidly connected to L, moves downward with a velocity 

such that 7 = 4^, or ft = I.—. Considering E as fixed, 
/ AL AL * 

this would give to B a downward velocity of -. Hence the 

resultant velocity of B upwards will be 

b =^ -- = I ^^ ~ ^-^ 
2 2 ' 2AL * 

or the velocity ratio = ^ = AL-AK 
' I 2AL 

245. Compound Screws. — In Fig. 173 let S^ \x> A 
cylinder upon which two screw threads are foiled. Let the 

portion ab have a pitch n, and be fitted in a fixed nut ^; 
and let the portion cd have a pitch m, and be fitted with 
a nut jW" which is free to move in the direction SS\ but which 
is prevented from turning. Then, if the bolt be turned in 
the nuts as indicated, it will move through the nut N, a. dis- 
tance n, during each turn, while at the same tjme the put Jf 
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will move along SS", a diatance m, daring each tani. There- 
fore, if the screws wind the same way, M will move relatively 
to the fixed nut N", a distance equal to the difference between 
« and m f or each turn of SS'. That ia, if n is greater tlian 
m, M will move away from JT the distance n — mi for each 



turn ; or if m is greater than n, M will move toicardB 2^ 
fee distance wi — n. If the screws wind iu opposite ways, the 
motion of Jtf relatively to JVwill lie « + m for each turn. 

246. Automatic Drill Feed Fig. 174 illustrates a 

combination for tlie production of a slow endlong motion 
of a spindle, together with a rapid rotation such as is re- 
quired for the spindle of a drill-press. In the figure, AJi ia 




FiB.174 



the spindle to which is fastened the spur wheel E. A thread 
is cut on a portion of AB, to which is fitted a nut N mounted 
in the frame of the machine, eo that it is free to rotate, but 
can have no other motion. To N is fixed a spur wheel F. 
E and F gear respectively with a long pinion ^and a spur 
Vbeel K, both fixed to a driving-shaft VD. Let c be the 



268 ELEMENTART MECHANISM. 

number, of revoluttoos made b; CD, while F and E msko 
/ and e revolutions respectively. Also, let E, F, H, and K 
represent the number of teetli upon tbe respective wheels- 
Then, - = -^ii ind -^ = — , Let p be the pitch of the screw, 
then c revolutions of CD will cause AB to travel through the 
distance (f~e)p = cp(J^- ^V 

For example, letp = J", — = ^, and — = | ; then, for 
one turn of CD, the spindle will travel J"(J — ■^) = J" X ^ 

= A"- 

247. An Epicyclic Train is a train of mechanism, the 
axes of which are carried by a revolving arm. Simple 



forms of epicyclic trains are illustrated by Figs. 175 and 
176. In both figures the train-bearing arm. A, revolves 
about a fixed centre, B, and carries the train of wheels 
shown. C, which Is considered to be the first wheel of the 




train, is concentric with B, and may be fixed, or may receive 
motion from some external source. The wheel E, which is 
considered to be tbe last wheel of the train, may be carried 
by the ai-m, as in Fig. 175, or be concentric with it, as in 
Fig. 176. In the latter case it is carried by a separate shaft, 



AGGREGATE COMBINATIONS. 269 

or turns loosely upon B. In either case its actual motiou is 
tLe resultant of the motion derived from the revolution of tlie 
arm A and that received from C hy means of the connecting 
train. It will be seen that the connection between C and E 
may be made by any of the modes of transmitting motion 
whieli have been discussed. 

Epicyclic ti'aina are used: (1) To produce an aggregate 
motion of the last wheel by means of simultaneous motions 
given to tlie first wlieel and the arm. (2) To produce an 
aggregate motion of tlie arm by means of simultaneous mo- 
tions given to the first and last wheels. 

248. Velocity Katlo in Epicyclic Trains. — In Fig. 
177 let A be the train-bearing arm of an epicyclic train 
turning alx)ut B. Let C be the wheel concentric with B, 




and E the axis of a wheel F carried by the arm and con- 
nected to (7 by a train of mechanism. Suppose that while A 
turns about B to some other position A', a point a, on wheel 
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C, moves to b from an; external cause, and that a point d, 
on wheel F, mores to e by reason of ite connection with C 
For simplicity, all are supposed to turn in the eame direction. 
Draw TE'V parallel to EB. Then aBb and hE'e are the 
abaolvie angular motions of C and F respectively, and cBb 
and gE'e are their angular motioua relatively to the arm. A.. 

hE'g = aBc = angular motion of the arm. 
aB6 = aBc '+ cBb. 
hE'e = hE'g + gE'e =s aBc + gE'e. 
Or, 

cB& = aBb — aBc; gE'e = hE'e ~ oBc. 

These equations are true for angles of any magnitude, and 
hence for complete revolutions since the velocity ratio is con- 
stant. 

Let a, m, and it be the sjnchronal absolute rotations of the 
arm, of the first wheel C, and of the last wheel F respectively. 
Let e be the value of the train between C and F, that is the 

quotient which has been represented by — = = — in Chap. 

XII. Then the rotations of the first wheel relatively to the 
arm = m — n, and the rotations of the last wheel relatively 

to the arm = n ~ a. Therefore t = — ^^— , which is the 

m — o 
general equation for epicyclic trains. 
From this we derive 

a = ' ~ , m = tt H — ——, n = a + €(m — a). 

If the first wheel is fixed, m = 0. 
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If the last wheel is fixed, n = 0. 



1- 



In all of the above formulae, the arm, first wheel, and last 
wheel are assumed to rotate in the same direction ; but if the 
direction of rotation of any one is changed, the sign of a, 
TO, or n should be changed accordingly. In applying tlie . 
formulae, we first assume that the rotations take place in tlie 
same direction, and then, one direction for the arm being 
taken as positive, the + or — sign of m and n will show 
whether they are rotating in the same direction or the reverse. 

If the connecting train is such that the first and last wheels 
would rotate in the same direction, supposing the arm to be 
fixed, the sign of t is plus, but if they would rotate in 
opposite directions, it is to he taken as minus. For example, 
if the connection is by spur gearing, and there are an odd 
number of axes, e is positive; but if the number of axes is 
even, c is negative. 

249. Ferguson's Pnradoz, illustrated by Fig. 178, will 
serve as a simple example for the application of these formu- 



Iffi. The wheel C has 20 teeth, and is fixed to the shaft B, 
about which the arm A rotates. This arm carries the axis 
of the wheel D, which gears witli and with three wheels 
E, F, and G, which turn lo(«ely on the shaft H also carried 
by the arm. E has 19 teeth, F 20, G 21, and D any num- 
ber. Since there are three axes, t is +, and has the tliree 

, C 20 C 20 ,C 20 ^ . „ , .. 
values,— — — , — = — , and— = — . C is fixed; there- 
E 19 F 20 G 21 

fore, Ml = 0, and 11 =(1 — i)a. 

Upl.z.U:..GOOgIC 
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In tbe three 


cases we hav* 






(E) 


"('- 


-s>= 


1 

19 ' 


(f, 


»=('- 


-i>= 


:0; 


(G) 


" = ('- 


-l>= 


-^«- 



That is, when the arm revolves the wheel F will have no 
absolute rotation, while, for each revolution of the arm, E 
will make ^Jj of a turn in the opposite directioD, and O will 
make j^ of a turn iu tlie same direction. 

250. Watt's Crank Substitute, otherwise known as tlie 
Sun aiid Planet Motion, belongs to the general class of epi- 
cjclie trains. In Fig. 179, AB is one end of the main beam 
of an engine, C is a spur wheel fastened fo the main shaft, 
and E is a, spur wheel fastened to the connecting-rod BD, 
and gearing with C. E is held in gear with C by means of 
a connecting link OD, or by a circular groove concentric 
with C iu which a pin at D slides. As E is raised and 
lowered by the motion of the beam, and forced to revolve 
about (7, since it cannot rotate its owu axis, it causes C 
to rotate. E has a vibratory motion due to the varying 
angle of the connecting-rod, but as tbis is periodic, it may 
be neglected for complete revolutions. 

Considering the combination as an epicyelic train, OD will 
be the train-bearing arm, C the first wheel, and E the last 
wheel. The latter lias no absolute rotation ; hence, applying 

the general formula, and letting n = 0, we have m = a[l J. 

A.1so, since there are but two axes, t is negative. 

J^t C = E, then « = -1, m = Jl - -l-\ = <a. 

Upl.z.U:..GOOgIC 
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Or, for one revolution of the train &vm OD correepooding to 
an up-and-down Btroke of tbe piston, C makes two revolti- 
tioQS. Thus by tbis arrangement the shaft rotates twice as 
fast ae it wonld with the ordinary crank connection. If C has 

twice as many teeth aa E, t = —2, and mi = a(l -1 

= - a, or C revolves three times while OD revolves twice. 

If E has twice as many teeth as C, e = —J, m = a(l + 2) 
= 3a, or O revolves three times for one revolutioQ of OD, 



251. Epieyclic trains are used in some forms of rope- 
making macliinery. In oi'dcr that a rope shall not untwist, 
it is necessary that the separate strands shidl either he laid 
together without any twist, as in wire rope, or that they shall 
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have a elight twist In the opposite direction to tlie apparent 
twist of Uie rope. In Fig. 180, let £ be the bobbins from 
which the wire or strands are nnwound as the rope is formed. 
These bobbins are carried by wheels D, which are connected 
to a centre wheel A by intermediate wheels C. The axes 
of all the wheels excepting A are carried by a frame which 
turns about the axis of A. If the bobbins were fixed in 




this frame, as the frame revolved, each strand wonld be 
twisted as it was unwound, but if we arrange it so that the 
axes of the boblrins shall always lie in the same direction, 
there will be no twist. This is accomplished by fixing the 
axes of the bobbins to the wheels U, fixing the wheel A, and 
making D = A. We tlieo have an epicyclic train in which 



: 0, and £ 



= I, 



and n = 0, or the wheels D have no absolute rotation, and 
consequently there is no twist given to the strands. By giving 
D a few more teeth than A, the strands will be given a slight 
twist in the opposite direction to the twbt of the rope. 
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252. Epieyclie trains may be used to transmit velocity 
ratios which could Dot be conveyed by direct trains except 
by using a lai'ge number of axes or inconveniently large 
wheels. The necessity for such ratios rarely arises except 
in astronomical machinery, and for explanations of such 
applications the student is referred to "Willis* " Principles 
of Mechanism," and the works there referred to. 

Aggregate Paths. 

253. Parallel Motions. — The most important applica- 
tion of aggregate combinations ia which the path is the 
immediate object sought, is to give motion to a piece such 
that a point in it shall move in a straight line. Such combi- 
nations are commonly called "parallel motions," although 
" straight- line motion" would be a more correct and de- 
scriptive name. 

Some of these combinations give an exact straight-line mo- 
tion, but in most of them the motion is only api)roximate. 
We have seen an example of exact straight-line motion 
in the case of a point on the circumference of a circle roll- 
ing within another circle of twice its diameter, being in fact 
a special case of the hypocycloid. By means of aecuratoly 
cut gears, this could, of course, be applied to machinery. 

In the parallel motions in general use, the straight-line path 
is produced by combinations of links, and such combinations 
will be now considered. 

254. PeaucelHer's Exact Straight-Line Motion. — 
In Fig. 181 is shown the general arrangement of Peaucel- 
Her's exact straight-line motion. It consists of seven mov- 
able links connected as shown. Two long links AD, AE, 
oscillato about a fixed centre A, and are jointed at the ends 
D and E to opposite angles of a rhombus, CDPE, composed 
of four shorter links. At C is connected a link BO, oscil- 
latmg about a fixed centre B, so located that AB = BC- 
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Then the point P will describe a straight line perpendicnlar 
to AB. 




From the symmetrical constrnction of the combination it 
9 evident that the points A, C, and P must always lie in 
jne straight line. Let the combiuation be moved, Fig. 182, 




from the central position shown dotted, to some other posi- 
tion, such as tJiat shown in full lini-s, the point P occupying 
the position P'. Draw AP, AP', and 0€' ; alao DL per- 
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pendicular to AP, and IVK i>ei-peDdicular to AP'. From the 
construction, P'E = KG', and PL = LC. Then, 

3S" = AK* + Kff* = AK* +{WC^ - KC^ ; 

AH^ ~WC^ = :SS^ ~KC^ ' 

= {AK - KC) {AK + KG') = AC X AP'. 
Similarly, 

Iff =AV + dV = AL' + (DC' - LO') ; 

AD* - DC^ = AL^-LC' 

^{AL - LC)(AL + LC) = AG X AP. 

.-. AG X AP== AC X AP'; 
or 

AP ^AC 
AP' AG ' 

AC is a diameter of the circle ACC ; hence CCA is a right 
angle, and P'P is perpendicular to ABP. And P' having 
been assumed as any position of P, it follows that the above 
relation is true for all positions, or P moves in a straight line 
perpendicular to AB. 

255. In applying this motion to engines, the point P is 
connected to the end of the piston-rod, and thus takes the 
place of the usnal cross-head and guides. It is to be par- 
ticularly noted, that, aa stated above, the arm BC is equal in 
length to tlie distance AB. If this is not so, instead of a 
straight line, circular ares wilt he describetl by P. If the 
ratio — — is less than one, the arc described will be concave 

towards A ; if the ratio is greater than one, the arc described 
will be convex towards A ; and if the ratio is equal to one, 
the circular arc becomes a straight line. 

u.a.i.z.d:,.G00gIc 
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There are other exact paittllel motions • formed by comW- 
natioiia of Hnkwork, most of which are derived from the 
I'eaucellier cell ; but they are of eo little practical impor' 
taoce that they will Dot be discussed in these p^ea. 

256. Watt's Approximate Straiglit-LIne Motion, — 
The most widely used of the approsimate straight-line mo- 
tions is that iuvcnted by James Watt. It is shown in its 
simplest form in Fig. 183. AC and BD are two arms 




turning about fixed centres A and B, and connected by a 
liuk CD. When in the mid position the arms are pai'allel, 
and CD is perpendicular to them. If the arms be made to 
oscillate, a point in CD, such as P, will describe a Bgure 
similar to that shown. But we can so arrange the propor- 
tions of the links, and the position of P, that for a limited 
motion it will not deviate much from a straight line. 

257. Let the arms AC and BD be turned to some other 
positions, as Ac and Bd in Fig. 184. Then the link CD will 
be moved to cd. The end C has been moved to the right, 
and the end D to the left, so there will be some point P, of 
cd, which will He in the continuation of the line CD. Let 
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Drawing ce and dg parallel to AC, we have 



. R{1 — COB g 



dP I — X dg r (1 — eos <f) 

2B8in'| 



^ r'&m't 



In practice, 6 does not exceed about 30°, the inclination of 
the link cd is small, and B$ is very nearly equal to r0. Aa 

these angles are small, we may assnme Rsia-^ rsin ^, 




hence - 



^- 



;, or the segments of the link are inversely 

proportioBal to the lengths of the nearest arms, which is the 
usual practical rule. 

258. Amount of Deviation. — The deviation of the 
point P from the line SS can be calculated, but will not 
generally exceed about -^tj, inch. This may be greatly re- 
duced by the arrangement shown by Fig. 185, which should 
always be used. In the mid position the arms are perpen- 
dicular to the line SS in which the point P should lie, and 
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which in an engine shonld coincide mih the centre lice of 
the cylinder or pump. This line should bisect the distances 
Ce and Df which are the versed sines of the maximum values 
of the angles 6 and ^. The ends C and D of the link will 
then evidently deviate equal amounts on each side of SS. 
Drawing (fA and dg perpendicular to' SS, and Gn parallel 
to SS, we have three equal triangles, c'cfA, C£hi, and cdg. 
Therefore, (fp' = CP = qp, or the mid and extreme poBi- 
tions of the guided point P are exactly on SS. 



s 








S 


1 i/ BHa. ISO' 

/ 



The greatest deviation of the guided point from SS occurs 
when CD is parallel to SS, and is best determined in any 
case by drawing the combination to a large scale, and find- 
ing the parallel position by trial. 

u.a.i.z.d:,.G00gIc 



AOGEBOATE COMBINATIONS. 



281 



2ff». ProWem. — In Fig. 186, let 0.4 be mi arm as 

before, cA its extreme poeitioD, and SS the line of stroke bi- 
Bocting Ce. Join Cc, and draw AN perpendicular to it. N 
bisects Cc, since the latter is the chord of the angle CAc, 
and hence is on the line SS. Also Mlf = J cc, or, since ec 
may be taken as ^ the stroke, MN = J the stroke. 




Therefore, if we have given the length of stroke and direc- 
tion, SS, the centre of one arm A, and mid position of the 
guided point P, we can constroct the remainder of the mo- 
tion as follows : Draw AR perpendicular to SS, lay off MN 
= i stroke, draw Alf, and perpendicular to the latter draw 
NO. Where this line intersects AB at C, will be the end of 
the arm AC. CPwill be the direction of the link in mid 
position. If we assume, or have located, the point H where 
the mid position of the second arm cuts SS, draw an indefi- 
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nite straight line, FH, through this point perpendicular to 
SS. The point D, where VP produced cuts FH, is the ex- 
tremity of the second arm. Then, since HD must be ^ the 
versed sine of the arc through which B moves in either direc- 
tion, we can Snd the ceatre B by laying off HT = ^ stroke, 
and drawing TB perpendicular to TD. 

260. Practical Form of Watt's Motion. — We have 
thus foond the proper proportions for the simplest form of 
tlie motion ; but, as usually coDstructed, the motion is of the 
form BbowD in Fig. 187. AE is one arm of the main beam 




of an engine, and tarns about the centre A. EF is the 
main link, connecting AE with the piston-rod FS. GD is 
the back-link equal and parallel to EF. FD is the paraUd- 
bar equal and parallel to EC. BD is the radius bar, or 
bridle. The point P, in CD, is the guided poiut whose mo- 
tion we have dicK^ssed. If we draw AP, and produce it 
until it cuts EF in F, the latter point will have a motion 
similar to P. This will be clear when we consider that in 
all positioDS EF is parallel to CP; then, since AE and AC 
are fixed lengths, we have for any position two similar tri- 

anslea AOP and AEF; hence 4^ = ^ = constant. So 

* AF AE 

that, if P describes a straight line, F will also move in a 
straight line parallel to the path of P. 

2U1. Scott Kussell's Motion. — A combination due to 
Mr. Scott Bnssell, similar to that of Fig. 120, is uaually 
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classed as an exact straight-line motion. In that figure, if 
the point Q be compelled to move in straight guides along 
AL, the point F will move in a atraight path A V, the arm 
AP oscillating instead of performing complete revolutions. 
This would scarcely seem to be entitled to the term "exact 
motion," since it depends upon the accuracy of the guides 
at Q, the necessity of which it is the object of straight-line 
motions to avoid. 

262. Grasshopper Motion. — A form of the above 
motion in which the guides are replaced by a comparatively 
long radius-rod perpendicular to AL in mid position, and con- 
nected to Q, is approximate, and is known as the "Grass- 
hopper Motion." 




In Fig. 188, let p, P, and j/ be the extreme and middle 
positions of the guided point, lying in one straight line. 
Draw the straight line DPB, perpendicular to pPj^ ; and 
lay oflf jKx = p'a = PA = the proposed length of the guid- 
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ing bar, so as to find the extreme po^tiona A snd a of its 
farther end. Thia end is to be guided by a lever centred at 
C; that lever being so long aa to make the point A describe 
a very fiat circular arc, deviating very Uttle from a straight 
Ime. 

Choose a convenient point b for the attachment of the 
bridle to the bar AB, and lay off p& = p'^ s= PB, so aa 
to find the extreme and middle positions of that point. 
Next find the centre Z) of a circnlar arc passing through 
b, B, and b' ; then D will be the axis of motion of the bridle 
Db. The error of this parallel motion is less, as 6 is nearer 
the middle of pa. 

263. Robert's Approxiinat« Strsigbt-Uae Motltm. 
— Fig. 189 illustrates Robert's parallel motion. Two equal 
arms AC and BD are jointed to fixed centres at one end, 




Fig. ISO 



connected at the other end to the ends of the base of a 
rigid isosceles triangle CPD. In this triangle, CP = DP = 
AG = BD, and CD = ^AB. It is evident that in the mid 
position shown, tiie point P is in the straight line AB; also, 
that it will lie in this line when PD coincides with BD at one 
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end of the stroke, and when PC coincides with AO at the 
other end of the etroke. Between these positions, however, 
P deyiatea slightly from AB. 

264. TchebichefFs Approximate Straight - Une 
Motion, — Another close approximation to a straight-line 
motion is that due to Prof. Tchebicheft of St. Petersburg, 
and illustrated by Fig. 190. The arms are of the following 
proportions ; Let ^B = 4, then AC^BD = 5, and CD = 2. 




inia,i90 



The path of the guided point P, midway between O and D, 
will t^en closely approximate to a straight line parallel to 
AB. It may be easily proved that the distance of P from 
AB is the same at the ends of the stroke, where P is in 
the perpendiculars to AB through A and B, and in the mid 
position being that shown in the figure. In intermediate 
positions P deviates slightly from a Btrtught line. Both this 
and the preceding motion give a closer approximation than 
can be obtained by Watt's motion. 

S05. A Trammel is a device for drawing ellipses. It 
consists (Fig. 191) of a bar, PCD., carrying a pencil at P, 
and fitted with pins, or pieces monnted on pins, which slide 
in grooves, as shown in the figure. The grooves are usually 
at right angles with each other, and the cioss-shaped piece 
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ID which they are formed is fastened in place on the paper. 
Let PD =3 a = the Bemi-major axia of the ellipse to be 
drawn, PC = h = the eemi-minor axis, PM = x, and P2f 
•m s- Then we have 

PJf 



PN 
PC 



2 = COB OPN = COB ^. 

■'■ ^ + '^ = sinV + coaV = 1. 

which is the equation of an ellipse. By varying the lengths 
PC and PD, ellipses of different sizes and eccentricities can 
be drawn. 




266. Oval Chnck. — If in Fig. 192 we keep the bar 
CPD stationary, and turn the grooved piece and paper, an 
ellipse will be described upon the paper by the point P as 
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before. This fact is taken advoDtage of in the so-called 
"oval" chuck for turning ellipses, and of which Fig. 192 
illustrates the principle. In this figure P is the cutting tool, 
G the centre of the mandrel of the lathe, and D the centre 
of a circular piece which is fixed to the headetock of the 
lathe. One part of the. chuck is fixed to the mandrel, and 
has cut in it a diametral slot represented by aCb, A second 




part of the chuck, being that which carries the piece to be 
turned, has two lugs which project through the slot aCb and 
form part of two straight pieces, represented by ad and be, 
which slide on the circular piece previously referred to. The 
result is, that, as the mandrel revolves, the piece being turned, 
or the work, receives a combination of this motion of rota- 
tion and a reciprocating motion in the slot, by which the 
distance of the centre of the work from the tool is varied 
in the manner necessary to form an ellipse. Draw De par- 
allel to Ca, and CO perpendicular to Ca. Then when the 
work has been turned about G through the angle a'Ga, it 
has also been moved through C the distance OD. We now 
see that the triangle GOD of Fig. 192 corresponds to COD 
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of Fig. 191, and drawing PJf perpendicolar to De, we have^ 
as before, 

^=8iiiPi)Jtf=8iii*; 
OM _ 



or is for the inBtant the centre of the ellipse. Evidently 
siDce P, 0, and D are fixed, the position of this centre is con- 
fitantl; clianging, lying always at tbe junction of a perpen- 
dicular to aCb Uirough C7, and a parallel to aCb through D. 
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1. An engine makes 600 strokes per minute. Fly-wheel fa on the 
crajik shaft. £lnd the linear and angular velocltj of a point In 
the fly-wheel 8 feet from the centre of the shaft. 

Ana. a = 1884.96; F = 5654.88 feet per minute. 

2. The speed of the periphery of a wheel 8 feet In diameter is 

4,000 feet per minute. Find the linear velocity of a point 3^ fe^ 
from the centre. 

3. A point in a fly-wheel, 4 feet from the centre of the wheel, 
moves through 2,500 feet per minute. The stroke of the engine heing 
2 feet, find the mean piston speed. 

Ana. V = 397.89 feet per minute. 

4. A locomotive moving at the rate of 35 miles per hour, has 
driving wheels 63 inches in diameter and cylinders 24 inchea stroke. 
Find the linear and angular velocities of the crank-pins relatively to 
the frame of the engine. 

6. Two shafts are centred 2 feet apart. Find the diameters of 
wheels to work by rolling contact, so that the driving shaft will make 
5 revolntiona while the following shaft makes 7 revolutions. 

Ana. Driver, 28 inches; follower, 20 inches. 

Q, The distance between the centres of two sliafts = 54 inches. 
The driving-shaft makes 80 revolutions per minute. The follower is 
to make 100 revolutions per minute. Find the diameter of wheels for 
rolling contact. 

7* A shaft making 130 revolutions per minute is to drive by spur 
gearing a second shaft 28 Inches from it at a speed of 300 revolutions 
per miunte. Find diameters of pitch circles. 



;,. Google 



290 ELEUENTART MECHANISM. 

S> Velodty ntlo to be transmitted = ] = — . Diuneter of tbe 

driver Is 15 inches. Find the diameter of the follower, and tlie dis- 
tance between parallel axes. {Direct contact.) 

An». Diameter, 20 inches; distance. 111 Inches. 

9. A wheel 33 inches In diameter Is fixed on a shaft making 825 
revolutions in 5 minutes. This wheel and shaft are to drive a second 
wheel by rolling contact, so tliat the latter wiU make 62 revolutions 
per minute. Find the size of the second wheel, and the distance 
between Uie centres of the wheels. 

10> Given two intersecting axes at right angles, velodtj ratio 
— = |. Show bow to find the pitch cones graphically. 

11. The angle between two Intersecting axes ia TS". Show how 
to find graphtcall; the slies and positions of conical frusta which will ' 
transmit a velocity ratio - = — . 

12. P = drcnlar pitch, IT = nmnber of teeth. 
D = pitch diameter, Jf = diametral pitch. 

(1). Given P = 21 inches, JT = 40. Find D. 

(2). Given P~H Inches, ff = 76. Fiiid D. 

(3). Given P= i inch, D = 12 Inches. Find N. 

(4). Given D = 24 inches, N = BO. Find P. 

(6). Given 8 pitch wheel, JT = 40. Find D. 

(6). Given 3 pitch wheel, N = 00. Find D. 

(T). Given 4 pitch wheel, 2) = 20 inches. Find N. 

l&). Given 2 pitch wheel, D = 86 inches. Find N. 

(0). Given 2) = 15 inches, N = 75. Find X. 

(10). Given 2) = 27 inches, N = 81. Find X. 

13. Two axes 2T inches apart are to be connected by two 2 pitch 
wheels. Velocity ratio {. Find diameters of pitch circles and num- 
bers of teeth. Ant. Numbers of teeth 63 and 46. 

14. Construct a cam on a base circle of 3 Inches diameter, to 
revolve once per minute, and give to a bar, whose line of motion 
passes through the centre of motion of the cam, a stroke of 2 inches. 
The bar rises during 25 seconds with a uniform velocity; remains at 
rest 20 seconds; and descends during the remainder of the revolution 
with a uniformly accelerated velocity. 
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15. Draw a cam, which, by oacillating through an angle of 60°, 
shall ^ve & oniform ascending and descending motion to a bar whose 
line of motion passes 4 inches to right of the centre of the cam. 
Stroke of the bar, 3 Inches. 

16. Besign a cam on a base circle of 3 Inches diameter, to raise a 
point whose line of motion passes one inch to the right of the centre 
of motion of tiie cam, by a uniform step-by-step motion, during i of 
a revolution of the cam, and allow it to descend with uniform velocity 
during the remaining i of the revolution. 

1 7. In Fig. 107 given AF = 2 feet, AB = 1 foot, BC = 31 leet, 
CQ = 6 feet, AB Is vertical, and aQ is horizontal. P revolves In 
the direction of arrow, making one revolution per minute. 

(1). Find length of stroke of Q 1 

(2). Find time of forward stroke in seconds t By computation. 
(3). Find time of tutckward stroke In seconds J 
(4). Find position of P when Q is at the middle of i 
forward stroke 

it the middle of [ 



\ Graphically. 



1S> Having a crank 2 feet long, and a connecting-rod 8 feet long, 
find the angle of the crank with line of centres when the piston is at 
the middle of its stroke. 

Ana. ± 82° iV V. 

10. Having a crank 1 foot long, and a connecting-rod 5 feet long, 
revolutions per minute 120. Find piston velocity In feet per minute, 
when the crank makes an angle of 45° with the tine of centres. 

Ana. 809.22 feet per minute. 

20. Having an engine of 5 feet stroke and a 10-foot connecting- 
rod, find distance of the piston from the end of stroke when the crank 
has made 1 of a revolution. 

Ana. 2 feet 2.16 Inches. 

21. Having an engine of 6 feet stroke, connecting-rod 101 feet 
long, find what angles the crank makes with line of centres when the 
velocity of the piston e<]ua!s that of the crank. 

.^718. Sln-». }. 

22. Having a beam engine of 10 feet stroke, 13 feet between the 
centres of beam and cylinder. Find the best length for the beam ann. 



;,. Google 



292 ELEMENTABT MECHANISM. 

23< %ow gnphicAlly how to eoiutmct a quick return motion by 
iomt«d liaki, i,m:h that period of advan,^ ^ 3 
period of return 2 

24. Design a quick tetum motion, such that the period of return 
= f of the period of advance. 

25. Design a cam od a bttse circle of 2 Inches diameter, to give to 
a point whose line of motion passes i inch to the right of the centre 

of motion of the cam, the same motion as piston in proI)lem 20. 

26. Connect two paralle) shafts by a crossed belt, so tliat — = -, and 
find the length of the 1:>elt by exact calculation. 

27. Two stiafts are to be connected by an open belt, distance be- 
tween axes = 10 feet and — = -. Find diameters of pulleys and the 
length of the belL 

38. A pulley (A) on a driving-shaft drives pulley (B) by a crossed 
belt. A spur gear (C) on siiaft witli (B) drives pinion (D). Pulley 
IE), on the shaft with (D), drives pulley (f) by an open belt. 

Given 4 = 20 inches diameter, 40 revolutions per minute. 

Given B = 15 inches diameter. 

Given C = 90 teeth, i> = 15 teeth. 

Given E = SO inches diameter, F= 10 inches diameter. 
Find number of revolutions per minute of F, and direction of rotation 
relatively to A. 

29. An engine of 3 feet stroke, piston speed of 360 feet per min- 
ute, has a main driving pulley S feet in diameter, from which is driven 
a pulley 4 feet in diameter. A pump having a plunger displacement 
of 2 gallons, is to be driven from the shaft carrying the 4-feet pulley, 
and is to pump 5,000 gallons per hour. Find arrangement of the con- 
necting train of meclianism, by belts or gearing. 

30. A lathe lias a set of change wheels whose pitch diameters are 
2 inches, 3 inches, 5 inches, 3 inches, 7^ inches, and 9 Inches respects 
ively. I^^ading screw bOiS 4 threads to the inch, and Is right-handed. 
Distance between the centres of spindle and leading screw is 16 inches. 
Select and arrange wheels to cut a left-handed screw of 6 threads to 
the inch. 
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31. A lathe has 4 threads per inchonari^t-biHided leading screw. 

Find the stzea oi least nnmber of change wheels to cnt right-handed 
thre&da of 5, 0, S, 9, and 10 to the Inch. Smallest wheel to have 20 
teeth. Arrange table for change wheels for the various cats. 

32. Find traina for an 8-day doclc, 10 tarns ol wdgbt cord on 
barrel. The escape wheel has 30 teeth. 

Nnmber of teeth on wheels not to exceed .... 96 
Nnmber of teeth on pinions not less than .... 8 
Keqnired hour, minute, and seconds hands. 

33. Fhid the trains for a 32-day clock, the barrel to carry 24 colls 
of the weight cord; pinions to have not less than 8, and the wheels 
not over 1(^ teeth; swing wheel (escape wheel) to have 60 teeth, and 
the pendulum to make 120 vibrations per miuute. Required hour, 
minute, and seconds tiands. 

34. Find trains for a 12-day clock; 18 tuma of weight cord on bai^ 
rel. Escape wheel revolves twice per minute. Penduinm makes 120 
beats per minute. Least number of teeth for pinions = 0. Greatest 
number foe wheels = 108. Required hour, minute, and seconds 
h^nds.' 

35. Find traina for an 8-day clock. Pendulum makes 150 vibra- 
tions per minute. Swing wheel lias 25 teeth. Dead beat escapement. 
Least nnmber of t«eth for pinions = 10. Greatest number for 
wheels = 108. 12 coils of weight cord on barrel. 

36. Find numbers of teeth for a train to give approximately E = 
104 with an error of less than I ; maximum nnmber of teeth for wheel 
= 00 ; min imum numl)er for pinion = 12. 

37. Design a drill press (Fig. 174), pitch of screw to be J inch; 
drill to make 60 revolutiona per minute; driving axis to make 40 revo- 
lutions per minute. Drill to descend ^ inch per revolution. 

38. In Fig. 176, C haa 121 teeth, and is fixed, D haa 120 teeth| d 
has 119 teeth, E = 120 teeth. Find how many revolutions of arm A 
will cause E to revolve once. 

39. In Fig, 176, C Is a fixed wheel, and haa 20 teeth, D = 36 teeth, 
d = 24 teeth, E = 32 teeth. Find velocity ratio = ^. 
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40. In Fig. 179, C has 30 teeth, and £ has 40 teeth. Reqoired 
relocity raUo ^ 



42. In Fig. 182. Let the arm BC be sappressed, and let P' be 
golded hi a chvle drawn on AP as a diameter. Prove that C will 
move in a stnigbt line perpendicular to AP. 

43. Find dimensions of a trammel to describe an ellipse of which 
the major axis is 2^ times as long as the minor axis. 
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Scientific, Military, and Naval 

PUBLICATIONS 

as Xorray Street and 27 Warren Street, Hev York. 



ABBOT, KaJ. HENBY L.— Siege Artillery against Blchmond. 

DliiBtrated. 8vo, cloth $3 50 

ADAUS, J. W.— Sewers and Drains for Fopnlona Districts. 
BmbracinK Rules and Fonnulas for the dimenBiona and construction ol 
works of Bauitaiy Engineers. Second edition, tlvo, doth 2 50 

ALDBIOH, M. ALMY.— History of the TTnlted States Uarine 
OorpB. 
From Offleial Reports and other Docmnents, Compiled by Oapt Richard 
S. CoUum. 8vo, cloth 2 50 

AL£XAin)BB, J. H.— Dniversal Dictlonair of Weights and Mea- 
sores, Ancient and Modem, reduced to the Standards of the United 
States of America, 
New edition, enlarged. 8to, cloth 3 50 

ANDEBSOS, Oen. BOBBBT.—Eroliitions of Field Batteries of Ar- 
tillery. 
Translated from the French, and arranged for the Army and Militia of 
the United States. Published by order of the War Department. it3 
plates. 24mo, cloth X 00 

AirDBBWS, Uaj.-Oen. 0. 0.— Oampalgn of Mobile. 
Including the Co^jperation of General Wilson's CaTalr7 in Alabama. 
With five maps and views. 8vo, cloth 2 50 

Hinta to Oompany Officers on their Hllitary DttOsa. 

18mo, oloth 50 

ARNOLD, VLai. A. K.— Cavalry Service. 
Notes on Horses for Cavalry Service, embodying the Quality, Purchase, 
Care, and Diseases most frequently encountered, with Lessons for Bitting 
the HoTse and Bending the Neck. Illustrated. ISmo, cloth 75 



2 D. VAN NOSTRANiyS GATALOaUE. 

ASNOLD, Haj. FBAITC S.— Ttaa DiscipIiiiA and DriU of WUtda. 

Crown 8to, limp cloth t $2 00 

ATWOOD, Oeo.— Practical Blow-Pipe ABsaying. 

13mo, cloth, illustrated 2 00 

AUOHIHOLOBS, W. S.— Link and Valve Uotions SimpUfled. 

Illustrated with 87 wood-cuts and 31 lithographic pUtes, together wiUi 

K Travel Scale and nnmerooH useful tables. 8vo, cloth. 300 

AXON, W. E. A.— The Uechanic's Friend. 

A Collection of Receipts and Practical Suggestions Hektdng to Aquaria — 
Bronzing— Cements— Drawing — Dyes — Eroctricity — Gilding — Qlass-work- 
ing — Glues — Horology — Lacquers — Locomotives— Magnetism— Metal- 
working — Modelling — Photographj^ — Pjrotechny — Railways — Solders — 
Steam-Engine — Telegraphy — Taiidermy — Vamiahes — WatefprooBng, 
and MiscellaDeous Tools, Instruments, Machines, and Prooesaea connected 
with the Chemical and Mechanic Arts. With numerous diagrams and 
wood-cuta. Fancy cloth 1 SO 

3A00N, F. W.— A Treatise on tlie BicliardB Steam-Engine Li- 
dicator, with directions for its use. 

By Ciiarles T. Porter. Bevised, with notes and large additions as de- 
veloped bv American practice ; with an appendix contoijung useful for- 
mulie and rules for engineers. Illustrated. Fourth edition. 13no, 
cloth 1 00 

BAEBA,.J.— Tbe Use of Steel for Oonstrnctdve Pnipoaes; 

Method of Working, Applying, and Testing Plates and Brass. With a 
Preface by A. L. HoUoy, C.E. 12mo, cloth 1 SO 

BABNABD, Hal.-Oen. J. a.— The "0. S. A." and the Battle of 
Bull Bun. 
8vo, cloth 1 26 

The Feninsnlar Oampaign and tte Antecedents, 

As developed by the Report of Haj.-Oen. Geo. B. MoClellan and other 

Sublished Documents. 8vo, cloth 1 00 
2mo, paper 30 

Notes on Sea-Ooast Defence. 

Consisting of Sea-Coast Fortification; the Fifteen-Inch Gun; and Case- 
mate Embrasure, With an engraved platfl of the Eifteen-Inch Gun. 



I, cloth 2 00 

BABNABD, MaJ.-aen. J. Q., and BABBY, Uaj.-Glen. W. F.— Be- 
port of the Engineer and ArtiUeiy Operations of the Amj 
of the Potomac, 
Prom its Organization to the Close of the Peninsular Campaign, Hlm- 

tratedby 18 maps, plans, etc. 8vo, cloth 2 50 

BABNES, Lieut. -Oom. JOHN S.— Submarine Warfare, Defensive 
and Offensive. 
Comprising a full and complete HL'rtory of the inTention of the Torpedo, 
ita employment in War, and results of its use. Descriptions of the va- 
rious forma of Tomedoes, Submarine Batteries, and Torpedo Boats actual- 
ly nsed in War. With 30 lithographic plates and many wood-oats. 8to, 
"'"th 6 00 
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BABEE DUFA.BOQ, EDWABD DE LA.— Elements of MiUtarr 
Art and History. 
Translated by Coi Qe«. W, Cullum, U.S.E. 8vo, cloth $3 50 

BABBETT, Oapt. EDWABD.— Dead Beckoning ; ot, Day's Work. 
8vo, flexible cloth 1 25 

Chinnery Instntctions. 

l2mo, cloth 1 25 

BEILSTEIN, F.— An Intiodaction to QnalitatiTe Chemical Ana- 
lysis. 
Translated bj I. J, Oabun. 12mo, eloUi 75 

BENET, Oen. S. V.— Electro-BaUistic Haddaes, 
And the Schultz CfaroQoscope. Second edition. lUustmted. 4to, 
cloth 3 00 

Military Law and Oonrts-Martial. 

A Treatise on Mihtarr Law and the Practice of Courts-MartiaL Sixth 
edition, revised and enlarged. 8vo, law sheep 4 00 

SENTON, Ool. J. Q.— Ordnance and Chmnery. 

A Course of Instruction in Ordnuice and Gunnery. ConpUed for the 
use of the Cadets of tbe U. S. Military Academy, llhistrated. Fourth 
edition, revised and enlarged. 8vo, cli>th 5 00 

BEBEIUAir, Maj. M. W.— The Uilitiaman's Manual and Sword- 
Flay without a Master. 
Bapier and Broad-Sword Exercises, copiously explained and illnstrated ; 
Small-Arm Light Infantry Drill of the United States Army; Infantry 
Manual of Percussion Musket; Company Drill of the United States Cav- 
alry. Fourth edilion. 13mo, cloth 1 00 

BLAJKE, W. P.— Beport npon the Precious Metals ; 

Being Stattsticat Notices of the principal Gold and Silver producing re- 
gions of the World, represented at the Paris Univereal Exposition. Svo, 
cloth 2 00 

■ Ceramic Art. 

A Report on Pottery, Porcelain, Tiles, Terra-Cotta, and Brick. 8vc, 
cloth 2 00 

BOW, B. H.— A Treatise on Bracing, 

With its application to Bridges and other StrucUires of Wood or Iron. 
156 illustrations. 8vo, cloth 1 50 

BOWSEB, Prof. E. A.— An Elementary Treatise on Analytic Gteo- 

Embracing- Plain Geometry, and an Introduction to Geometry of three 
Dimensions. 12mo, cloth 1 75 

An Elementary Treatise on the Inferential and Integral 

Calculus. 
With numerous examples. 13mo, cloth 2 25 

BOTNTON, Maj. EDWABD C— History of West Point, 

And its Military Importance during the American Revolution ; and the 
Origin and Piogress of tlie U. S. Military Academy. With 36 maps and 
engrarings. Second ediUon. 8vo, fancy cloth j^.~^.^^.^,, |^. BO 
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BEANDT, J. D.— Gnimerr OatectaiBtn. 

As applied to the service of Ibe Naval Ordnance. Adapted to the 1at«st 
Ofllciw B^olatiotH, and approved by the Bureau of Ordnance, Navy 
Depnrtment. Revised edition. IUuatrat«il. 18mD, cloth $1 50 

BBEWEBTOH, G. D— Tbo AntomatoQ Battery; or, Artillerist's 
Practical utstnictor. 

For alt Houated Artillery ManceuvTes in the Pield. Iq box. 1 00 

When sent t^ mail .- 1 30 

The Automaton Beglma&t ; or, In&stry Soldier's Practical 

Instmctor. 

For all Regimental Movements in the Field. la box 1 00 

When sent by nuul 1 33 

The Antomatou Oompanjr ; or. Infantry S<ddiei's Practical 

Inetmctc^. 

For all Company Movements in the Field. In box 1 26 

When sent by mail 1 94 

BBIHKEKQOPP, Oapt. B.— Tlie Volunteer Qnartersiaster. 
larao, doth 1 00 

BUOKNEB, Lieat. W. P.— Oalcnlated T^les 6f Ranges for Navy 
and Aiiny Quns, 

8to. doth 160 

BUBaH, H. P.— Modem Uaiine Engineering, 

Applied to Paddle and Screw Propolsion. Consisting of 36 colored plotee, 
2KI practical wood-cut illustrations, and 403 pages o( descriptive matter, 
the nholo being an exposition of ihu preH^nt practice of James Watt & 
Co., J. & G. Itcnnie, E. Napier & Sons, aiid other celebrated firms. Thick 

4to vol., doth 10 OO 

Half morocco 15 00 

SUBT, W. A.— Key to the Solar Compass, and Sorreyoi's Com- 
panion. 
Comprising all the rules necessary for nse in the field ; also description of 
the Linear Surveys and Public Land System of the United States, Notes 
on the Barometer, su^estions for an outfit for a survey of foor mom hs, 
etc. Fifth edition. Pocket-book form, tuck 2 50 

STTTLEB, Oapt. JOHN S.— Projectiles and Bijled Cannon. 

A Critical Discussion of the Principal Sjrstems of Killing' and Projectiles, 
with practical sugeostitms f or their improvement, as embraced in a report 
totheChief of Ordnance, U. S.Army. 4to, 30 plates, doth 6 00 

CADf, Prof. WM.— A Practical Treatise on VonsBOir and Solid 
and Braced Aichss. 
16mo, eloth estra 1 75 

CALDWELL, Prof. GEO. C, and BEEHEKAN, Pnof. A. A.— Man- 
ual of Introductory Chemical Practice. 
For the use of Students in CoUeges and NormE^l and High Schools. Third 
eilition revised and corrected, 8vo, cloth, illustrated. New and enlarg- 
ed edition 1 60 

OAMFIN, FBANCIS.— On the Constmction of Iron B00&. 
8to, with plates, cloth 8 00 
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D. VAN NOSTRANirS CATALOGUE. 5 

0A8ET, Brig.-Oen. SI£>AB.— U. S. Infontry Tactica. 

Vol. I. — School of the Soldier; School o( the Company; Instruction for 
Skirmishers. Vol. II. — School of the Battalion, Vol. III. — Evolutions 
of a Brigade; Evolutions o( a Corps d'Arm^e. Lithographed plates. 
a vols. 34mo, oloth fl 60 

CHAUVENET, Prof. W.— New Uethod of Correcting Limar Dis- 
tances, and Improvnd ICeldkod of Finding tiLe Error and Rate 
of a Cnronometer, b; Eq^ial Altitudes. 
8vo, cloth 2 00 

OHUECH, JOHN A.— Notes of a Uetallnivical Journey in Europe. 
8*0, cloth 2 00 

(SLABS., D. EINNEAS, C.E.-Fuel, 
Its Combustion and Economy; consisting of Abridgments of Treatise on 
the Combustion of Coal and the Prevention of Smoke, by C. W. Williams! 
and the Economy of Fuel, by T. S. Prideaus. With extensive additions 
on recent practice in the Combustion and Economy of Fuel : Coal, Coke, 
Wood, Peat, Petroleum, etc 12mo, cloth 1 60 

A Mannal of Bulea, Tables, and Data for Mechanical En- 
gineers. 

he most recent investigations. Elnstratcd with namerous 

1,012 pages. 8vo, cloth. Second edition. 5 00 

7 50 

CLABK, Lt. LEWIS, IT. 8. N.— Theoretical Navigation and Nauti- 
cal Astronomy. 

Illustrated with 41 wood-cuts. 8vo, cloth 1 SO 

OLABEE. T. C— Description of the Iron Railway Bridge over the 
MissiBsippi Birer at Qnincy, minois. 

niu.strated with 31 lithographed plans. 4to, cloth 7 fiO 

OUTTENCIER, 8. B.— A Treatise on the Method of OoTemment 
Surveying, 

As prescribed bv the U, S. Congress and Commissioner of the General 

Land Office, with complete Mathemnlieal, Astronomical, and Practical 

Instructions for tlie use of the United States Surveyors in the field. 

lOmo. mortx!oo 2 50 

COFFIN, Prof. J. H. C— Navigation and Nautical Astronomy, 

Prepared for the use of the U, S. Naviil Academy. Sixth edition. 

82 wood-cut illustrations. 12ino, cloth 3 60 

COLBUBN, ZEEAH.— The aas-Worlca of London. 

I2nio, boards 60 

COLLINS, JAS. E.— The Private Book of TTsefiil Alloys and Me< 
moranda for Goldsmiths, Jewellers, etc. 

18mo, cloth 50 

OOOKE, Brlg.-Oeu. PHTLTP ST. Gl'ORaB.— New Cavalry Tactics. 

16mo, morocco 1 50 

■ Cavalry Practice. 

Begolations for the movements of the Cavalry of the Army. 13mo. 1 00 
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CORNWALL, Prof. H. B.— Haonal of Blow-Pipe AnalyaiB, Qtuli- 
tative and Quantitative. 

With, a CumpUte Sjrstejii of Descriptive Mineralogy. 8vo, clotb. with 
many illiisLmlioiis $2 50 

CBAia, B. F.— Weights and Ueasnres. 

An accimnt of tlie Decimal System, with Tables of Conversion lor Com- 
tnenaol uiid l^ieutiiic Uses. Square 32mo^ lirop cloth. 50 

OKAia, Prof. THOS.— Elements of the Mathematical Theory of 
Fluid Motion. 

16mo, cloth 125 

OBAiaHILL, WM. P.— The Arm? Officer's Companion. 

Priiiciiuilly designed for Slaff Offlters in the Field. Partly translated 
from the Frenoli ol M. de Jloiivre, Lieut. -Col. oi tlie French Stafl Corps, 
with aiiJitioiis from Standard American, French, and English authori- 
ties. IBiiio, full roan 1 50 

pULLUM, Col. GEOBQE W— MlUtaiy Bridges. 

Systems of Military Bridges in use by the U, S. Aimy; those adopted by 
the Great European Powers; and such as are employed in British India. 
With Directions for the Preservation, Destruelion, and ite-establishment 
of Bridges. With 7 folding plates. 8vo, clotli 3 50 

DAVIS, C. B., and RAE, F. B.— Hand-Book of Electrical Dia- 
grams and Connections. 
Illustrateii with 33 full-page illustrations. Second edition. Oblong 8vo, 
elothcxtra 2 00 

DIEDRICH, JOHN.— The Theory of Strains. 

A Compendium for the Calculation and Construction of Bridges, Roofs, 
and Cranes. Jlluatrated by numerous plates and diagrams. 8vo, 
cloth 5 00 

DIXON, D. B.— The Machinist's and Steam-Ei^lneer's Practical 
Calcnlator. 
A Compilation of Useful Eules, and Problems ArithmeticaUy Solved, to- 
gether with General Information applicable to Shop-Tools, Mill-GearmE, 
Pulleys and Sliafts, Sleum-Boilers and Engines. Embriuiiiig Valuable 
Tables, and Instruction in Screw-cutting, Valve and Link Motion, ele. 
I6100, full morocco, pocket form 2 00 

DODD, OEC-Dictionarr of Mannfactnres, U3nlng, Machinery, 
and the Industrial Arts. 
ISmo. cloth 1 50 

DOUGLASS, Prof. S.H., and PEESCOTT,Prof.A.B.-QaalitatiT« 
Chemical Analysis. 
A Guide in the Practical Study of Chemistry, and in the Work of AnalT- 
Bis. Fourth edition. 8vo. cloth 3 50 

DUANE, Oen. J. C— Manual for Engineering Troops. 

Consisting of— Part T. Pontnti Drill : IT. Practical Operations of a Siege ; 
III, School of the Sap ; IV. Wilifarv Mining ; V. Construction of Bat- 
' ■ With 16 plates and numerous wood-out illustrations. 12m<s 

Co>wk' 



D. VAN NOSTRAND'S CATALOGUE. 7 

DUBOIS, A. J.— The New Metliod of OT&pbical Statics. 

With GO iUustnitions. 8to, cloth $1 50 

DTIFOTTR, Oen. a. E— The Principles of Strategy and Orand 
Tactics. 

Translatod from the French, by WiUiam P. Craigliill, U. S, Engineers, 

from the last French edition. Illustrated. 13ino, cloth 1 50 

DUBYEA, Col. A.— Standing Orders of tbe Seventh Segiment 
Hational Quaids. 
New edition. lUrao, cloth 50 



EDDT, Prof. H. T— Researches in Graphical Statics: 

Embracing Now Constmctions in Graphical Statics, a New General 
Method in Graphical Statics, and the Theory of Internal Stress in Graphi- 
cal SUticB. 8vo, cloth 1 60 

ELIOT, Prof. C. W., and STOBEB, Prof. F. H.— A Oompendions 
Manual of Qnalitative Ohemical Analysis. 
Revised with the co-operation of the authors. By Prof. William R. 
Nichols. Illustrated, 12mo, cloth 1 50 

ELLIOT, Maj. GEO. H:, V. S. E.— European Light-House Systems; 
Being a Report of a Tour of Inspection made in 1873. 51 engravings and 
21 wood-cuts. 8vo, cloth , 5 00 

ENGINEEBIHa FACTS A2n> FIGUBES. 

An Annual Register of Progress in Mechanical Engineering and Con- 
struction for the years 1863-04-65-66-67-68. Fully dlustrated. 6 toIs, 
18mo, cloth (each volume sold separately), per vol 2 50 

FAHNING, J. T.— A Practical Treatise on Water-Supply Engi- 
neering. 
Relating to the Hydrology, Hydrodynamics, and Practical Constmction 
of Water- Works in North America. Third edition. With r - 



tables and 180 tUuHtrations. 650 pages, 8vo, cloth 5 00 

FISEE, Lieut. BRADLET A., U. S. N.— Electricity in Theory and 
Practice ; or. The Elements of Electrical Engineering. 
8vo, cloth 2 50 

FOSTER, Gen. 3. Q., V. S. A.— Submarine Blasting in Boston 
Harbor, Massachusetts. 
Removal of Tower and Corwin Rocks. Illustrated with seven plates, 
4to, cloth 3 50 

FOYE, Prof. J. C— Chemical Problems. 
With hrief Statements of the Principles involved. Second edition, re- 
vised and enlarged. 16mo, boards 50 

FBANCIS, JAS. B., 0. E.— Lowell Hydraulic Experiments : 

Being a selection from Experiments on Hydraulic Motoi-s, on the Flow of 
Water over Weirs, in Open Canals of Uniform Rectangular Section, and 
through submerged Orifices and diverging Tubes. Made at Lowell, 
Massachusetts. Fourth edition, revised and enlarged, with many new 
experiments, and illustrated with twenty-three copperplate engravings. 
4to, cloth , i,„Hii^Ji_15 00 
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FBEU-HAin) DJIAWINO. 

A UuidK to Ornaiuetital Figure and Landscape Drawing. Bf an Art 
Student. IBmo, boards $0 60 

FRT, Brig.-Gten. JAUES B.— Armr Sacrifices; ot, Briefo from 
Official Pigeon-Holes. 

Sketcbes based un Official Reports, grouped together for the purpose ol 
illustrating tlie Services of the Kegiilar Army of the United States on th« 
ludian Frontier. 16ino 1 26 

Histoiy of Brevet Kant:. 

The Iliator; and Legal Effects of Brevets in the Armies of Great Britain 
and the United States, from the origin ia 1893 until the present time. 
Crown 8to, eitra cloth 3 00 

OILLUOBE, Oen. Q. A.— Treatiae on Limes, Hydnralic Oeme&ts, 
and Mort^. 
Papers on Practical Engineering, U. S, Engineer Departmwit, No. fl, 
containing iteports of numerous Experiments conducted in New York 
City during the years 1858 to 1801, inclusive. With numerous illustra- 
tions. 8vo, cloth 1 00 

Practical Treatise on tlie Oonatmction of Roads, Stireets, 

and Pavements. 
With 70 illustrations. 12mo, cloth 2 00 

Report on Sttengtli of the Bnildiug-Stonea in the United 

States, etc. 

8?o, illustrated, cloth ; 1 60 

Coignet Beton and other Artificial Stone. 

9 plates, views, etc. 8vo, cloth 2 50 

Fort Snmter. 

Official Report of Operations against the Defences ot Charleston Harbor, 
1863. Comprising the descent upon Morris Island, the Demolition ot 
Port Sumter, and the siege and reduction of Forts Wagner and Gre^. 

With 70 iithograpliie plates, views, maps, etc. 8vo, cloii 7 W 

Halt Russia 12 00 

Supplementary Report on Fort Sumter. 

Snpplementaiy Report to the Engineer and Artillery Operations ag-ainst 
the Defences of Charleston Harbor in 1863. With 7 lithographed maps 
and views. 8vo, cloth 3 50 

' Siege and Bednction of Fort Ptdaski, Oeorgia. 

Illustrated by maps and views. 8ro, cloth 2 60 

QOODEVB, T. M.— A Text-Book on the Steam-Eugine. 
143 illustrations. 13mo, cloth 2 00 

GORDON, J. E. H.— Four Lectures on Static Induction. 

ISmo, cloth 80 

OBATTON, Capt. HENRY D.— A Treatise on the Camp and 
March. 

With which is connected the Construction of Pield-Works and Militarr 
Bridges. 12uio, cloth 75 
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OBEENEB, WU., B. 0. E.— A Tieatdsa on fiiiles, Oannon, and 



8vo.cloUi $4 00 

Pull cull 6 00 

OBTTHEE, VL L.— The Uann&ctnre of Steel. 

Translated from the French, bj Lenox Smith, with an appendix on tha 
Bessemer process ia the United States, by the translator. Illustrated. 
8vo, cloth 3 50 

GUIDE TO WEST POmTand the V. S. BEUltaif Academy. 

With maps and engravings. 18mo, flexible cloth 1 00 

HALF-HOUBS WITH MODEBH SGIENTISTS.-Lectujes and 
Essays, 

By Professors Huxley, Barker, Stilling, Cope, Tyndall, Wallace, Eoscoe, 
Muggins, Iiockyer, Yoang, Mayer, and Reed. Being the University 
Series builnd up. With a genera! introduction by Noah Porter, President 
of Yale Collejre. 2 vols, 13mo, cloth, illustrated 2 50 

HAMEESLY, LEWIS B.— The Becords of Living Officem of the 
tJ. S. Navy and Manne Corps. 
Compiled from Offitiial Sources. Third edition. Cloth, 8to 2 50 

HAKTLTON, W. G.— Useful Information for Bailway Men. 
Siith edition, revised and enlarged, 583 pages, pocket form. Morocco, 
gilt 200 

HABBISON, Ool. WALTEB.— Pickett's Men. 
A Fragment of War History. With portrait of Gen. Piokett. ISmo, 
cloth 1 28 

HABBISON, W. B.— The Mechanic's Tool Book, 

With Practical Rules and Suggestions for Use of Machinists, Iron-Work- 
ers, and others. Illustrated with 44 engravings. 13mo, cloth 1 SO 

HARWOOD, A. A.— Naval Ootirts-Martial. 

Law and Practice of United States Naval Courta-Martlal. Adopted as a 
Text-Book at the U. S. Naval Academy, 8vo, law-sheep 3 00 

HASKINS, C. H.— The Galvanometer and its TTses. 

A Manual for Electricians and Students. Second edition. ISmo, mo- 
rocco 150 

HAUPT, Brig. -Gen, EEBMAN.— Militaiy Bridges. 
For the Passage of Infantry, Artillery, and Baggage-Trains ; with sug. 
gestions of many new espeaients and constructions for crossing streams 
and chasms. Including also designs for Trestle and Truss Bridges for 
Military Railroads, adapted specialty to the wants of the Service of 
the United States, Illustrated by 69 lithographic engravings. 8vo, 
cloth 6 50 

HEAD, Capt. GEORGE E.— A New System of Fortiflcations. 
Illustrated. 41 o, pu|>er 60 

HEAVY ABTILLEBY TACTICS : 1863. 

Instructions lor Heavy ArtilleiT ; prepared by a Board of Officers, for 
the use of the Army of the IJnited States. With service of a gun 
mounted on an iron carnage, and 89 plates. ]2mo, cloth 1 00 
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HENBIOI^ OLAUS.— Skelflton Stmctims, especially In tbeii ap- 
plication to the Building of Steel and Iron Bribes. 

With folding plates and diagrajos. 8vo, cloth $1 50 

HKNKT, OUT V.— MllitiuT B«cord of OiTlIlau Appointments in 
the united States Amr, 
2 vols. 8vo, cloth 10 00 

HETH, Capt. HEMHY.— System of Taxget Practice. 

For the Use of Troops when armed with the Musket, Eifle-Musket, 
Riflo, or Carbine. Prepared principally from tie French. IBmo, 
cloth 50 

HEWSON, WM.— Principles and Practice of Embankiiig Lands 

from River Floods, as applied to the LeveeB of the Mississippi. 

8vo, cloth 2 00 

HOLLET, AIiEXAHDEB L.— A Treatise on Ordnance a^d Armor. 
Embracing descriptions, discussions, and professional opinions coacerning 
the materials, fabrication, requirements, capabilities, and endurance ot 
European and American Guns, for Naval, Sea^Coast, and Iron-Ciad War- 
fare, and their Rifting, Projectiles, and Breech- Loading ; also, results of 
experiments against armor, from official records, with an appendis refer- 
ring to Gun-Cotton, Hoop^ Guns, etc., etc. 948 pages, 4B3 engraving 

and 147 Tables of Results, etc. 8vo, half roan 7 SO 

Half Russia , 10 00 

Eailway Practice. 

American and European Railway Practice {n the economical Generation of 
Steam, including the Materials and Constnietion of Coal-buming Boilers, 
Combustion, the Variable Blast, Vaporization, Circulation, Superheating, 
Suppljinc and Heating Peed-water, etc., and the Adaptation of Wood 
and Coke<mrninE Bngmes to Coal-burning ; and in Permanent Way, in- 
cluding Etoad-bed, Sleepers, Rails, Joint-fasfcnings, Street Railways, etc., 

etc. With 77 lithographed plates. PoUo, cloth ' 12 00 

HOTCHKISa, J£D., and ALLAN, WILLIAM.— The Battle-Fields 
of Viiglnia. 
Chancellorsville, embracing tie Operations of the Army of Northern 
Virginia, from the First Battle of Fredericksburg to the Death of Iit.- 
Ger. T. J. Jactson. Illustrated with five maps and portrait of Stone- 
wall Jackson. 8vo, cloth 3 50 

HOWABD. C. B.— Earthwork Monsniatdon on the Bafde of the 
Priamoidal Formulte. 

Containing simple and labor-saying method of obtaining Prismoidal Con- 
tents directly from End Areas. Dlustrated by Examples, and accompa- 
nied by Plain Rules for Practical Usee, Illustrated. Svo, doth,, 1 SO 
EnNTEB, Capt. B. P.— Mannal for Qnartennaeters and Oommls- 
saiiea. 
Containing Instructions in the Preparation of Vouchers, Abstracts, Re- 
turns, etc. 13mo, cloth 1 00 

Flosibie n 



INDUOTION-COILB.— How Hade and How Used. 
flS illuatraUons. lamo, boards „ 

t.OOQlC 
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INSIBUOTZONS FOB FIEU} AATXLLEBT. 

Prepared by b. Board of Artillery Officers. To which is added the 
" JE volutions of Batteriee." Translated Irora tlie French by Brig. -Gen. 
R. Anderson, U. S. A. 133 plates. 12mo, eloth $1 00 

ISHERWOOD, B. F.— Engmeering Procedents for Steam Ma- 
climer7> 

Arranged in the most practical and useful manner for Engineers, With 
illustrations. Two volumes in one. Svo, eloth 2 SO 

TTS&, Lieat. B. A.— Uilitarr Law. 

A Treatise on Military Law, and the Jurisdiction, Constitution, and 
Procedure of Military Courts. With a Suminair of the Rules of Evi- 
dence asappUcable to such Courts. 400 pages. Svo, law-sheep. . 1 00 

JAmfXTTAZ, EDWABD.--A Guide to tlifl Dstermination of 

Bocks: 

Beiiie an Introduction to Lithology, Translated from the Prenoh by 

G. W. Plympton, Professor of Physical Science at Brooklyn Poljteohuio 

Institute. 13mo, cloth 1 50 

JSFFIiBS, Capt. W. N., IT. 8. N.— Nautical SnrTeTing- 

Ulustrat«d with 9 copperplates and 31 wood-cut illustrations. Svo, 
cloth i 5 00 

JOMINI, Oen. BABON D1!.— Campaign of Waterloo. 
The Political and Military History of the Campaign of Waterloo, Trans- 
lated from the French by Gen. S. V. Benk Third edition. ISmo, 
cloth 1 2B 

Treatise on Oiand Uilitary Operations. 

Illustrated bv a Critical and Military History of the Wars of Frederick the 
Great. With a Summary of the Most Important Principles of the Art 
of War. Illustrated by maps and plans. Translated from the French 
by Col. S. B. Holabird, U. S. A. 3 vols. Svo and Atlas. Cloth. 15 00 

Half calf or morocco 2100 

Half Russia 22 60 

JONES, H. CHAPIIAN.— Text-Book of Bxperimental Oiganlc 
OhemistiT for Students. 
18mo, cloth 1 00 

JOYNSON, F. H.— The Uetals nsed in Construction : Iron, Sted, 
Bessemer Metal, etc., etc. 
Illustrated. 12mo, cloth , 76 

• D^l^ning and Oonstmction of Uachine Oearing. 

Illustrated. Svo, cloth 2 00 

EANSA.S CITT BBtDGB, THE. 

With an account of the Regimen of the Missouri River, and a descript- 
tion of the methods nsed for Pounding in that River. By 0. Chanute, 
Chief-Engineer, and George Morrison, Assistant-Engineer. Illustrated 
with fivelitho^phie views and twelve plates of plans. 4to, cloth. 6 00 

EELTON, Oen. J. 0.— New Bayonet Exercise. 

A New Manual of the Bayonet, (or the Army and Militia of the United 
States. With 40 beautifully engraved plates. Fifth edition. Revised. 
ISmo, oloth , 3 00 
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EINQ, W. H.— LesBonfi and Practical Notes on Steam, 

The Steam-En^nc, Propellens, etc., etc., for yo-aag Marine Engineers, 
Students, and oiliers. Kevised by Chief- Engineer J. W. King, U. S, 

Navy. Nineteenth edition, enlarged. 8vo, ciotli $2 00 

KIEJCWOOD, JAS. P.— B«port on tii« Filtration of Biver Waters 

for tha Boppl^r of OlUes, 

As practised in Enrope, made to the Board of Water Commissioners of 

the Citj of St. Jjouis. lUustrated by 30 double-ptate engravings. 4to, 

cloth 15 00 

LABBABEE, 0. B.— CH^iheT and Secret Letter and T^grapliic 
Oode, with Hogg's IinproveinentB. 

The moat perfect secret code evfir invented or discovered. Impossible to 
read without the Ley. ISmo, cloth 60 

r.A TTtT.T.P., Capt. H. M., U. S. A.— One I<av in Nature. 
A New ttorpiiscular Thfory, oomprehending Unity of Force, Identity of 
Matter uid ita Multiple Atom Constitution ; applied to the PbysicaJ Af- 
f ectiom, or Modes of Energy. 13mo 1 50 

LECOMTE, FBiraiNAND.— The War in tlie United States. 

A Report to the Swiss Military Department. Translated from the French 
by a. Staff Officer. ISmo, cloth 75 

I;B OAL, CoI. EUGENB -School of the Qnldes. 

Designed for the use of the Militia of the United States. 16mo, 

cloth 60 

LBNDY, Capt.— Maxims and Instructions on the Art of War. 
A Practical Military Guide for the use of Soldiers of all Arras and 

of all Countries. Translated from the French. 18mo, cloth 75 

LETT, Com. IT. P.—Manoal of Internal Bnles and Regulations 
for Men-of-War. 

Third edition, revised and enlarged. 18mo, flexible cloth 30 

LIEB£R, FBANCIS, LL J>.— InstmctioBs for Armies. 
Instructions for the Govenunent of Annies of tha Unitad States in the 

Field. 12mo, paper 25 

LIPPITT.— Special Operations of War. I2mo, cloth. 1 00 

Pield Service in Wm-. 13mo, cloth 1 00 

Tactical Use of the Three Arms. iSmo, cloth l 00 

Intrenchments. 13mo, cloth 1 25 

LOCK, C. a., WiaNEB, a. W., and HABLAND, B. H.-8ngar 
Growing and Beflnlng. 
Treatise on the Culture of Bagar- Yielding Plants, and the Manufac- 
ture and Refining of Cane, Beet, and other sugars. 8vo, cloth, illus- 
trated .. 12 00 

LOOEWOOD. THOS. D.— Electricity, Magnetism, and Electro- 
lelegraphy. 
A Practical Gnide for Students, Operators, and Inspect^Rg. Byo, 
•^t^ : .■:■, ..p 2 90 
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LOBItra, A. £.— A Hand-Book oa the JBlectro-Magsetic Tele- 
grapli. 

Paper boards $0 60 

Gloili..: 75 

Morocco 1 00 

LUCE, Com. S. P.— Text-Book of Seamansbip. 

The Equipping and Handling of VesBels under Sail or Steam, For the 
use of tiie U. 8. Naval Aoademy. Revised and enlarged by Lieut. Aaron 
Ward, U:S.N. With illustrations drawn by Lieut. S, Seabury, U.S.N. 

8vo, doth 10 00 

Naval Light Artillery. 

By Lieut. W. H. Parker, XJ. S. N. Third edition, revised by Capt. 8. B. 
Luce, Assistant Instructor of Gunnery and Tactics at the U. y. Naval 
Academy. 23 plates, 8vo. cloth 3 00 

UacCOBD, Prof. 0. W.—A Practical Treatise on the Sllde-Valre 
by Eccentrics, 

Examining by methods the action of the Eccentric upon the Slide-Valve, 
and explaining the practical processes of laying out the movements, 
adapting the valve for its various duties in the steam-engine. Second 
edition. Illustrated. 4to, cloth 2 50 

filcOLELLAlT, Gen. aBO. B.— Report of the Army of the Potomac, 

Of its operations while under his command. With maps and plans. 

8to, cloth 1 00 

Paper 50 

McCULLOCH, Prof. B. S.— Elementary Treatise on the Mechani- 
cal Theory of Heat, and its application to Ait and Steam 
Engines. 
8vo, cloth 3 50 

MANUAL OF BOAT EXERCISE 

At the U. S. Naval Academy, designed for the practical instruction of 
the Senior Class in Naval Tactics. 18mo, flexible cloth 50 

MENDELL, Q. H.— Military Surveying. 

ATreatiseon Military Surveying, Theoretical and Practical, including a 
description of Surveying Instruments. With 70 wood-cut Ulustrations. 
lamo, cloth 1 50 

MEBBILL, Col. WM. E., U. S. A.— Iron Truss Bridges for Bailroads, 

The method of calcnlatlnt; strains in Trusses, with a careful comparison 
of the most prominent Trusses, In referance to economy in combination, 
etc., ete. Illustrated. 4to, cloth 6 00 

MICHAHLIS, Oapt. 0. E.— The Le Bonlenge Ohronograph. 

Witli three lithographed folding plates of illustrations. 4to, illustrated, 
cloth 3 00 

MICHIE, Prof. P. S.— Elements of Wave Motion relating to Sound 
and Light. 

Text-Book for the XJ. 8. Mililair Academy. 8to, cloth, illustrated. 5 00 
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MTWTPlTi, WU.— Meclianical Drawing. 

A Tuxl-Book of Ueoinetrical Drawiug (or the use ot Mechanics and 
Sulicn)U, ill wliiuli tiie DeHuitioiis and Uules of Oeumetr; are familiarly 
explaiiii'd ; tho Proclical ProbleDis are arranged, from the most siiiipli; tu 
tliu iDure ouiiiplex, and in tlieir description technicalities are avoidtid as 
much an piissible. With illustrations for Drawing Plans, Sections, and 
Elevations of liail ways and Machinery; an Introduction U> IsomotncaJ 
Druwing, and an Essay on Linear Perspective ^nd Shadows. Illustrated 
with over 200 diagrams enj^aved on steel. Ninth edition. With an Ap- 
pendix on tlio Theory and Application of Colors. 8yo, cloth. . $4 00 

" It is the Iwst worit on drawing that we have ever seen, and is especially 
a text-book of Geometrical Drawing for the use of Mechanics and Schools, 
No youiij^ Mechanic, such as a Machinist, Engineer, Cabinet-maker, Mill- 
wright, or Carpenter, should be without it." — ScUnHfie Arn^ican, 

Oeometrlc^ Drawing. 

Abridged from the octavo edition, for the use of schools. Illustrated 
with 4l:t steel plates. Fifth edition. ISmo, cloth. 2 00 

UODEBN UETEOBOLOGT. 

A Series of Six Lectures, delivered under the auspices of the Meteorolo- 
gical Society in 1878. Illustrated. 13mo, cloth 1 50 

UOHBOE, Col. J.— Light In&ntoy Oompan; utd Skirmish Drill. 

Bayonet Fencing; with a Supplement on the Handling and Service of 
Light Infantry. 33mo, cloth 76 

UOOKE, FBANE:.~The Rebellion Record. 

Containing a full and concise Diary of Brents from Peceml)er, 1860, to 
the close of the War of the Rebellion, with Official Reports of State 
Officers and Narratives of all the Battles and Skirmishes that ocenrred. 
Complete in twelve volumes royal 8vo. lUustrsted with 158 steel en- 
graved Portraits of distinguished Generals and Prominent Men, fo|rether 

withnnmeroHs Maps and Plans of Battles. Price in doth. 60 00 

Library sheep 72 00 

Half calf, antique 78 00 

Half morocco 78 00 

Half Russia 8100 

Portrait Qallery of the War, Civil, llilitarr, and Naval. 

A Biographical Record. Illustrated with 60 fine portraits on steel. 

1 vol. 8vo, cloth 6 00 

Halfcalf 7 50 

MORRIS, E.— Easy Rules for the Uaasiirement of Eaitiiworks, 
by Means of the Frismoidal Formula. 

TO illustrations. 8vo, cloth 1 50 

MORRIS, Oen. WM. H.— Field Tactics for Infantry. 

Illustrated. 18mo, cloth 75 

Infkntiy Tactics. 

2voig.S4mo fl 00 

8 vols, in one. cloth i.""liIi;!.'!'.**.'.'.V.L\"iO,"sl'» 
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MOTT, H. A., Jr.— A Practical Treatise on Cliemistry 

((Jualitative and yuaiitJiatii'e Aanlysia), StoieliLoiuetry, Blow-pipe Ana- 
iyi^ta, Miiicialogy, A^s^yio^, Phaima^eutital Prepai'atioiis, Human Secre- 
tions, Specilic Gravities, Weiglits and Measures, etc., etc., etc. New 

edition, 1883. 650 pages. 8vo, elotii $4 00 

■ MUBPHY. JOHN McLEOD, and JEFFEES, WM. H., U. S. N.— 
Nautical Routine and Stowage. 
Witii Short Rules in Navigation. 8vo, cioth , 2 00 

NAQUET, A.—Legal Chemistry. 
A Guide to the Detection of Poisons, Falsification of Writings, Adultera- 
tion o( Alimentary and Pharjnaceutical Substances, Analysis of Ashes, 
and examiuatioD of Hair, Coins, Arms, and Stains, as applied to Chemi- 
cal Jurisprudence, for the uae of Chemists, Physicians, Lawyers, Pliarma- 
eists, and Experts. Translated, with additions, ineludit^ a list of books 
and Memoiiy on Toxicology, etc., from the French. By J. P. Batter- 
shall, PhD., with a preface by C. F. Chandler, Ph.D., M,D., LL.D. 
12iiio, cloth : 2 00 

NOBLE, W. H.-UBefal Tables. 

Pocket form, cloth 50 

NOLANS SYSTEM FOR TRAINING CAVALRY HORSES. 

By Kftnnar Garrard. 34 plates. Cloth 1 50 

NORTON, CHARLES B., and VALENTINE, W. J.-On the 

Munitions of Wai. 

Re[K)rt to the Government of the United States on the Munitions of War 

exhibited at the Paris Universal Exhibition, 1867. 80 illusl rat ions. 

8vo, cloth extra 1 fiO 

NUGENT, E.— Treatise on Optics; 
Or, Light and Sight, theoretically and practically treated, with the appli- 
cation to Fine Art and Industrial Pursuits, With 103 illustl-atlons. 
13mo, cloth 1 50 

ORDNANCE INSTRUCTIONS FOR THE UNITED STATES 
NAVY. 
Part T, Relating to the Preparation of Vessels of War for Battle, and to 
the Duties of Officers and others when at Quarters. Part II. The 
Equipmeht and Manceuvre of Boats, and Exercise of Howitzers. Part 
III. Ordnance and Ordnance Stores. Published by order of the Navy 
Department. Illustrated. 8yo, cloth 2 00 

ORDRONAUX, JOHN.— Manual for Military Surgeons. 

Manuiil of Instructions for Military Surgeons in the Examination of 
Recruits and Discharge of Soldiers. Prepared at the reijucst of the 
United States Sanitary Commission, 12mo, half morocco 1 00 

OSBON, B. S.— Hand-Book of the United States Navy. 
Being a compilation of all the principal events in the history of every 
vessel of the United States Navy from April, 1861, to May, 1864, 13mo, 
cloth ..,' 1 50 

OUR NAVAL SCHOOL AND NAVAL OFFICERS. 

A Glance at the Condition of the French Na^ prior to the Franco- 
German War. Trnnslaled from the French of M, De Crisenoy by Com- 
mander B, W. Meade, U.S. N. ISmo, cloth 76 
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FABKEB, Commodore FOZHALL A., U. S. N.— Sqaadron Tactics 
under Steam. 

Publisheil by uuchority of the Navy Department, Illustrai«d by 77 
plutea. 8to, cloth $5 00 

The Fleets of tlie World; 

The Oalley Period. 8vo, U illustrationa, doth extra 3 50 

Fleet Tactics under Steam. 

Illustrated by 140 wood-cuts, 18mo, cloth 2 00 

The Naval Howitzer Ashore. 

With plates. ApproTed by the Navy Department. 26 plates. 8tix 
cloth 2 00 

Tile Naval Howitzer Afloat. 

With plates. Approved by the Navy Department 8S plates. 8vo, 
cloth. 2 00 

PATTEH, OE0EaE.-0aTalry Drill. 

Containing Instructions on Foot ; Instnictions on Horseback ; Basis of 
Instruction ; School of the Squadron, and Sabre Exercise. 93 engrav- 
ings. ISino, paper 50 

Infentry Tactics. 

School of the Soldier ; Manual of Arms for the Rifie Musket ; Instruc- 
tions for Recruits, School of the Company ; Skirmishers, or Light Inlun- 
try and Rifle Company Movements ; the Bayonet Esercise ; the Small- 
Sword Exercise ; Manual of the Sword or Sabre. 93 engravings. 12mo, 
paper 50 

In&ntry Tactics. 

Contains Nomenclature of the Musket ; Sthool of the Company ; Skir- 
mishers, or Light Infantry and Rifle Companr Moi eraenti School of the 
Battalion ; Bayonet Exercise ; Small-Sword Esercise , Manual of the 
Sword or Sabre. Revised edition. 100 engravings ISinL, paper. 75 

Ann? Manual. 

Containing Instmctions for Officers in the Preparation of Rolls, Returns, 
and Accounts required of Regimental and Company Commanders, and 
pertaining to the Subsistence and Quartermaster's Department, etc., eto. 
8vo, cloth 2 00 

PEIBCE, B.— STStem of Analytic Uecliaiiics. 
4to, cloth 10 00 

FLANi: TABLE, Tlie. 
Its L'ses in Topographical Surveying. Prom the Papers of the U. S, 

Coast Survey, Illustrated. Bvo, cloth 2 00 

"Tills work gives a description of the Plane Table employed at the 

U. S. Coast Survey office, and the manner ol using it." 

FLATTNER.— Mannal of Qualitative and Quantitative Analysis 
with the Blow-Pipe. 
From the last German edition, revised and enlanred. By Prof, Th. 
Riehtcr, of the Royal Saxon Mining Academv. Translated by Prof. H. 
B. Cornwall, assisted by John H. Caswell. Illustrated with 87 wood-cnta 
BJid one lithographic plate. Fourth edition, revised, 560 pages. 8vo, 
clotQ , 6 00 
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PLTMOTON, Prof. GEO. W.-The Blow-Pipe. 

A Guide to its iise in tlie Determinatiou of Salts and Minerals, Com- 
piled from various sources. laroo, doth $1 50 

Tlie Aneroid Barometer : Its OonBtntctioa and Use. 

Compiiad from several sources. 16mo, boards, illustrated 50 

Morocco 1 00 

■ The Star-Finder, ot Planisphere, with Ilovable Horizon. 

Printed in colors on fine card-board, and in accordance with Proctor's 
Star Atlas 1 00 

POCKET LOOABITHMS, 

To Four Places of Decimals, including Logarithms of Numbers, and 
Logarithmic Sinea and Tangents to Single Minates. To which is 
added a Table of Naturd Smes, Tangent^ and Co-Tangents. 16mo, 

boards 50 

Morocco 1 00 

POOK, S. II.— Uethod of Comparing the Lines and Draughting 
Vessels propelled hy B&U or SteaJn. 
Including a chapter on Laying-off on the Mould-Loft Floor, 1 vol. 8vo, 
with illustrations, cloth 5 00 

POOLE, Oapt. D. C— Among the Sioux of Dakota ; 

Or, Eighteen Months' Esperience as an Indian Agent. ISrao, 1 25 

POPE, F. L.— Modem Practice of the Electrit: Telegraph. 

A Hand-Book for Electricians and Operators. Eleventh edition, re- 
vised and enlarged, and tully illustrated. 8vo, cloth 1 50 

FBESOOTT, Prof. A. B.— Outlines of Proximate Organic Analysis, 
For the Identification, Separation, and Quantitative Determination of the 
more com monl J occurring Organic Compounds. ISmo, cloth .... 1 75 

Chemical Examination of Alcoholic Liquors. 

A Manual of the Constituents of the Distilled Spirits aod Fermented 
Liquors of Commerce, and their Qualitative and Quantitative Determina- 
tions. 12mo, cloth 1 50 

First Book in Qnalitatire Chemistry. 

Second edition. 12mo, cloth 1 50 

FBICE, Capt. aBOBGE P.— Across the Continent with the Fifth 
Cavalry. 
Illustrated with four portraits on Steel. Octavo, cloth extra 6 00 

PTKCHOH, Prof. T. B.— Introdnction to Chemical Physics, 
Designed for the use of Academies, Colleges, and Iligh-Schools. Illus- 
trated with numerous engravings, and containing copious esperiments 
■with directions lor preparing them. New edition, revised and enlarged, 
and illustrated by 269 iflustrations on wood. Crown 8vo, cloth.. . 3 00 

BAMMELSBERG, C, F,— Guide to a Course of QuantitatiTo 
Chemical Analysis, 
Especially of Minerals and Furnace Products. Illustrated by Examples. 
Translated by J. Towler, M. D. 8vo, clofh . ; 2 25 

EAJTDALL, P. M.— Quartz Operator's Hand-Book. 
New edition, revised and enlarged, 'fully illustrated. 13mo, cloth, 2 00 
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REID, Lt.-Col. W.— Law of Storms. 

An Attempt to Develop the Law of Storms by means ol Pacts, arrangetl 
accojiiing to I'lnce and Tiuie, and hence to point out a Cause Tor the 
Variable Winds, with a View to Practiuil Use ill Navigation. Lar)te e?o, 
clulh, with maps $6 00 

RIOE, Prof. J. M., and JOHNSON, Prof. W. W.— On a New 
Method of Obtaining the Diffeieutials of FuuctionB, 
With especial reference to the Newtonian Conception o( Rates or Veloci- 
tiea, 13mo, paper SO 

BOBKRTS, Ool. WM. H.— Hints and Helps fbr National Qnards- 
men. 
A Hand-Book for the Mililia. 13mo 1 26 

SOKEBTS, U.-C0I. JOSEPH.-nand-Book of Artillerr. 
For the service of the United States Army and Militia. Tenth edition, 
revised and greatly enlarged. 16rao, morocco clasp 2 00 

RODENBOnaH, Ool. THEO. F.— Everglade to Canon 
With the Second Dragoons (Second U. S. Cavaliy). An authentic account 
of service in Florida, Mexico, Virginia, and the Indian Country, including 
Personal Recollections al Distinguished Officers. Royal 8to, illustrated 
with Chromo-Lithographs, extra cloth 6 00 

EODNEY, ROBERT B., U. S. N.— Pay-Day at Babel, and Odes. 
IBrao, cloth, gilt edges 1 00 

BOE, T. A.— Naval Dnties and SiscipUne : 

With the Policy and Principles of Naval Ot^nization. ISino, 

cloth 1 00 

ROEBUNG, 3. A.— Long and Sbort Span Railway Bridges. 

Illustrated with large copperplate engravings ol plans and views. Im- 
perial folio, cloth 25 00 

ROEMEB, J,^^LL.D.— Cavalry : Its History, Management, and 
Uses In War. 
Elegantly illustrated with one hundred and twenty-seven fine wood en- 

f'avings. BeautUully printed on tinted paper. 8vo, cloth 4 00 
aifealf 7 50 

ROGERS, Prof. H. D.— The Oeology of Pennsylvania. 

A Government Survey, with a General View of the Geology of the United 
States, Essays on the Coal Formation and its Fossils, and a description of 
the Coal Fields of North America and Great Britain. Illustrat^U with 
Plates and Engravings in the test. 8 vols. 4to, cloth, with Portfolio of 
Maps 30 00 

ROSE, JOSHUA, U.E.— Tlie Pattern-Maker's Assistant. 

Embracing Lathe Work, Branch Work, Core Work, Sweep Work, and 
Practical Sear Constnictions, the Preparation and Use of Tools, together 
with a large collection of useful and valuable Tables. Third edition. 
Illustrated with 250 engravings. 8vo, cloth 2 60 

SABINE, ROBERT.— History and Progress of the Electric Tele- 
graph, 

With descriptions of some of the apparatus. Second edition, with addi- 
tions. 12mo, cloth ..,..., I 1 29 
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8AJ5LTZEB, ALEX.— Treatise on Acoustics in connection with 
Ventilation. 

lamo, doth $1 00 

flABGENT, Lieut. NATHAN.— Onnner? Question Book, 

For the Instruction of Naval Apprentices and Enlisted Men, Com- 
piled from the Ordnance Instructions U. S. Navy, 1880. 16mo, 

morocco 100 

8AWTEB, W. E.— Electric-Ligliting by Incandescence , 
And its Application to Interior Illumination. A Practical Treatise. 
With 06 mustrations. Third edition. 8vo, cloth 2 60 

BCH0UAmf, F.— A Manual of HeatinK and Ventilation in its 

Practical Application, for tlie use of Sngiueers a,nd Architects, 

Embraoing a series ot Tables and Pormuhe for dimensions of heating, 

flow and return pipes for steam and hot-water boilers, flues, etc., etc. 

13mo. Illustrated. Full roan 150 

Foimulas and Tables for Architects and Engineers in cal- 
culating tlie strains and capacity of structures in Iron and 
Wood. 
13mo, morocco, tucks 2 50 



BOOTT, H. L., U. B. A.— Military Dictionary. 

Comprising Technical Definitions ; Information on Raising and Keeping 
Troeps ; Law, Government, Regulation, and Administration relating to 

Land Forces. 1vol. Pull j illustrated. Half roan 4 00 

Half Russia 6 00 

8CBIBNEB, J. M.— Engineers' and Mechanics' Companion. 

Comprising United States Weights and Measures, Mensuration of Super- 
fioes and Solids, Tables of Squares and Cubes, Sijuare and Cube Roots, 
Ciioumferenee and Areas of Circles, the Mechanical Powers, Centres of 
Grayitj. Gravitation of Bodies, Pendulums, Specific Gravity of Bodies, 
Strength, Weight, and Crush of Materials, Water-Wheels, HfdrostAties, 
Hydraulics, Statics, Centres of Percussion and Gyration, Prietion Heat, 
Tables of the Weight of Metals, Scantling, ef«.. Steam and the Steam- 
Bngine. Nineteenth edition, revised. 16mo, full morocco 1 50 



Engineers', Contractors', and Burveyora' Pocket Table- 
Book. 

Comprising Logarithms of Numbers, Logarithmic Sines and Tangents, 
Natural Sines and Natural Tangents, the Traverse Table, and a full and 
complete set of Excavation and Embankment Tables, together with 
numerous other valuable tables for Engineers, etc. Eleventh eiiition, re- 
vised. 16mo, full n ' 



SHELLEN, Dr. H.— Dynamo-Electric Machines. 

Translated, with much new matter on American practice, and many 
illustrations which now appear for the first time in print. Vol. I., 8vo, 

cloth, 858 illnstrations 5 00 

SHIELDS, 3. J3.— Notes on Engineering Constmction. 

Embracing Discussions of the Principles involved, and Descriptions of 
the Matenal employed in Tunnelling, Bridging, Canal and Road Build- 
ing, etc., ebi. 12fflo, cloth 1 60 
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SHOCK, Chlef-£iMC. W. H.—Steam-Boilers : 

Tiieir D«^ig^, Cuiislruclion, anil Management. 450 pages text. Illastrat^ 
eil willi l.jll wuml-tuts and 30 lull-page plates (several double). Quarto. 
lUlf muruoco $15 00 

8HBEVE, 8. H.— A Treatise on tlie Streugtii of EiidgeB aad 
BoofB. 
Coiii[iriyin^ the determination of Algebraic formulas for strains in Hori- 
zontal, liicUnud or UaflLT, Triangular, Bowstring, Lenticular, and other 
Trusses, from fixiyl and moving loads, with practical applications and 
exairjples, tor the use of Stuilents and Engineers. 87 wood-cut illustra- 
tions. Third edition. Qvo, cloth 3 GO 

8HUHK, W. F.— The Field Engineer. 

A handy book of practice in the Survey, Location, and Track-work of 
Kailroads, cuntainnig a large collection of Rules and Tables, original and 
selected, applicable to both the Standard and Narrow Gauge,' and pre- 
pared with special reference to the wants of the young Engineer. Fourth 
edition. ISmo, morocco, tucks 2 50 

8IUU8, F. W.— A Treatise on tlie Principles and Practice of 
Levelling, 
Showing its application to purposes of Bailwaj' Engineering and the 
Construction of TU>ads, etc. Revised and corrected, with the additiou of 
Mr. Laws's Practical Eianiples for setting out RaUway Curves, Illus- 
trated. 8vo, cloUi 2 50 

SIMPSON, Cam. EDWASD, TT. S. N.— Ordnance and HavaJGhmnerr. 
A Treatise on Ordnance and Naval Gunnery. Compiled and arranged as 
a Text-Book for the U. S. Naval Academy. Fifth edition, revised and 
enlarged. Illustrated with 185 engravings. 8vo, cloth 3 00 

SLOAN, P. E.— NenropatUc Anatomy of the Heart. 
Demonstrated in a Collection of Stanzas. 8vo, cloth 1 50 

STEVENS, GEO. T.— Three Years In tlie Sixth Corps. 

A concise narrative of events in the Army of the Potomac from 1861 to 
the close of tfie Rebellion, April, 1865. Illustrated with 17 engravings 
and six steel portraits. New and revised edition. 8vo, cloth. ... 2 00 

STILLUAN, FATTL.— Steajn-Engine Indicator, 
And the Improved Manometer Steam and Vacuum Ganges — their utility 
and Application. New edition. 13(no, flexible cloth 1 00 

STONEY, B. S.— The Tlieory of Strains In Girders and Similar 
Stmctnres, 
With observations on the application of Theory to Practice, and Tables 
of Strength and 'other properties of Materials. New and revised edilion, 
enlarged. Royal 8vo, 664 pages. Complete in one volume. 8to, 
cloth 12 60 

SnjAET, 0, B., V. S. N.-The Naval Dry Docks of the United 
States. 
Illustrated with 24 fine engravings on steel. Fourth edition. 4to, 
cloth 6 00 

• The Oivil and Military Engineers of America, 

With 8 finely executed portraits of eminent engineers, and illustrated by 
engravings of some of the most important works constructed ia America. 
8vo, cloth 00 
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STtTABT, E .— How to Become a Saccessfnl Engineer. 

Being Hints to Youths intending to adopt the Profession. Sixth edition. 
12aio, iKiards $0 60 

SWEET, S. H— Special Report on Coal, 

Showing its Distributbn, Classificfttion, and Cost delivered over different 
routes to various points in the State of New York and the principal cities 
on the Atlantic Coast, With maps. 8vo, cloth 3 00 

TEXT-BOOK ON SUEVEYING, 

Projections, and Portable Instruments, for the use of the Cadet Midship- 
men at the U. S. Naval AcBdemy. 9 lithograph plates and several wood- 
cuts. 8vo, cloth 2 00 

THOMAS, LTNALL.— Bifled Ordnance. 

A Practical Treatise on the Application of the Principle of the Rifle to 
Guns and Mortars of every Cafibre. To which is added a new theory of 
the initial action and force of Fired Gunpowder. Fifth edition, revised. 
lUualrated, 8vo, oloth 1 50 

TODLEBEN'S (Oen.) Defence of SebastopoL 
History of the Defence of Sebastopol. By William Howard Russell, 
LL.D., of the London Tim^. 13mo, cloth 1 00 

TONEB, J. M.— Dictionary of Elevations and Climatic Register 
of tiie United States. 

Containing, in addition to Elevations, the Latitude, Mean Armual Tem- 
perature, and the totttl Annual Rain-fall of many localities ; with a brief 
mtroduction on the Orographic and Physical Peculiarities of North 

America. 8vo, cloth 3 75 

TOTTElf, Commander B. J.— Naval Text-Book. 
Naval Tei(>Book and Dictionary, compiled for the use of Midshipmen of 
the U. S. Navy. Second and revised edition. 13mo, oloth 2 00 

TUCEEB, Dr. J. H.— A ICannal of Sugar Analysis, 

including the Applications in General of Analytical Methods to the 
Sugar Industry. With an Introduction on the Cheniialry of Cane Sugar, 

Dextrose, Levulose, and Milk Sugar. 8vo, cloth, illustrated 3 50 

TUNNEB, P.— A Treatise on Boll- Turning for tlie Manufacture 
of Iron. 
Translated and adapted by John B. Pearse, of the Pennsylvania Steel- 
Works, with numerous engravings, wood-cuts, and folio atlas of 
plates 10 00 

UNITED STATES TACTICS POE COLORED TROOPS. 

U. S. Infantry Tactics for the use of the Colored Troops of the United 

States Infantry. Prepared under the direction of the War Department. 

34mo, cloth 1 50 

VA2r NOSTRAND'S ENGINEERINa MAGAZINE. 

Large 8vo, monthly. Price, per year 5 00 

VAN WAGEHEN, T. P.— Manual of Hydraulic Mining, 

For the use of the Practical Miner. ISmo, cloth 100 
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VIELE, Brig.-aen. BOBEET L.~Hand-Book for Active Bervice. 

(JimtAJiiinf; Practical Instructions in Campaign Duties. For the use of 
VoluiiU-ers. 12mo, clolh..... $0 75 

WAIZTWltiaHT, Ool. WM. F.— Animal Locomotion. 

Iljuliciil Mt'chuiiios of Animul Locomotion, with remarks on the Setting- 
up uf Soldiers, Horse and Foot, and on the Supplying of Cavalry Horses, 
lamo 1 76 

WALEEB, W. H.— Screw Fropnlalon. 

Notes on Screw Propulsioo : Its Bise and History. 8vo, eloth... , 75 
WALLEH, Oen. HENBT D., 17. 8. A.— Service Manoal 

For the Instruction of newly appointed Commissioned Offii^ra, and the 
Hank and File of the Army, as compiled from Army Regulations, the 
Articles of War, and the Customs of Service. 13mo, eloth 1 00 

WAITELTH, J. A.— A Practical Treatise on the Bxamination of 
MiUc ana Its DeriTativeB, Cream, Bntter, and Cbeeee. 
12mo, cloth 1 00 

WARD, JAMES H.— Naval Tactics. 
Manual of Naval Tactics. Together with a Brief Critical Analysis of 
the Principal Modem Naval Battles. With an Appendix, being an es- 
tract from Sir Howard Douglas's "Naval Warfare with Steam." 8vo, 
cloth 3 00 

WATT, ALEX.— Electro-Metallurgy, Practically Treated. 

Sixth edition, with consideiable additions. 12mo, cloth 1 00 

WEISBACH, JULIUS.— A Manual of Tlieoretical Meclianics. 
Translated from the fourth augmented and improved German edition, 
with an introduci ion to the Calculus, by Eekley B. Cose, A.M., Mining 
Engineer. 1,100 pages and 902 wood-cut illustrations. 8vo, cloth. 10 OO 

WEST POINT LITE. 

A Poem read before the Dialectic Societr nf the United States Military 
Academy. Illustrated with S3 full-page' Pen and Ink Sketches, By A 
Cadt^t, To which is added the song, "Benny Havens, OhI " Oblong 
8vo, cloth 1 50 

WE7XAU0H, J. J.— Strengtii and Calculations of Dimensions of 
Iron and Steel Construction, 
With reference to the Latest Experiments. 13njo, cloth, plates.- , 1 00 

WHEELER, Prof. J. B.— Art of Wai. 

A Course of Instruction in the Elements of the Art and Science of War, 
for the use of the Cadets of the O. S, Military Academy, West Point, 
N. Y. 12mo, clolh 1 75 

Field Portiflcations. 

The Elements of Field Fnrtifl cat ions, for the use of the Cadets of the 
U. S. Military Academy, West Point, N. Y. 13mo 1 75 

WILOOX, Capt. C. M.— BiflOB and Bifle Practice. 

An Elementary Treatise on thn Theory of Rifle-Firing; with descrip- 
tions of the Infantry Rifles of Europe snd the Uniti-d States, their Bafla 
and Cartridges, New edition. Illustrated. Svo, cloth ISO 
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WILLIAMSON, B. S.— On the use of tlLe Barometer on Surrers 
and Beconnoissancea. 

Part I. Meteorology in its Coonection with Hypsometry. Part II. 
Barometrio Hypsoiuetry. With lUusti'ative Tables nud Engravings. 
4to, cloth $15 00 

Practical TaUes in Meteorologr and Hypaome1x7> 

In connection with the use of the Barometer. 4to, clotb 2 50 

WOOD, Lieut. 0. B.— Hie Wert Point Bcrap-Boob. 

Being a Collection of Le^nds, Stories, Songs, etc. With 69 wood- 
cut illustrations. Beautifully printed on tinted paper. 8vo, extra 

cloth 3 50 

YOUNG SBAMAN'S MAinTAL. 

Compiled from various authorities, and illustrated with numerous origi- 
nal and select designs. For the use of the U. S. Training Ships and 
the Marine Schools. 8vo, half roan : 3 00 
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S4 B. VAN NOSTRASiy 8 CATALOGUE. 

VAN NOSTRAND'S SCIENCE SERIES. 



It is the intentioii of the Publisher of this Series to issue them at 
Inteirals of about a mouth. They will be put up in a unifonn, neat, 
and attractive fonn, 18mo, fane; boards. The subjects will be of aa 
raoinentiy fcieatifio character, and embraoe as wide a range of topioa as 
ptwnhle, all of die highest character. 

Prloa, 50 Canta Zaoh. 

L CamxKTB yos Furnacbb, FiKX-rLACBS, axd Stxah Boilexs. fi^ 
B. Ajuhtbodo, C.E. 

n. Btkav Bohjcr Bxplobioks. By Zkrah Colbubit. 

m. FKACTiCAi.Di:siOKU(aorBKTAiinxoWAiJ4. By Asthck Jacob 
A.B. With niustratioiui. 

IT. Pbopobtions or Fins Used tx BaiDoas. B7 Chablm E 
BEtTDKB, C.E. With Illustrations. 

T. TKRT11.AT1OM OF BniLDmos. By W. F. Buti.br. With BJastratinna. 

TI. Ok tsk SEBiOinMO akd Conbtructiok of Stobagb Bbbibtoibs. 
By Abthub Jacob. With IllnBtralions. 

TU. BcKCHAROBD Aim DiffBrknt Fobhs or RETAiHiKa Wallb 
By JAHKS S. Tate, C.E. 

THI. A Treatise om tub Cohpouitd Enoink. By John Tubhbcix. 
With lUnstrations. 

IX. Fuel. By C. William Sibmkhs, to wMchisappendedthev^ne of 
Aktipicial Fdels as Cohpabrh witb Coal. By Jobn Wour 
ALD, C.E. 

X. CoMPODKD Engines. Translated from the French of A. Malliv. 
niuBtrated. 

XT. Tbeort or Arcrkb. ByPtol W. Ali.ak, of the Washington and 
IiBS College. Illustrated. 

Zn. ArBACTicALTBBoRTorToussoiK Arcbbb. By Wiujah Can, 
C.E. Bloftrated. 



